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Alternative ways of complexifying a real Hilbert space and quaternionizing a complex Hilbert
space are described. The work gives some insight into why even though in the finite-
dimensional case a complex Hilbert space when viewed as a real Hilbert space and a
quaternionic Hilbert space when viewed as a complex Hilbert space have twice their original
dimensions, the degrees of freedom of the linear operators remain unchanged. Many
ramifications are discussed, among them the reconciliation of the linearity of the adjoint of a
semilinear (antilinear) map from one complex Hilbert space to another with the semilinearity
(antilinearity) of the adjoint of a semilinear (antilinear) map from one complex Hilbert space
to itself. Groundwork is prepared for the study of the noncommutative algebra of additive

operators on a quaternionic Hilbert space.

I. INTRODUCTION

Recent works of Horwitz and Biedenharn' and Adler?
have revived interest in the quaternionic Hilbert space as a
candidate for modeling certain quantum phenomena. A
study of the spectral properties of unitary operators on a
quaternionic Hilbert space was undertaken by Coulson and
the present author,” and the present work owes its origin to
some of the questions asked by the referee of Ref. 3. Though
those questions were partially answered in that paper, it soon
became clear that there exists considerable misunderstand-
ing of the situation and the literature on the subject is far too
sparse. A complete and systematic study of the complexifi-
cation of a real Hilbert space and of the quaternionization of
a complex Hilbert space is, therefore, called for, and the
present work is an attempt to answer that call.

There are two extreme views on the complexification of
a real Hilbert space. It has been claimed by a group of ex-
perts, who prefer to remain anonymous, that everything that
can be proved about a complex vector space can be proved by
regarding it as a real vector space, and “it would make no
difference if multiplication of complex numbers had never
been invented.” On the other hand, a school of thought led
by Hawking* believes that complexification of manifolds is
one of the most fundamental structures discovered by man,
and in it lies the key to a real understanding of relativity and
phenomena governed by it. It is manifestly clear that al-
though a complex vector space is also real and hence has all
the properties which a real vector space has, there are many
properties which are peculiar to a complex vector space; fur-
thermore, if a complex vector space is regarded as a real
vector space, the dimension, at any rate in the finite-dimen-
sional case, doubles, yet all linear operators retain their origi-
nal degrees of freedom.

As far as we know, no corresponding views have been
expressed about quaternionizing a complex or a real vector
space, but peculiarities particular to a quaternionic vector
space are likely to be even greater.

There are two ways of complexifying a real vector space.
The difference in the two approaches is most readily evident
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in the finite-dimensional case, where the dimension remains
the same in the first approach and halves in the other. There
are two corresponding approaches to quaternionizing a
complex vector space. We study both these approaches in
some detail in the case where the vector space has an inner
product defined on it, and in particular we examine what
happens to various linear operators defined on the original
space.

In the second of the two approaches, the complex struc-
ture is defined through a linear isomorphism i defined on the
real vector space in such a way that i = — I, where 7 is the
identity operator. When the vector space is an inner product
space i is an orthogonal operator. In this approach, defining
a quaternionic structure, hereafter called a symplectic struc-
ture, on a complex inner product space requires a corre-
sponding operator j that is semiunitary (also called antiuni-
tary), that is, an isometry that is semilinear (also called
antilinear). Though semilinear operators are increasingly
used in quantum theory, we found the definition of the ad-
joint of such an operator in the footnote of only one® of the
many books on algebra and quantum theory we consulted.
This definition, which requires such an adjoint to be semilin-
ear, seemed to be in stark contradiction with the definition of
an adjoint of an additive map, of which both linear and semi-
linear maps are particular cases, which requires such an ad-
joint to be linear and was proposed by Pian and this author.®
We have, therefore, made a deeper study of the problem and
resolved the contradiction, which is more apparent than
real. We take the view that the definition of Ref. 6 is the more
primitive concept from which that of Ref. 5 can be deduced.
Noting that an R-module is a linear space in which the sca-
lars are members of a ring R, another reason for looking at
the properties of semilinear operators in some detail is that
without such operators it is impossible to construct an opera-
tor algebra (that is, an R-module that is also a ring) in a
quaternionic Hilbert space. The work that follows prepares
the groundwork for the study of such an algebra.

For actual applications of quaternionic inner product
and Hilbert spaces to quantum theory we refer the reader
back to the excellent accounts in Refs. 1 and 2.
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Il. FORMALITIES

We denote the fields of real and complex numbers by R
and C, respectively, and the skew field of quaternionic
numbers by H. Elementary properties of quaternions are de-
scribed in Ref. 3.

Let 7 be a vector space over F where F = R, C, or H.
We define a positive definite Hermitian form on 5% by

( ’ )%X%_’F,

(pu,qu) = p{u,v)q*, (2.1)
(u + v,w) = {u,w) + (v,w), (2.2)
(u,0)* = (vu), (2.3)
(u,u) =0 onlyif u=0, (2.4)

where p* = p if F is real, p* is the complex conjugate of p if F
is complex, and p* is the quaternionic conjugate of p if F is
quaternionic.

Let #°, and 57, be Hilbert spaces over F. We say that a
map L: 7, -7, is additive if and only if, for all u,ve,,

L(u+v) =L(u) + L(v). (2.5)
If, in addition, the map L satisfies
L(pu) = pL(u), 2.6)

for all peF and all ue5°,, then it is called linear. If, on the
other hand, L satisfies

L(pu) =p*L(u), Q.7

for all peF and all ue7,, then it is called semilinear or anti-
linear.

It was proved by Pian and this author’ that in the com-
plex case every additive continuous map from 77, to 7, isa
direct sum of a linear and a semilinear continuous map from
H| to F7,. (Reference 7 was in the more general context of
Banach spaces of which Hilbert spaces are particular cases.)

A map from a Hilbert space 7 to itself will be called an
operator on 57

Let A be either a linear or a semilinear operator on J#°. A
norm of A denoted by ||4 || is defined by the formula

41l = sup |l4x]. (2.8)

Let 4", @47, be the direct sum of two normed spaces
A", and .A4",. An element of 4| ® 4", is a pair (x,x,) with
x,€4", and x,€4°,. A norm of (x,x,) denoted by
[ (x1,%,) ]| is defined by the formula

x|l = lxa]] + ll]l- (2.9

Let A be an additive operator on 5. Then by the
theorem of Pian and Sharma’ 4 belongs to the direct sum of
the spaces of linear and semilinear operators on 57, and
hence by (2.9) its norm is defined by

41l = ll4:l] + ll4:l), (2.10)

where 4, and A4, are, respectively, the linear and semilinear
components of A.

Hi. THE ADJOINT OF A SEMILINEAR OPERATOR ON A
COMPLEX HILBERT SPACE

We shall first recall what the Riesz representation
theorem tells us. Let us denote the set of all bounded linear
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functionals on & by #. This # is called the dual of 7.
According to the Riesz representation theorem, elements in
% and 77 are related to one another by a norm-preserving
semilinear isomorphism. One consequence is that given a
bounded linear functional ® on #, there is a unique vector y
in 77 such that

Given a linear operator 4 on #° and any fixed vector yin
7, ¥ defined by

W(x) = (Ax,p) 3.2)

is clearly a a bounded linear functional on 77, and hence to
this W there corresponds a unique vector, which we call y*,
such that

(Ax,y) =¥ (x) = (x,p*). (3.3)

It is easy to verify that the relation between y and y* is linear,
and we define 4 * by

A*y=y*, (34)
so that A * is a linear operator on /¥°. Here A * is called the
adjoint of 4. The existence of y* and therefore of 4 * is thus
established as a consequence of the Riesz representation
theorem.

In more informal works the adjoint A * of a linear opera-
tor 4 on a Hilbert space 5 over C is defined by

(4 *u,0) = (u,4v), (3.5)

for all u,ve#”. When A is semilinear this definition clearly
does not work, because replacing v by av, where a is a scalar,
gives {4 *u,v)a* on the left-hand side but (u,4v)a on the
right-hand side, and in view of (2.3) the two are equal if and
only if & is real.

The adjoint 4 * of a semilinear operator A4 is informally
defined by’

{u,4 *v) = (v,4u), Vu,vei?’. (3.6)

An easy computation shows that 4 * is semilinear also. The
existence of the adjoint A * in this case also can be demon-
strated by a generalization of the Riesz representation
theorem to the semilinear functionals, which we shall pres-
ently state and prove. In what follows, the set of bounded
semilinear functionals on 7 is called the semidual of /¥ and
is denoted by 7.,

Theorem (Riesz representation theorem for bounded
semilinear functionals on a Hilbert space): There exists a
linear norm preserving isomorphism between a Hilbert
space 57 and its semidual 7,.

Proof: Let ye7. Let @, be the semilinear functional on
7 defined by

d(x) = (y,x). (3.7)

We shall show that the correspondence y —®, is a norm-
preserving linear isomorphism from 5 to 7#°,. The compu-
tation

Y+ 2=, (x) = (y+2zx) = (yx) + (zx)

=, (x) + D, (x) (3.8)

and
ay—®,  (x) = (ayx) =a(yx) =ad(x), (3.9)
C. S. Sharma 1070



for every xe#°, shows that the correspondence is linear.

Now

19,1l = sup [€yx) <l (3.10)
but

12, 1312 G/IvD] = Ky /Il = K- (3.11)
Hence

P, || = Iyl (3.12)

and the correspondence is norm-preserving.

Now we must show that if ®e.#,, there exists a unique
yed¢ such that ® = ®,. Let & = ker ® (that is, the set of
vectors mapped to zero by ®). That & is bounded implies
that & is continuous, which in turn implies that & is a sub-
space of 7. If & = J7, then y = O satisfies all the require-
ments. If & #£ 5%, there exists a nonzero vector ze9*. We
claim that y = [®(z)/]|z||*]z satisfies all our requirements.
Remembering that & is semilinear, we see that

O (x — (®(x)/D(2))*z) = (3.13)
hence x — (®(x)/P(2))*2€¥ and zeF ', and therefore

(zx — (P (x)/P(D))*2) = (3.14)
or

@ (x) = ([®(2)/]iz]|*1zx) = (y.x). (3.15)

To prove the uniqueness of y, suppose that

O (x) = (yx) = (¥x). (3.16)
Hence

{(y—yx)=0, Vxel, (3.17)

and therefore y = y'. This completes the proof.
We now know that given a bounded semilinear func-
tional on 57, there exists a unique vector y in & such that

®(x) = (px). (3.18)
Given a semilinear operator 4 on 77 and any fixed vector y
in 77, ¥ defined by

V(x) = (4Ax,y) (3.19)
is a bounded semilinear functional on 57, and hence there
exists a unique vector, which we denote by y*, such that

Y(x) = (y*.x). (3.20)
An easy verification shows that the relation between y and y*
is semilinear, and we define the adjoint A * of 4 by

A *y =y*, (3.21)
Thus given a semilinear operator 4, there exists a semilinear
operator 4 * such that

(dx,y) = (4 *y,x), (3.22)

which is by complex conjugation equivalent to (3.6).

Now let us consider the adjoint in a more general setup,
when A is an additive map from one Hilbert space #°; to
another Hilbert space 57°,. Let & (7,C) denote the space of
bounded additive maps from J7 to C. Letting feo (#,,C),
then fodess (#°,,C), /gvhere 0 denotes the functional com-
position. The adjoint A4 * of A is a map from A(57,,C) to
o (5,,C), such that for every feo (7,,C),
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Arf=foA. (3.23)
In other words, A*isdefined insucha way that it makes the
following diagram commutative:

A

A
T,
4 g id %
_>C

Here id is the identity map on C.

Now if

f=a,fi+arfo (3.24)
then
A= (a,f, + a,f,)04 = a, [;o4 + @, [,°4, (3.25)
showing that

AM@fi+arfy) = a, A%, + ad *f, (3.26)

and thus 4 * is linear.

We shall now show how the definitions (3.5) and (3.6)
of adjoints of linear and semilinear operators on a complex
Hilbert space can be deduced also from the more general
definition (3.23). The Riesz representation theorem and its
generalization proved above show that the spaces of bound-
ed linear and semilinear functionals on #° are isomorphic
with 77, and a simple further generalization shows that the
space of bounded additive functionals on 7% is isomorphic
with 7 @ . Thus an additive functional f on #° being
the direct sum of a linear and a semilinear functional is repre-
sented by two vectors # and v:

S(x) = {xu) + (vx). 3.27)

Let %, = 7, = Z in the discussion preceding (3.23), and
let 4 be linear. Now 4 is an operator on #, and the hat on it
has no significance, so we write 4 = 4. According to our
definition, 4 * is now an operator on the additive dual of 57,
but according to the Riesz representation theorem the addi-
tive dual of 7% is isomorphic with % @ 7. After transfer-
ring 4 * to # with the help of this isomorphism we shall
drop the hat from A *. We shall then find that 4 * agrees with
its definition in (3.5). In the present setup f o4 is additive,
and its action is given by the formula (3.27), now modified
to take into account the action of 4:

(foA4)(x) = (Ax,u) + (v,4x). (3.28)

Let f, and f, be the linear and semilinear components of f.
Then from the linearity of A *,

A=A, + 4%,

wher/g:i *f1, being the composite of two linear maps, is linear,
and A4 *f,, being the composite of a linear and a semilinear
map, is semilinear. We now use the Riesz representation
theorem to identify f,, f;, 4 *f;, and A *f, with u, v, 4 *u,
and A *v, respectively. In other words, if the vector u corre-
sponds to the linear functional f; under the Riesz representa-
tion theorem, we use the symbol 4 *u to denote the vector
that corresponds to the linear functional A *f. under the
same theorem. It later turns out that this natural symbolism
amounts to defining the adjoint of A, which agrees with our

(3.29)
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earlier definitions. Then we have, with appropriate modifi-
cation of (3.27),

(A*)(x) = (x4 *u) + (4 *v,x). (3.30)
Equating the linear and semilinear components of (3.28)
and (3.30) gives definition (3.5) twice over. It is easy to
verify that A * defined in this way is indeed a linear operator
on 7.

Next suppose that 4 is a semilinear operator on 7.
Now

jtfl = f,04 3.31)

and
A*f, =foA. (3.32)

Noting that the composite of a linear and a semilinear map is
semilinear while the composite of two semilinear maps is
linear, and with the same identifications as before, equations
corresponding to (3.28) and (3.30) in the present case take
the forms

(foA)(x) = (v,Ax) + (Ax,u) (3.33)

and
(A*)(x) = (x,4*0) + (4 *ux). (3.34)

Again equating the linear and semilinear components of the
two equations gives us definition (3.6) twice over, and once
again it is easy to verify that 4 * defined in this way for a
§gmilinear operator is semilinear. Note that when 4 is linear,
A *isalinear operator on the space of bounded additive func-
tionals on 77, and takes linear bounded functionals into lin-
ear bounded functionals and bounded semilinear functionals
to bounded gemilinear ones. On the other hand, when 4 is
semilinear, 4 * is again a linear operator on the space of
bounded additive functionals on ¥, but it now takes bound-
ed linear functionals into bounded semilinear ones and vice
versa. Thus we have three definitions of the adjoint maps of
linear and semilinear operators, and in each case the last
definition is the most primitive and the middle one is least so.
According to one definition, the adjoint of a semilinear map
is linear and it is semilinear according to the other two, but as
we have seen above they are completely consistent with each
other though they are different objects being defined on dif-
ferent spaces: on the space of bounded additive functionals
on 7 that is isomorphic with & & 57 in the last case, and
on 57 itself in the others. It should be noted that while defini-
tions (3.5) and (3.6) assume the existence of the adjoint
with those properties, definitions (3.23), (3.4), and (3.21)
establish the existence of these adjoints with the help of the
Riesz representation theorem and its generalization to the
space of bounded semilinear functionals on 7.

It will be shown in a later section that the concept of
additivity takes on a very important role when we are dealing
with quaternionic Hilbert spaces. In these spaces neither lin-
ear functionals nor linear operators form a linear space. The
Riesz representation theorem as a vector space isomorphism
between a vector space and its dual has no meaning in qua-
ternionic Hilbert spaces. However, it was shown by Horwitz
and Biedenharn’ that the Riesz representation theorem in a
more restricted sense is still valid in quaternionic Hilbert
spaces, and the restricted theorem is adequate to guarantee
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the existence of the adjoint of any linear operator on such a
space. In quaternionic Hilbert spaces, for every linear opera-
tor there are three semilinear ones, and they are in fact ob-
tained from each other by multiplying the operator by a sca-
lar—a fact that enables one to extend the definition of the
adjoint to semilinear operators and finally to all additive op-
erators. Additive operators on a quaternionic Hilbert space
are the only family of operators that form a linear space, an
R-module (a linear space in which scalars are members of a
ring rather than a field) to be more precise, over the quater-
nions. They also form a ring and thus constitute a noncom-
mutative algebra. Before quaternionic Hilbert spaces can
play their due role in physics, the algebra of additive opera-
tors must be studied and understood. A study of semilinear
and additive operators on a complex Hilbert space is, in the
opinion of the present author, a necessary step in this direc-
tion. The present study has already helped us in starting the
development of a systematic study of bounded additive oper-
ators on a complex Hilbert space.®

IV. COMPLEXIFICATION OF A REAL VECTOR SPACE
WITHOUT LOSS OF DIMENSION

This construction is more fully described in Halmos.®
We recapitulate here the main features so that we can gener-
alize them to the problem of quaternionizing a complex vec-
tor space. There are three equivalent but different ways of
formulating this version of complexification.

(i) The easiest, though naive, way of doing this is to
enlarge the underlying set of a vector 7 toaset 7. Thisset
7, includes each element v of 7. In addition, for each ele-
mentvin 77, an extra element called /v is supposed to exist in
7”,. The vector iv is supposed to be linearly dependent on v
in 7, regarded as a complex space, and is postulated to have
the property

4.1)

This gives us the really pedestrian way of complexifying a
real vector space. The same effect is achieved by two more
rigorous but equivalent formulations.

(ii) The complexification 7", of a real vector space " is
defined to be a vector space structure on the set "X #” over
the field R X R identified as C, with vector addition and sca-
lar multiplication defined, for u,u,,v,,v,€¥", by

i‘iv= —u.

(uu,) + (03,0;) = (1) +v,u; + v,), (4.2)
and, for 7,,7,€R and u,,u,€?", by
(rir)  (upun) = (ryuy — Fy g, ry Uy + 1y ). (4.3)

(iii) The complexification 7", of a real vector space 7~
is defined to be the tensor product space C® #”, where C is
regarded as a two-dimensional real vector space. Letting
B & v be a typical element of C® 7, we define scalar multi-
plication of 8 ® v by aeC by

a (Baov) =(a'B)ev, (44)
where aBis that element in C that corresponds to the prod-
uct of a and 8 as complex numbers.

Superficially the three constructions look wildly differ-
ent, but it is relatively easy to prove that they are all equiva-
lent. The main features of these constructions are as follows.
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(a) The dimension of the complexified space 7", as a
complex space is the same as that of the original space 7" as a
real space.

(b) There is a natural way of extending any linear oper-
ator 4 on 7" to a linear operator 4. on 7" :

A (u+ iv) = Au + idv. (4.5)

A similar extension works for linear and even multilin-
ear functionals. In particular, the inner product, which is a
real bilinear functional on 77, is naturally extended to a com-
plex (Hermitian) inner product by

(uy + vy, u,y + iv,),
= (u,u,) + (Upvz) + 0 — (upvy) + (uyvy)). (4.6)

Thus the Hilbert space structure easily goes over into the
complexified space.

(c) The correspondence A—A,_ preserves all algebraic
properties of the operator. Here are examples.

(1) If B = rA with r real, then B, = r4_.

(2)IfC=A+ B, thenC, =4+ B,.

(3)IfC=AB,then C, = A_B,.

(4) If 77 is an inner product space and B = A4 *, then
B.=A*

(5) If the complexification 4, of a linear operator 4 has
an eigenvector ¥ + iv with eigenvalue r + is (r,s€R), then

A, (u+ivy = (r+is)(u+iv)

=ru —sv+i(su+ r). 4.7)

Hence, from the definition (4.5) of 4.,
Au=ru — sv, (4.8)
Av = su + rv. (4.9)

Thus the subspace of 7~ spanned by u and v is invariant
under 4. If the eigenvalue is real, that is, if s =0, then
Au = ru and Av = rv, and since by definition an eigenvector
is nonzero, both # and v cannot vanish. Since every linear
operator on a complex space has at least one eigenvector, we
conclude in passing that every linear operator on a real vec-
tor space leaves invariant a subspace of dimension 1 or 2.

(d) Everybasisin 7" isabasisin 7", and both 4 and 4,
with respect to a particular basis of this kind are represented
by the same real matrix.

(e) The dimension of the complexified space 7”, re-
garded as a real space 7~ , is, in the finite-dimensional case,
twice the dimension of the original space, and in all cases the
original space 7~ is isomorphic with a proper subspace of
7, which is the complexified space 7", regarded as a real
space.

We shall discuss the relationship between #”, and 7",
in somewhat greater detail because here lies the basis of the
second kind of complexification.

Once the complexified space 7, is regarded as a real
space 7, though objects denoted by iu (uc?”) are
members of 7, i as the square root of — 1 has no place in
7" ,. Fortunately, the relation between « and iu is a linear

one, that is, if ¥ = rv + sw (r,5€R), then
iu = riv + siw, (4.10)

and we can and shall regard / as a linear operator on 7,
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and denote it by a bold i. It is easy to see that the linear
operator i has the property

= —1,

where [ is the identity map on 7°,,.

Earlier in this section we saw that every linear map 4 on
7" has a natural extension 4, as a linear map on 7”,. When
7", is regarded as a real space 7, each of the extended
maps 4. continues to be linear, and we shall denote it by 4,
when it is regarded as a linear map on 7. Each such linear
operator commutes with the linear operator i:

A, i=id,,. (4.12)
One immediate consequence is that if u is an eigenvector of

A.,,then sois iu, and thus every point in the spectrum of 4 is
at least doubly degenerate. Given any basis & in 77,

(4.11)

Span & in 77", is a proper subspace of 7”,,, and 7", has the
decomposition
7., =Span # @i(Span #). (4.13)

The linear operator i being a linear bijection is a vector space
isomorphism from ", to itself, and, for any basis #Z in 7",
restriction of i to Span & in 7, is an isomorphism from
Span # toi(Span #).

We have seen that if there is an inner product defined on
7", it has a natural extension as a Hermitian inner product
on 7. This Hermitian product induces a real inner product
on7”:

(4.14)

An immediate consequence of this is that for any vector u, iu
is perpendicular to w.

If 7°_ has dimension 1 (that is, 7", is C regarded as a
vector space complexification of R) with the usual norm,
theniin 7, which is two-dimensional, has the matrix rep-
resentation

. [ 0 1]

=i | ol
It is again easy to verify that i is orthogonal and satisfies Eq.
(4.11). For the general case, a matrix representation for i
can be obtained by placing the matrix in (4.15) as block
matrices along the principal diagonal and placing zeros
everywhere else, but this representation is not unique.

Even though the dimension of #”, is, in the finite-di-
mensional case, twice the dimension of #”, or 7"—because
of the isomorphism between span & in 7”,, where 4 is any
basis in 7", and one of its complements referred to above,
and because every linear operator 4, on 7, which re-
mains linear when the same space is regarded as a complex
space 7”,, commutes with i—it is enough to know 4, on a
proper subspace (or half the dimension of 77, in the finite-
dimensional case) to determine its behavior on the entire
space. This is what we mean when we say that the degree of
freedom of a linear operator does not increase when we re-
gard 77, as a real space 7”,. This also explains why, in the
functional calculus of variations on a complex Hilbert space,
equating to zero the partial derivatives of a functional with
respect to real and complex parts of a complex parameter
treated as two independent variables does not, in general,

{u,v),, = real part of {u,v)..

(4.15)
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yield two independent equations (see Ref. 6 for further dis-
cussion).

Every linear functional f on the original real space 7~
has a natural extension to its complexification 7~ by

S (iu) = if(u). (4.16)

Furthermore, if can itself be regarded as a linear functional
on 7', with fand if belonging to the same one-dimensional
subspace in the dual of 7”,. In 7", f, induces a linear func-
tional f,, on 7", by

Jfor (1) = real part of £, (u), 4.17)
andin 7, f,, and (if )., are no longer linearly dependent.

V. QUATERNIONIZING A COMPLEX VECTOR SPACE

Just as any complex number can be written as a pair of
real numbers with sums and products defined by

(r1,81) + (ry83) = (1) + 18, + 55), (5.1)
(r1,5)) " (12,8,) = (1 — 515,718, + 18y), (5.2)

any quaternionic number can be written as a pair of complex
numbers with sums and products defined by

(Cldl) + (Czdz) = (Cl+021dl+d2)) (5.3)

(cpdy)  (cpdy) = (c10; — d *dye *d, + c,dy).  (5.4)
Keeping in mind the small differences in these definitions, it
is easy to see that all three methods described in the previous
section for complexifying a real vector space have obvious
generalizations for quaternionizing a complex vector space
7 (note that in this section 7~ without a subscript is a com-
plex space).

(i) For each vector v in 7~ we add a vector ju to the
underlying set and regard the enlarged set as a quaternionic
space, with ju playing the role of the vector resulting from v
as a result of scalar multiplication by j.

(ii) We take 7" X 7~ as the underlying set of a vector
space over C X C, which is identified with H, with vector sum
and scalar multiplication defined by

(uyu5) + (v,05) = (U + v, + 0,),

(€1,62) * (1 ,u,) = (Cuy — e *us00*u, + couy).

(5.5)
(5.6)

(iii) We regard H as a two-dimensional vector space
over C, and regard the tensor product H® 7~ as a quater-
nionic vector space with scalar product defined by

p(geu)=(pq)eu, (5.7)
where ¢ ® u is a typical element of H® 7" and (p-q) is the
product of p and ¢ as quaternionic numbers.

Asin Sec. IV, it is easy to show that the three construc-
tions are completely equivalent. In each case we denote the
original space by 7~ and its quaternionization by 7”,. Re-
member that we now have three anticommuting, linearly
independent square roots of — 1, namely 4, j, and %, satisfy-
ing

j= —ji=k (5.8)
and that in each of the above constructions k is written in
terms of / and j in accordance with (5.8). Much of what has
been described in the preceding section carries through for
the construction of this section. We shall, therefore, concen-
trate our attention on points where the situation is somewhat
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different. The differences arise because of the lack of com-
mutativity between i and j. When 7 has an inner product as
a complex space, the inner product is extended to 77, by the
formula

(uy + jo,u, +jv2)q

= (ul’u2> + (vzyvl) +j((01,u2) - (Uz,“1>)- (5.9)

As was pointed out in Ref. 3, another consequence of the
lack of commutativity in H is that scalar multiples of linear
operators (or functionals) are not linear operators (or func-
tionals) in 7”,. Thus neither the linear operators nor the
linear functionals on 7, form a vector space (or R-mod-
ule), and the Riesz representation theorem which asserts
that every complex Hilbert space is isomorphic with its dual
becomes meaningless if stated in those terms for a Hilbert
space over H. However, it was shown by Horwitz and Bie-
denharn' that a more restricted version of the Riesz repre-
sentation theorem still holds for Hilbert spaces over H and,
fortunately, that is enough to prove the existence of the ad-
joint of a linear operator as a linear operator on the space.

When 7 is regarded as a complex space 7., the origi-
nal space 7~ (which in this section is complex) is isomorphic
with a proper subspace of 7., and in the finite-dimensional
case the dimension of " is twice that of 7, as in the pre-
vious section. In ", u and ju are linearly independent vec-
tors, but in this space j is neither a vector nor a scalar but, in
analogy with the situation in the preceding section, can be
regarded as an operator, though because of lack of commu-
tativity between 7 and j, it is no longer linear. It is easy to
verify that it is a semilinear (antilinear) automorphism on
7, with the property

—i*=1, (5.10)

where, as in the preceding section, we have denoted j as an
operator by a bold letter, and / is the identity map on 7" ,.
Because complex matrices represent linear operators on a
complex space, j does not have a matrix representation.

It has already been pointed out that by writing k in
terms of i and j, every quaternionic number ¢ can be written
in the form

q=c1+jc2’ (5.11)
where ¢, and ¢, are complex numbers of the form
¢, =a, +ib, (n=12). (5.12)

However, it must be pointed out that the choice of neither i
norj is unique, but once / and j are chosen, k becomes unique
with respect to this choice. Once this choice has been made
(there are infinitely many possible choices), we can call ¢,
the complex part of ¢. Now in going from 7", to 7, we can
define an inner product on ¥, if an inner product already
exists on 77, by

(u,v) ; = complex part of (u,v),. (5.13)

It seems to the present author that the difference that is
most significant and probably most pregnant with possibili-
ties for further develoment is the following. In the previous
section, 2~ was a proper subspace of ", ; for each vector u in
7" there was an extra vector iu in 7, linearly independent
of u; and similarly, for each linear functional fon ¥~ there
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was an extra linear functional ifon 7”,. In the present case,
though, for each u in 7~ there is an extra vector ju in 7",
and for each linear functional fon 7, jf is not even linear
on 7. Yet according to the Riesz representation theorem
(isomorphism between 7", and its dual) there must be ex-
tra linear functionals on 7”,.. What are these? The answer,
though quite simple, is rich in possibilities. As has been stat-
ed earlier, the space of semilinear functionals is also isomor-
phic with the original space; for each semilinear functional g
on 7, jgisalinear functional on 7", . It was shown in Ref. 7
that the space of bounded additive functionals on a Banach
space is a direct sum of the spaces of bounded linear and
semilinear functionals on that space. Thus there is a certain
isomorphism between the space & (#",C) of bounded addi-
tive functionals on 7 and the space . (¥~ 2C) of bounded
linear functionals on 7~ . Here again as in Sec. IIl we have a
correspondence, through an isomorphism, between a semi-
linear functional on 7~ and a linear one on 7" .

As an example of application of the interplay between
7 . and 77, we shall demonstrate the existence of the ad-
joint of a linear map on 7”, by taking it into 7”,.. We know
that each linear map on 7", induces a linear map on 7"
that commutes with j, and only those linear maps on 7",
that commute with j remain linear on 7”, . Each linear oper-
ator 4 on 7 is a linear operator on 7", that commutes
with j. Since 77, is a complex space we know that its adjoint
A * exists and is a linear operator. The following calculation
shows that 4 * commutes with j and therefore is a linear
operator on 7, also:

(u,4 *jv) = (Au,jo) = (v.j*4u) = — (v,jdu)

= — (vAju) = — (4 *v,ju)

= — (u,j*4 *v) = (u,jd *v), (5.14)
where we have used definition (3.5) for the adjoint of the
linear operator 4, definition (3.6) for the adjoint of the semi-

linear operator j, and the fact that j is a semilinear automor-
phism on 7, that is,

i*= —i. (5.15)

VI. QUATERNIONIZING A REAL VECTOR SPACE
The methods of the preceding sections can be used to
quaternionize directly a real vector space. A quaternionic
number can be regarded as a four-dimensional vector space
over R on which a multiplication is defined by
(a0,a,,a2,a5) " (bosbpbz’b:;)
= (apbp — a,b, — @b, — a;3bs,
aobl + albo + 02b3 - a3b2,
aoh, + aybo + asb, — a,b;,
(6.1)

All the three equivalent methods described in the preceding
sections produce a quaternionic vector space 7”, from a real
vector space 7.

(i) For each vector u in 7~ we add vectors iu, ju, and ku
to the underlying set. These vectors play the role of scalar
multiples of u by i, j, and k, respectively, and we regard the

aob3 + a3b0 + albz - azbl).
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enlarged set as a vector space over H.

(i) We regard 7" X 7" X 7" X 7" as the underlying set
of a vector space over R* (identified as H) with scalar multi-
plication defined by

(@0 1,02,03) * (U, Uy, Ua,U3)
= (agltp — a U, — Gy, — a3ls,
" aguty + G Uy + ayuy — asl,,
Aol + Ayltg + azu, — a s,

agls + Al + a,u, — au,). (6.2)

(iii) We regard H as a four-dimensional vector space
over R and regard the tensor product H® 7~ as the quater-
nionic space 7", with scalar multiplication defined by

p(geu)=(pg)®uy, (6.3)
where ¢ ® u is a typical element of #° @ 7~ and p-q is the
product of p and ¢ regarded as quaternionic numbers.

It is easy to see that all the three methods are equivalent.
Properties of the construction are similar to those in Sec. IV.
We will, therefore, mention only the features or formulas
where there is a significant difference. When 7" has an inner
product, the inner product can be extended to 77, by the
following formula, with 4,1 ,,15,85,00,0,,05,05€ 7"

g + iuy + juy + kus,vo + ivy + jo, + kvs),

= (ugbp) + (U101} + (Uup0,) + (u303)

+ i({uy00) — (Upvy) — (Uzvs) + (us,by))
+ j({uzg) — (Upy) — (us,0,) + (uy,03))

+ k({us,bo) — (Ugv3) — uys0;) + (Uv))).
(6.4)
For each linear functional fon 7, the functionals if, jf, and
kfon 7" are not linear (cf. Sec. V). So 7", can be regarded as
areal space 7", and if there is an inner product on 7, an
inner product on 77, is defined by simply taking the real
part of the inner product on 77,. In 7", i, j, and k are
orthogonal operators, and as in earlier sections they will, in
this role, be denoted by bold letters. Further, they have the
property
P=P=k= -1 (6.5)
where [ is the identity operator on 7”,,. In the simple case

when 77, is one-dimensional over H, a matrix representa-
tion for i, j, and k is given by

0 —1 0 O]
1 0 0 0
- 6.6
“lo o o 1| (6.6)
0 0 -1 o]
0 0 —1 0]
00 0 -1
- , 6.7
=11 0 o o (6.7)
0 1 0 0 ]
o 0 o0 1
0 0 —1 0
k= 0 1 o ol (6.8)
10 0 O
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This matrix representation is, however, not unique. In the
general case a matrix representation for each of these opera-
tors can be constructed by placing the above representation
as block matrices along the principal diagonal and zeros
everywhere else. Again the representation is not unique.

VII. COMPLEXIFICATION OF A REAL VECTOR SPACE
WITH LOSS OF DIMENSION

This is the complexification described by Wells'® and
Chern,!! and it is the converse of the process by which 77, is
obtained from 7, (cf. Sec. IV). According to these authors,
a complex structure on a real vector space 7~ is an isomor-
phism i with the property that

it= —1, (7.1)
where I is the identity map on 7". The real vector space 7~

becomes a complex vector space ", as soon as iu, for any

ue?’, is identified with i-u where i = — 1. When a com-
plex structure exists, it is possible to decompose 7" into a
direct sum of subspaces % and %",

V=Ze¥, (7.2)
such that

(%)= (7.3)
and

() =%. (7.4)

Because of this decomposition, if a linear operator 4 com-
mutes with i, it is enough to know the restriction of 4 on %
or % to know all its properties. Thus linear operators con-
sistent with the complex structure have only half the degree
of freedom compared to an arbitrary linear operator on 7.
For inner product spaces, the decomposition (7.2) is in or-
thogonal subspaces while i is an isometry and, therefore,
orthogonal (note that a unitary transformation—a transfor-
mation whose adjoint is equal to its inverse—on a real Hil-
bert space is called orthogonal ). The operator i is not unique,
but once it has been chosen, the inner product on 7" induces
an inner product on 7,

(uw), = — (uv) — iiu,v), (7.5)

where u,v are any two vectors in 7”. Furthermore, for a
normal operator A that commutes with i, there exists a de-
composition of 7~ into mutually orthogonal subspaces %
and % such that both % and %  reduce 4. Thus for this
most important class of normal operators consistent with the
complex structure, each operator is effectively defined on a
proper subspace (of half the dimension in the finite-dimen-
sional case). Another consequence is that each point in the
spectrum of such an operator has to be at least doubly degen-
erate.

Viil. QUATERNIONIZING A COMPLEX VECTOR SPACE

This was briefly described by Coulson and the present
author in Ref. 3. Things are véry much the same except that
in place of the linear operator i we now have a semilinear
operator j, though properties (7.1)-(7.4) still hold with i
replaced by j. If an inner product exists on the original com-
plex space 77, then once j has been chosen an inner product
is induced on the quaternionized space 7”, by the formula
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(u), = (uw) — j(ju,v), (8.1)

where » and v are any two vectors in 7. For inner product
spaces j is a semilinear isometry and, therefore, semiunitary.
Again all linear and (semilinear) operators on 2" that con-
tinue to be linear (and semilinear) on 7, must commute
with j, and it is enough to know them on a proper subspace
(of half the dimension in the finite-dimensional case) to
know them completely. Once again, normal operators con-
sistent with this symplectic structure must have each point in
their spectra at least doubly degenerate. As has been stated
before, the operator j being semilinear does not have a simple
matrix representation.

IX. QUATERNIONIZING A REAL VECTOR SPACE WITH
LOSS OF DIMENSION

In this case we need three isomorphisms i, j, k with the
properties

P=P=K=—1

and

9.1)

ij=—ji=k 9.2)
By identifying iu, ju, and ku with iu, ju, and ku, respectively,
where 1, j, and k are the quaternionic square roots of — 1, a
real vector space 7 is turned into a quaternionic vector
space 7~ . In this case it is possible to find a subspace % such

that 77 has the decomposition
=% ol X)oj(%U)ok(X). (9.3)

Only those linear operators that commute with the operators
i, j, and k remain linear on 7" . For them it is enough to
know their behavior on % to know their behavior on the
entire space, so they have effectively a degree of freedom
that, in the finite-dimensional case, is a fourth of the dimen-
sion of 7. In the case where 7" has an inner product, i, j, and
k are orthogonal; a possible matrix representation for them
was indicated at the end of Sec. V1. For a particular choice of
these operators (the choice is not unique) an inner product
is induced on 77 by the inner product of 7"

(), = (wv) = 3 7(tu),

s

where u and v are any two vectors in 7" and 7 = i, j, or k.

(9.4)

X. THE ALGEBRA OF OPERATORS

Though the term algebra is often used to mean other
structures, it is common practice among algebraists at the
present time to mean by the term algebra an R-module (a
linear space in which the scalars are members of a ring R)
that is also a ring. If the ring R over which such a module is
defined is commutative, then the algebra is said to be com-
mutative.

In the case of a Hilbert space over R, the bounded linear
operators constitute a normed *-algebra (* is the operation
by which adjoints are formed and is an involution).

In the case of a Hilbert space over C, it is easy to verify
that the bounded linear operators constitute a normed *-
algebra that is a subalgebra of a bigger normed *-algebra of
bounded additive operators. The space of bounded additive
operators is the direct sum of the spaces of bounded linear
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and bounded semilinear operators. The bounded semilinear
operators, unlike the linear ones, do not form a subalgebra.
Furthermore, for two semilinear operators 4 and B and two
complex numbers ¢ and d we have

(cA)(dB) = cd *4B. (10.1)

Because of this peculiar property, the algebra of bounded
additive operators is a particular kind of commutative alge-
bra. As far as we know, little work has been done on the
study of this algebra. We believe that it is important both for
applications in quantum mechanics and for developing the
algebra of operators on a quaternionic Hilbert space, and we
are now engaged in a detailed and systematic study of this
algebra.

In the case of a Hilbert space over H, bounded linear
operators do not form even a module, let alone an algebra.
However, there exists a normed *-algebra of bounded addi-
tive operators on such a Hilbert space and linear operators
are members of this algebra, but unlike the complex case
they do not form a subalgebra.

It was proved by Pian and the present author’ that every
bounded additive operator on a Hilbert space over Cis a sum
of a bounded linear and a bounded semilinear operator.
There exists a similar decomposition of a bounded additive
operator on a Hilbert space over H, but before we can state it
we need a definition.

Definition: An additive operator 4 on a Hilbert space #°
over H is said to be i-semilinearif and only if it has the follow-
ing properties: for every » in R and for every u in 77,

A(ru) = rdu, (10.2)
A(iu) = iAu, (10.3)
A(ju) = — jAu, (10.4)
A(ku) = — kAu, (10.5)

where i, j, and k are as in Sec. IL

Compared to the complex case, the semilinearity is with
respect tojand k, yet we call this i-semilinear. This may seem
odd, but if the complex part of a quaternionic number is
defined with respect to i, then the pure quaternionic part is
defined to bej (or k) times a complex number, and the defin-
ition of i-semilinearity,

A(c + jd)u = cAu — jdAu, (10.6)

parallels the definition of semilinearity in the case of opera-
tors on a complex Hilbert space. Thus / in /~semilinear indi-
cates that in the decomposition of a quaternionic number ¢
as

q=c+ 7d, (10.7)

cdepends on i alone and 7is either j or k. There are analogous
definitions of j-and k-semilinearities. These are obtained by
cyclic permutations of , j, and k in the definition of i-semilin-
earity.

It was shown by Coulson'? that a bounded additive op-
erator A on a quaternionic Hilbert space 77 can be written as
a sum of four operators:

A=A,+A,+A,+ A,
where

(10.8)
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Agu = [ Au — iA(iu) — jA(ju) — kA(ku)], (10.9a)
Ayu = {[Au — id(iu) + jA(ju) + kA(ku)], (10.9b)
Ayu = \[Au + id(iu) — jA(ju) + kA(ku)], (10.9¢)
Asu = {[Au + iA(iu) + jA(ju) — kA (kw)], (10.9d)

and where A, is linear, 4, i-semilinear, 4, j-semilinear, and
A k-semilinear; they are all additive. It is easy to verify that
sums and scalar multiples of bounded additive operators are
bounded and additive. Thus bounded additive operators
form an R-module. It is also easy to verify that products of
bounded additive operators are also bounded and additive.
(For unbounded operators, as in the real and complex
spaces, the domain is a proper subspace, and products of
operators may or may not be defined.) That adjoints can be
defined for linear operators was shown by Horwitz and Bie-
denharn,’ and this has been demonstrated by an alternative
method in Sec. V of this paper. For any 7-semilinear (7 = i,j,
or k) operator A, 74 is linear, and this fact should enable one
to extend the definition of the adjoint to 7-semilinear and
thence to additive operators in general. There does not seem
to be any difficulty in extending the definition of the norm of
an operator from a complex space to a quaternionic one.
Thus bounded additive operators form a normed #-algebra
over H.

It should be noted that it is not possible to define a semi-
linear operator analogous to the complex case in a quater-
nionic Hilbert space, that is, a semilinear operator 4 on a
quaternionic Hilbert space 77 defined as an additive opera-
tor with the property that, for all peH and all ue57,

A(pu) = p*Au (10.10)
is inconsistent because

A(pqu) = p*A(qu) = p*q*Au (10.11)
and

A(pqu) = (pq)*Au = q*p*Au, (10.12)

and the two expressions are not necessarily equal because of
the noncommutativity of the quaternions.

We believe that we have here the necessary groundwork
for a systematic study of an operator algebra on a quater-
nionic Hilbert space. Such a study is in progress and will be
reported in due course, but we hope that the reader gets a
preview and a flavor of things to come.
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A construction of a representation of SO(p + ¢,p + g) by operators on SO(p + g) is presented,
connected with a relativistic top kinematics. In addition to a first-order differential operator
part there is a multiplicative term containing a parameter A in some of the generators. It is
shown by the explicit evaluation of the corresponding Casimir invariants that the
representation (4,...,4), 4 = 0,},1,..., is realized by this construction.

I. INTRODUCTION

Trying to formulate a relativistic theory of a top without
enlarging its nonrelativistic configuration space [SO(3)
group manifold], one is faced with a problem of realizing
SO(3,1) on SO(3), which reduces (if standard generators of
rotations are used for s) to a realization of boost generators
N. The ansatz

N, =Bys, + b, (1
leads to a system of equations
EimnBimBuk + EtmnBimBin + EimnBjuBmk = Eyics
(Bimejmn )b, =0,
for unknown quantities B, and b,.! The general solution is
B, =¢gyn; +ann,, a,BeC,

(2)

mn

— B¢,

b, = fBn;, n = unit vector,
ie.,

N= —nXs+an(n-s) + Sn. 3)
It is shown in Ref. 1 that the free parameters a,5 are con-

nected with Casimir invariants c¢f= —s*N, &
= — (s> — N?) of the Lorentz group, i.e., one can use them
for the fixation of the spin of a top. (The case of spin § was
studied before in Ref. 2; it correspondstoa =0, =1.)
In this paper we present a generalization of these results.
We descibe a systematic construction of the generators of
SO(p + ¢,p + q) acting on functions on SO(p 4 ¢). As in
the above-mentioned case, nondifferential (multiplicative)
terms containing a free parameter A occur in some of the
generators. By explicit evaluation of the corresponding Casi-
mir invariants we identify the representation with (A4,...,4).

Il. CONSTRUCTION OF THE GENERATORS

Let e,, a=1.2,..,(p + g)=N, form an orthonormal
right-handed system of vectors in M 79, i.e.,

N%e e = ;s 4)
Neaies; = Naps )
£ ey = (— D)y, (6)
ga'mm”e‘al,-I iy = (— l)qsi,u-i,., €

hold, where
ﬂ”Ediag(L’;;’_lz —-1,.,—1), 8)

P q
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n*?=diag(1,..,1, —1,..,— 1), 9
P q

and e,; is the jth component of e, . Generators of SO(p,q)
can be represented by the antisymmetric tensor §;; = — S,
i,j=1,...,(p + q), obeying

[S5:Su] = — (S + Sic;m0)5 (10)

[Sy€ar] = earimis (11)
where

Ay =4y — Ay (12)

[The e, are to be expressed as functions of the coordinates
on SO(p,q) and the S;; are first-order differential operators
with respect to the latter.]

One can construct additional operators on SO(p,q)
now, combining e,; and the S;:

(13)
(14)

— ki —_ k
Sai=1"eu Sy =€, Sk
S.p=e,'es’S;=egS,’,

i.e., transforming successively the vector components of the

Sy to the scalar ones by means of “vielbein” e,;. Then using
(10), (11) we obtain

[Si ’Sak] =Sa[i17j]k’ (15)
[Sy»Sas] =0, (16)
[SairSe ] = MasSy — MySaps amn
[SaisSar ] = NatySeris (18)
[Sag+S15] = M1aSp15 + Syip Narss (19)

from which we deduce that the S,,; form N= (p + ¢) vectors
and that the S,; are scalars, both with respect to “right”
rotations (generated by the S;). We can also change our
point of view and classify objects according to their transfor-
mational properties with respect to “left” rotations (genera-
ted by the S,z ). Then the §;; are “scalars” and the S, form
N=(p + q) “vectors” for fixed i/ on each.

This situation, for the special case p=3, ¢=0, is to
some extent familiar from the theory of the nonrelativistic
quantum-mechanical top,? where the projections on the lab-
oratory as well as on the body axes of the quantities in ques-
tion are used [including a change of sign in (19) in compari-
son with (10)]. “Mixed” operators §,;, however, are not
discussed there at all.

It is not difficult to determine the algebra generated by
Siis Sais Sag . In order to do this we switch to a more compact
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notation. Let wus introduce an index A=(ia),
A=1.2{(p+¢q), i=1,.,.N=(p+¢q), a=N+1,..2N
{we changed the numeration of Greek indices). All genera-
tors form the components of a single object S, = — Sp,
now, and (10) and (15)-(19) read

[SapsScp] = — (8c1aSsip + Scis84a1p)s (20)
where

8 =My» @2n

8apg = — Nap> (22)

80i =8ia =0, (23)
ie.,

gABEdiag(I\,&ﬂJ.,l, — Ly — l,l:;d), 24

4 q+p q
which reveals that the S, generate SO(p + ¢,p + ¢).
So far all generators S,; were first-order differential
operators on SO(p,q). Now we add a multiplicative term to
S, introducing

2,=8; (25)
2.=8,+ Aey, (26)
2o =Sap 27
where A is a constant. Direct computation yields
[Z45:2cp] = — BcraZpi1p + Zc(8841p) (28)

independently of A. That means that the £ ,; form the gener-
ators of SO(p + ¢,p + ¢) as well.

Note that in the case p = 3, ¢ = 0 discussed above we
obtain—in addition to

Ref. 1, for finite-dimensional representations of a Lorentz
group one has to choose @ =0, £=0,4,1,... in (3).]

lll. SPECIFICATION OF THE REPRESENTATION

In this section we evaluate Casimir invariants formed
from (25)-(27), which enable us to specify the representa-
tion realized by this construction.

Several papers deal with the problem of the explicit form
and eigenvalues of independent Casimir operators of classi-
cal groups (e.g., see Refs. 4-8). It was established in Ref. 7
that N=(p + ¢) invariants are to be evaluated in our case,
viz., (N — 1) scalar operators C,,, n = 2,4,...,2(N — 1), and
a pseudoscalar operator C j, where

C, EZA'A, EAzA, °t 'EA"A, = (z")AAy

7 A\B,. .. vANBx
CN=£A|B,"'ANBN2 v 2 .

(32)
(33)

A. Evaluationof C,

Evaluation of C, is based on the identity [specific for
the construction (25)—-(27)]

(Z)*B=34E P = A(A + N — 1)g** + (N - 1)2*2,
(34)

proved in Appendix A. This makes it possible to express an
arbitrary “power” of Z by X itself and a constant:

(Z)*2 =a(n)g"® + b(n)2*®? 35)

(@ and b can depend on A and N in general as well). Multi-
plying (35) by = ;€ we obtain recurrence relations

a(n+ 1) =a(2)b(n),

si=4euS %, (29) b(n 4+ 1) =a(n) + b(2)b(n), (36)
S =1eupyS™, sy
forming the SO(3) & SO(3) algebra of the laboratory and (a) =R (a) , (37)
body projections of the angular momentum vector s of a top, b/n+1 b/
respectively—three new vector operators X,, @ = 1,2,3, where
where R_(O a(2))_(0 /1(/1+N—.1)) 18
3. = S + Aeg; = enEiyS; + Ay 1 b»2)/ "\ N—1 ’ (38)
=(—e, Xs+4e,);, (31 so that
closing together with s; and s, to SO(3,3) and thus offering (‘1) =R (a) =R"~! (0) ) (39)
a possibility of the relativization of the description of a top. b/ n b/ 1
We notice that (3) is just of the form of (31). [Accordingto  Evaluation of the necessary power of R gives
]
(a) _ 1 (/1(1+N——l){(ﬂ»+N—1)""'—(—~i)"_’}) (40)
b/n 244+ N-1 A+N-—1"—(=24) ’
ie.,
AA+N=D{A+N-—D""'—(=A)"""} s, A+N-—D"—(—A)" o4s
SRy4B _ + 348, (41)
(2 A+N-1 g 224+N—-1
Then
C.(bM =21 =atngh = 2Va(n) = HLLELN=D (G4 v 11— (— 1), (42)
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We observe that for each n, C, is a number—not a dif-
ferential operator, as is usually the case—when the harmon-
ic analysis approach on corresponding homogeneous space
is used. This means that the explicit construction of the func-
tions on SO(p,q) in the space of which our representation of
SO(p + q.,p + g) is realized reduces to solving the eigenval-
ue equations for the generators of a Cartan subalgebra (e.g.,
22 an_ 128 ), 1., only first-order differential equations
are to be solved.

B. Evaluation of Cj,

For evaluation of C j (4,N) it is useful to realize that
(41) reveals X 5 to be the only antisymmetric second-rank
tensor (and g, the only symmetric one as well) availab-
le.That means then that also

S4B .. 34BN (43)

holds, which can be readily verified explicitly for not too
large N, e.g., the coefficient of proportionality is 2 for N = 2,
8(1 + A) for N =3, etc. (see Appendix B). Multiplication
of both sides of (43) by =% and taking into account (42)
leads to the conclusion that C } does not contain differential
operators, but reduces instead to the multiplication by a
number, too (as was the case for all C, ). Thus we have to
extract just this nondifferential part of (33), ignoring the
differential terms completely (they cancel). We can intro-
duce formally a symbol MULT, which when applied to any
combined differential-multiplicative operator leaves its mul-
tiplicative part only. The above-mentioned conclusion can
be written then as

Cy(A,N) =MULT Cy (4,N). (44)

Nonvanishing components of a Levi-Civita tensor come
from the cases where all indices are mutually different; in
particular, an equal number of Latin and Greek indices
should occur. The only distribution of indices which sur-
vives under the MULT symbol is one in which a pair of Latin
and Greek indices stands on each 2. [In the opposite case
there is at least one 2 with both indices Latin, and it can be
shifted to the right-hand side of the expression (33) giving a
differential operator.] Taking into account two possibilities
for the order of indices on each X (ia and ai) we can write

€4,B,4,B, - AyBy ~2A,B,

MULT C} (4,N) =2"MULT ¢,,,...; 4, ="+ -Z",

(45)
and, using the result of Appendix C,
MULT C 4 (A,N)
=(— I)N(N—1)/22N£i.'“i~£a|'”a~
X (Sa|i| + /‘t'ea,i, ) (S“MN + ﬂeaNiN)' (46)
With the help of the commutator
£ ' NE 1 N[Sa'[l,eaplipl .o -eapkipk ]
=k£i|'“i,v£a,-"a~eai,ea Ltrey (47)
! PPy Pic Pk

ifor any k,lp,, =1,.,(N— 1), m=1,..,k], we can per-
form the MULT operation in (46) explicitly and obtain a
polynomial of order N in A. Let us determine the coefficient
standingby A", r = 1,...,N. It comes from all cases in which r
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e’ ’sand (N —r) “S”’s are chosen from the brackets in
(46) (e, v should always come from the last one). Then the
desired coefficient is

NN— 1)/29N ! Mt
( N 1) 2 N! PPy _ o1 =1 II—;II pl
(all p; different), (48)
where also [see (6),(7)]
8"-""'N£""”m"’em‘iI iy =N! (49)

was used. One can compare it with the coefficient standing
by A” in the expression

A+N-1)(A+ D4, (50)
which, taking the numbers from (N — r — 1) brackets and A
from the rest, is just

N—1 N—-r—1

D [I 2 (allp; different), (51)
PPN r_1=1 =1
so that
MULT "™ "*N(S,, . + de, ;) - (Sapiy + A4,
=NIAQA+1)-(A4+N=-1), (52)
and
CH(A,N)
= (= DY¥-D2INNI (A + 1) (A +N— 1).
(33)

C. Comparison with the general results: Conclusion
Let us study C 4 (4,N) first. It is known’ that its value is
Crlmymy) =(—1)NN=D2V8N1 (4, 4 N— 1)

Xeo(my_y+ Dmy (54)
for the representation (mj,...,my). Our construction thus
corresponds to the case (4,...,A). However, the invariants
C,, n=24,.,2(N— 1), are to be compared, too. For the
evaluation of C, for (4,...,A) we make use of the results of
Ref. 8, where the generating function for Casimir invariants
of all classical groups was derived. In the case of interest to
us this function reads

G(z) = 2N —+ A —N)z
(1+ Az) (1 — Nz)
INA(A — 1)
+ ; 55
I+ M —AtN—Dg
and
6 =3 7, (56)
n=0
so that
C, =G ™(0)/nl. (57)

The explicit calculation yields
2NA(A+ N —
22A+N-1

c - D tAeN—D 1 — (=1},

n

(58)
in agreement with (42); that makes the identification with
(4,...,4) complete.
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APPENDIX A: PROOF OF (34)

The proofis to be done for all four possible cases of pairs
ofindices, (if), (ia), (ai), (aff). We restrict ourselves to the
first case here; the rest can be done in the same way. We have

ngzm 23} =gklzzj +gaﬁziaz.6j = Uklsfksi; - Waﬂzrazgj = Sikskj + (e,"S,; + ’leai)(eansnj + Aeaj)

=SS + €,"€"S,;S,; + €[ Spisen |57 + AT [Spiren; | + Aoy €S, + Al €S, + A 2e,e%
=(N=-1DS; + A+ N- D=4+ N-1)g; + (N-DZ,.

{Notice that two “unpleasant” second-order terms cancel each other. ) One should be careful when contracting Greek indices

as to whether g** =

APPENDIX B: (43) FORN=3
We are to find the proportionality coefficient y(4) in
EapcperE P2 = Y(A)Z 45

Let us compute the aff component of the left-hand side:

— 7% [e.g., (45)] or 7°® is understood implicitly there.

BeC ik A As v _ o N ok
EaBABCDEA 2P = zgaﬂyiikzwzj + Zgaﬂjkyizj 2= — 481_‘;'kaBng 2, ’zjk = 45ijk5aﬂy (e"S) + A, S/

= 4€ 1 Camepn ( — 1)9(€™S/'S* + Ae™S*) = 4( — 1)%67:6]\amep [57,5] + 8Aegne5,8 ™

=8(1+4)S,z=8(1+ )3,

where
s;i=hepS, Sy = (— 1)%,s,,
[5085] = — €us*= — (= 1),
Euppe” = (— 1)€™e,,,eq,,
g™ = (— 1616},
was used, so that
EapcperE PEFF = 8(1+ )2 44,
for N = 3. Multiplying it by =4? we obtain
CiA3) = —8(1 +A)348s,,
= _8(1+A)C,(4,3)
— —8(1+A)6A(A+2))
—48A(A+ 1A+ 2)

in agreement with (53), for N = 3. The same procedure is
possible for arbitrary N.

APPENDIX C: PROOF OF (46)
We are to prove

—_ N(N - 1)/2
Ei,a,"'iNaN - ( - 1) £""”“Na|"'a1v'
Clearly
Eiaigay =X (N)E; - iyaays
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-
where x(N)is 1 or ( — 1). Then
R "(N)gir“iwv“aazim LI
=(— 1)"'7c(N)z:,-...‘iM e an
=x(N+ 1).‘:,3..‘,-,‘,+ @yt
so that

*x(N+1D)=(—D%N) =(- D= D" %(N-1)

N-—1
cee = e(1) H (— I)N—k
k=0

- ﬁ (—D*=(— l)zi”-xkz (—1)NN+D2
k=1

and
2(N) = (= 1)N¥N-D72
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A systematic study of locally operating multiplier realizations of nonconnected Lie groups of
transformations is presented that generalizes previous results on connected groups. The
semilinear locally operating multiplier realizations of a nonconnected group G are those
obtained through an induction process from the finite-dimensional semilinear representations

of a given subgroup of a representation group G for G.

I. INTRODUCTION

The concept of locally operating realization of Lie
groups of transformations was developed some years ago by
Hoogland ' who also showed its physical relevance in quan-
tum mechanics. From a physical point of view, the relevant
realizations of a symmetry group G are not the linear ones,
but also the projective representations.>* If one considers
such representations to be locally operating, one obtains lo-
cally operating multiplier representations of G, called here-
after simply locally operating realizations.

The study of these realizations was first made by Hoog-
land,"? who studied the cases of both connected and noncon-
nected groups of transformations, the latter allowing for the
appearance of semilinear operators and semilinear multi-
plier locally operating representations.?

In recent papers® Mackey’s theory of induced repre-
sentations'® has been pointed out as the appropriate math-
ematical framework for the study of locally operating real-
izations (LOR’s). That theory was worked out for a
connected Lie group, and gives both a complete characteri-
zation of locally operating realizations as induced represen-
tations, as well as an explicit construction method of these
realizations. This method makes use of a new group G, called
the local splitting group, such that all LOR’s of G appear
through the linear ones of G.

From the preceding results one may expect the same
construction being valid for nonconnected Lie groups. The
purpose of this work is to report that this is actually the case,
and in this paper we give a generalization to the nonconnect-
ed case of the theory developed previously for connected
groups. Although most of the results seem an almost verba-
tim transcription of the results for the connected case, the
explicit final form of the LOR’s of a concrete nonconnected
group depends on what group elements are being represent-
ed linearly or antilinearily, and also on the structure of the
group as an extension of its connected component of the
identity G, by its components group, 7,(G). In most cases,
including some physicalily relevant ones which we include as

*) Present address: Department of Mathematics, Wiess School of Natural
Sciences, Rice University, Houston, Texas 77251.

® Permanent address: Departamento de Fisica Teérica, Facultad de Cien-
cias, Universidad de Valladolid, 47011 Valladolid, Spain.
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examples, that structure is a semidirect product which great-
ly simplifies the final results. In these cases it would be also
possible to obtain the pseudoequivalence classes of locally
operating realizations of the complete group in a “direct”
way, perhaps at the price of a greater amount of computa-
tions as Wigner'' pointed out for the relativistic case. We
remark that the theory developed in this paper holds no mat-
ter what structure of G, whether as a semidirect product or
as some essential extension of G, by 7,(G).

The paper is organized as follows: Sec. Il is devoted to a
short review of the main results about locally operating real-
izations in the connected case.® In Sec. III we state the
conditions on some group G that allows one to obtain the
semilinear locally operating multiplier representations of G
as semilinear representations of G. Such a group will be
called a representation group. Here we give all the relevant
results about the equivalence of the realizations so obtained
as well as the method to explicitly obtain a complete set of
representatives of the pseudoequivalence classes. In Sec. IV
we present some examples.

i. LOCALLY OPERATING REALIZATIONS

We give here a short review of the main concepts of the
theory of locally operating representations for connected Lie
groups. A more detailed account may be found in Refs. 8 and
9.

Let G be a connected Lie group, acting transitively on a
differentiable manifold X, and let " be the isotopy group of a
fixed point x,eX. The subgroup T is closed and the homo-
geneous space G /T can be endowed with a differentiable
structure such that G /T is diffeomorphic to X. A locally
operating (multiplier) realization (hereafter simply LOR)
of G is a Borel multiplier representation U of G, acting in the
space of vector-valued complex functions £ X—C” in the
following way:

[U(g)f1(gx) = A(g.x)f(x), 2.D

where 4 is a matrix-valued Borel function 4:
G X X-GL(n,C) called a gauge matrix. The relevant con-
cept of equivalence for LOR is that of gauge pseudoequiva-
lence, which is finer than the usual equivalence. Two LOR’s
Uand U’ of G are said to be pseudoequivalent if there exists a
Borel function A: G- U(1) and an invertible linear operator
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7 acting locally in the representation space [i.e., (7/)(x)
= S(x)f(x) with.S a nonsingular matrix-valued Borel func-
tion] such that VgeG,

U'(g) =A@)rUg)r .

The corresponding gauge matrices are related by

A'(gx) =A(g)S(gx)A(g,x)S ~'(x),

(2.2)

VxeX.
2.3)

Notice that gauge pseudoequivalence is characterized
by the requirement that the intertwining operator 7 acts lo-
cally, i.e., as matrix multiplication with an x-dependent ma-
trix. Thus gauge equivalence implies ordinary equivalence,
but the converse is not true.

In the linear case, the locally operating linear (no multi-
plier) representations of a group G (hereafter LOLR) are
induced from the finite-dimensional linear representations
of the isotopy group I of the action of G on X. The gauge
matrix associated to a LOLR of G is given by

A(g,x) =ofs"(gx)gs(x)), VYgeG, xeX, (2.4)

where o is a finite-dimensional representation of I and s is a
normalized Borel secton s: G/I" =X~ G. Moreover, each
equivalence class of finite-dimensional representations of I’
gives a gauge equivalence class of LOLR’s of G.

Turning now to the general case of multiplier realiza-
tions, the first step is to reduce the multiplier problem to a
linear one. This is made using an auxiliary group G, known
as a splitting group'?'? for G, such that any LOR of G can be
lifted to a linear LOR of G. For the general case of all (not
necessary local) representations, such a group G can be
found as some extension of G by the dual H %(G,U(1)) ~of the
second cohomology group of G '°. It was shown in Ref. 8 that
for LOR’s this linearization trick does also work with a small
change. A group which linearizes a/l LOR’s of Gis said to be
alocal splitting group for G, and if it is in some sense minimal
one calls it a local representation group, simply denoted G.
In fact, not all factor systems of G could appear in local
representations, but only those corresponding to a subgroup
of H}G,U(1)), called HZ_(G,U(1)). As one can expect,
G is a topological extension of G by the dual

2.(G,U(1)) ,i.e., we have an exact sequence

VgegG,

1~HZ (GU())—~G=G-1,

where p is an epimorphism.

The characterization of HZ(G,U(1))is given in Ref. 7.
Its elements are those classes of factor systems
[@1eH*(G,U(1)) whose restriction to I XTI lives in the
maximal compact group of H*(I',U(1)).

The explicit construction of the local representation
group is given in Ref. 8. The action of G on X induces an
action of G into X via the epimorphism p. Then, if we denote
by T the isotropy group of a fixed point x,eX, we have
T =p~!(I"). Once Gis known, the LOR U of G are obtained
through the split LOR’s R of G [split means R(ker p)
CU(1)], according to the relation U(g) = (R°p)(g),
where p is some normalized Borel section, p: G—G. And
finally, these LOR’s of G are just those which can be induced
from the finite-dimensional linear representations of ' map-
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ping ker p into U(1), and called split representations, too.

The most important result is the one-to-one correspon-
dence between the pseudoequivalence classes of LOR of G
and the superequivalence classes of finite-dimensional split
linear representations of T.

We here recall that two pseudoequivalent representa-
tions of T are said to be superequivalent if the one-dimen-
sional homomorphism of T on U(1) realizing their pseudo-
equivalence [see (2.2)] can be extended to a homo-
morphism of Gon U(1).

Ili. LOCALLY OPERATING REALIZATIONS OF
NONCONNECTED LIE GROUPS

A. Definitions

From now on we will assume that G is a nonconnected
Lie group acting transitively on a differentiable manifold X.
Let I be the isotopy group of a fixed point x,eX. We can
identify X with G /I". We shall be interested in semilinear
realizations R of (G,H), that is, realizations of G on the
group of linear and antilinear operators in a Hilbert space
such that H is a subgroup of index 1 or 2in G, and R(g) isa
linear or antilinear operator according as geH or geG — H.

In this way the natural definition of a semilinear locally
operating multiplier realization is the following.

Definition 1: A semilinear locally operating multiplier
realization (SLOR) of (G,H) is a Borel semilinear multi-
plier realization of (G,H) which acts in a representation
space of functions f: X—C" as

[U(g)f1(gx) = A(gx)f*(x) , (3.1

where f¢(x) = f(x) orf*(x) according as geH or geG — H,
and A(g,x) is a nonsingular matrix-valued function A4:
G XX - GL(n,C), which verifies the following relation:

A(ggx)A%(gx) = w(g g)A(ggx), (3.2)

w(g',g) being a factor system of G relative to the action of G
on U(1) given by identity if geH or complex conjugation if
geG — H.Hence weZ *.;;(G,U(1)), thesymbol *H in the Z >
denoting this action.

The definition of gauge pseudoequivalence is carried out
asin the linear case; we could here distinguish between linear
and semilinear pseudoequivalence according to the linear or
antilinear character of the operator 7.

It is very easy to show that if U and U’ are gauge pseu-
doequivalent, then their gauge matrices are related by

A'(gx) = A(g)S(gx)A(g,x)S ~8¥(x) . (3.3)
B. Semilinear (no muitiplier) locally operating
representations of (G,H)

These representations are a particular case of SLOR of
(G,H) when their factor systems are equal to 1, and hence
there are no multipliers.

The proof that (nonmultiplier) semilinear LOR’s of
(G,H) are just those representations of G induced from the
semilinear finite dimensional representations of (I','NH)
is similar to the one presented in Ref. 5 for the connected
case. For this reason we do not give here the demonstration
nor the explicit construction. Nevertheless, there are some
minor differences due to the fact we are working now with
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semilinear representations. The interested reader must find
no trouble in carrying out his/her own proof, following Ref.
5 and paying attention to the specific differences which arise
from the semilinear operators.

The main result can be summarized in the following
theorem.

Theorem 1: A complete set of gauge equivalence classes
of SLOR’s of (G,H) is obtained by induction from a com-
plete set of equivalent classes of finite-dimensional semilin-
ear representations of (I, I’NH). If o is a representative of
an equivalence class of finite-dimensional semilinear repre-
sentations of (I', ' N H), the associated gauge matrix of the
induced representation of (G,H) is given by

A(gx) =& (s~ ' (gx)gs(x)), (3.4)

where (s~ !(gx)gs(x)) is the “matrix part” of the represen-
tation o [i.e., o(y) = d(y) or 6(y)K according as yel' NH
or y¢I' N H, K being the complex conjugationin C" ], and sis
a normalized Borel section s: G/I'>G verifying
s~ (gx)gs(x)eI’NH for every yeH.

Not all sections s: G /T" — G satisfy this last condition,
but in the cases where the connected component of the iden-
tity G, acts transitively on X, such a section with s(G /T")
C G, does always exist. Unlike the connected case, the elec-
tion of a section has to satisfy that additional requirement.

C. Local representation groups

As previously remarked, for any group (G,H), it is al-
ways possible to construct a splitting group (G,H) insucha
way that all semilinear multiplier representation of (G,H)
can be obtained from the semilinear ones of (G,H); and as
pointed out in Sec. III B, each SLOR G gives rise to a (multi-
plier) SLOR of G, due to the relation between the action of G
and G into X. Hence although we could take for G any repre-
sentation group, we notice that not all, but only those classes
in H 2. (G, U(1)) for which the restriction to I' appears as a
class of factor systems of some finite-dimensional semilinear
representation of I" could appear as factor systems of LOR
of G.

Therefore, for our purposes, it suffices to take for G a
local representation group, i.e., a topological extension of G
by the dual of the subgroup of H 2.4 (G,U(1)) whose classes
appear in local representations. It does not seem easy to ob-
tain an explicit characterization of this subgroup
Hi .,(G,U(1)) as the one given before for connected
groups. Nevertheless, in all the cases we study in this paper,
the subgroup H? .,(G,U(1)) can always be easily found
after its defining property, instead of in terms of some char-
acterization. It is easy to prove that HZ .,(G,U(1)) is a
closed subgroup of H2.,(G,U(1)) and hence a Lie group,
too, in case H ., (G,U(1)) is a Lie group.

The construction of the local representation group fol-
lows closely the pattern of the corresponding one for the
representation group in the general case.'*> We must recall
that G is a nogcentral extension, the action of G on
HZ_.,(GU(1)) as the identity or the inversion according
as geH or geG — H; and the factor system characterizing the
extension, say, W(g,h), is found through a homomorphic
section s: H2 .4(GU(1))— Z%_.4(G,U(1))just as in the
nonlocal case. Note that if R is a split representation of G,
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then R (W(g,h),1)is the factor system of the multiplier repre-
sentation of G obtained by projection of R.

D. Lifting of semilinear locally operating realizations of
(GH)

In this subsection we will assume the existence of a local
representation group (G,H) for (G,H). The action of Gon X
induces an action of G on X by gx = p(g)x = gx, with p:
G— G the canonical epimorphism. The isotopy group of a
fixed point x, of X will be T = p—!(I"). Hence we have the
following proposition.

Proposition 1: (i) For each normalized Borel section p
for p, i.e., pop = id¢, and for each split SLOR R of (G,H)
there existsa SLOR Uof (G,H) givenby U(g) = (Rop)(g),
VgeG.

(ii) Conversely, for each SLOR U of (G,H) there is
another SLOR U’ of (G,H), gauge pseudoequivalent to U
and such that U’ can be lifted to a split SLOR of (G.H).

The proof reduces to some calculations taking into ac-
count the connection 4 (p(g),x) =A(g,x) between the
gauge matrices corresponding to R and U = R9p, the rela-
tion U'(g) = A(g) U(g), and the decomposition of the ele-
ments of G as g = ap(g), with acker p and geG.

It can be also easily verified that the finite-dimensional
semilinear representations of (I, NH) inducing split
SLOR’s of (G,H) are those mapping ker p on U(1). We will
also call them split representations.

From all these results we can obtain the following
theorem. _

Theorem 2: If (G,H) is a local representation group for
(G,H), for each normalized Borel section p of Gon G there
exists a one-to-one correspondence of the gauge pseudoequi-
valence classes of SLOR’s of (G,H) with the gauge pseudo-
equivalence classes of split SLOR of (G,H).

As we know from Sec. III A the SLOR’s of (G,H) are
induced from the finite-dimensional split semilinear repre-
sentations of (I, NH). The relevant equivalence for the
representations of splitting groups is the pseudoequiva-
le_x_lce.13 However, pseudoequivalent representations of
(T,TNH) do not induce, in general, gauge pseudoequiva-
lent SLOR’s of (G,H). The correct answer to this problem is
given by the following theorem.

Theorem 3: Two split pseudoequivalent finite-dimen-
sional semilinear representations of (I",I-NH) induce gauge
pseudoequivalent split SLOR’s of (G,H) if and only if the
element AeZ'.ngz(T,U(1)) defining the pseudoequiva-
lence of the representations of (T',T NH) can be extended to
an element AeZ '.5(G,U(1)).

Proof: Let R and R’ be two gauge pseudoequivalent
SLOR’s of (G,H). Then there exists a mapping A: G-U(1)
satisfying (2.2) and the fact that R and R’ are semilinear
representations implies that A is a crossed homomorphism,
i.e., AeZ '.5(G,U(1)). The gauge matrices R and R ' restrict-
ed to T x {x,} are pseudoequivalent matrix representations
of T, and their pseudoequivalence is carried by 4 |¢. Con-
versely, if we have two pseudoequivalent semilinear repre-
sentations of T, o and ¢’, there exists AcZ '.rn5(T,U(1))
which determines this pseudoequivalence. According to the
theory of induced representations, the representations R and
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R’ of G induced by o and ¢’ are pseudoequivalent [see for-
mulas (2.2) and (3.4)]. However, R and R’ will be only
gauge pseudoequivalent [see (3.3)] if the term
A(5™'(gx)Z 5(x)) can be split as

A(57(@x)E5(x)) = A5 (@)ABAG(X)),

that is, if A can be extended to a crossed homomorphism of
G. Here 5 is a Borel section of X on G satisfying the condi-
tions stated after Theorem 1.

This theorem motivates the following definition which
generalizes the corresponding one of the connected case.

Definition 2: Two split finite-dimensional semilinear
representations of (T, NH) are called superequivalent if
they are pseudoequivalent and this pseudoequivalence can
be realized by a crossed homomorphism of T on U(1) that
can be extended to a crossed homomorphism of GonU(1).

Representatives o of all the classes of superequivalence
are obtained by & = A°0, where A runs through a complete
set of equivalence classes of crossed homomorphisms of " on
U(1) modulo those that can be extended to G and o runs
through the pseudoequivalence classes of finite-dimensional
split semilinear representations of (T.,TNH), respectively.

The following theorem gives the explicit construction of
the gauge equivalence classes of SLOR’s of (G,H) and sum-
marizes the above results.

Theorem 4: (i) A complete set of gauge pseudoequiva-
lence classes of split SLOR’s of (G,H) is obtained by induc-
tion from a complete set of superequivalence classes of the
split semilinear representations of (I',T NH). If & denotes a
representative of each of such classes, then the induced
SLOR of (G,H) has a gauge matrix given by
A(g,x) = 6(5 '(gx)g5(x)), where & is the matrix part of
the representation & of T and s is a normalized Borel section
of Xon G.

(ii) A complete set of gauge pseudoequivalence classes
of SLOR’s of (G,H) with representatives U = Rop, where p
is a normalized Borel section of G on G, is obtained when R
runs through a complete set of representatives of SLOR’s of
(G,H). The gauge matrix of Uis 4(g,x) =4 ( p(g),x), with
4 the gauge matrix of R. Thefactor system weZ 2., (G,U(1))
associated to Uisw = RoW,, where W, is the factor system
of the extension of G via the section p, i.e.,

W,(g8) =ppp e "

A particular choice of the sections p and s may lead to
simpler expressions. For example, we can choose
p(g) = (1,g) and 5(x) = (1,5(x)), where s is a normalized
Borel section of X on G verifying s(X) C H. Thus the gauge
matrix of U is written as

A(gx) = &((1,5(8x))~ 1 (1,8)(1,5(x))) . (3.5)
IV. EXAMPLES
A. The complete Euclidean group E(2)

Let E,(2) be the proper Euclidean group, which acts on
R? in the standard way. We consider the group E(2) ob-
tained by adjoining to E,(2) the line reflection P,

P (-(7)
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As an abstract group, E(2) is a semidirect product of
Ey(2) and Z,, the action of Z, into E;(2) being given by

P, (al’a2’¢) hnd (als —dy — ¢) .
The LOR (up to pseudoequivalence) of E,(2) are para-

metrized by BeR, corresponding to H? (Eq(2),
U(1))=R, and are given® by

{Us(g)H(gx) = {exp( — i(B/2) (aAx?)3)}f(x) .

When the SLOR’s of E(2) are considered we have two
choices for P: U(P) is either a linear or an antilinear opera-
tor.

(a) We take P to be represented as a linear (unitary)
operator, and then H = E(2).

The first task is to compute the group
H?,4(E(2),U(1)). This is carried out making use of the fact
that every factor system of a semidirect product G,(®Y is
equivalent to one of the form

o a'ga) =0%g g o’ (da)A(ga),

Gy

4.1)

where w%,0" are factor systems of G, and ¥, and A has to
satisfy some equations (see the Appendix). In fact, for our
casew®(g',g) canbetakenasexp( — i3 /2(aAa* ),).Onthe
other hand H %, ,(Z,,U(1))is trivial, and as ®" we can take
the trivial factor system. Then the equations for A have no
solution unless 8 = 0. That is, H %4 (E(2)U(1)) = {1}.

Hence if U(P) is a linear operator there are no LOR’s of
the complete Euclidean group whose restriction to the prop-
er group is a realization with £ 0.

(b) We now take P to be represented as an antilinear
operator, and hence H = E(2). In this case things are very
different, and for the group HZ.g,,(E(2),U(1)) we get
H%(E(2),U(1))=Re®Z, a generic element being de-
noted [B,m], BeR, me{1, — 1}. A lifting of a factor system
in the class [8,m] is given by

W m (8,058a) =wp? (g8 )o=(a a) (4.2)

[here wZ(P,P) = m; see Ref. 13 (Sec. IX B) for details].
The representation group for E(2) is now an extension
of the representation group for E,(2) by Z,, with law

(6'8v,a)(6gy.a)
=(0'+ 6 + wp'V(g'.87).88" V07 (d @) 0 a)
(4.3)
with 6eR, geE(2), ye{1, — 1}, ae{1,P}, where the group Z,
is isomorphic to Z,, generated by (1,P) with
(LP)?’=(—-1,1),and 8* = — 6.

The group acts via the projection (6,g,7,a) - (g,a) on
the plane and the isotopy group T is the set {(6,(0,0,4),7,a)}
which has a semidirect product structure {R ® SO(2) }OZ,
with Z, acting on R @ SO(2) via the projection (y,a) —»a.

As follows from the theory given in Sec. III we have to
compute the sets of one-dimensional semilinear representa-
tions (crossed homomorphisms) of T and E(2) on U(1).
Both are easily found using the Wigner procedure'? starting
from the linear representations of T', and E(2) , (the sym-
bol + indicates the subgroup represented by linear opera-
tors, i.e., H). The result is that the classes of one-dimensional
semilinear representations of T modulo those which are ex-
tended to E(2) are parametrized by . Hence the general
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form of a SLOR of the complete Euclidean group induced by
a one-dimensional representation of T is given by
(U(g,a) ((ga)X)

=exp( — i(B/2) (aAx“*))A(a)f(x), (4.4)

where A(P) =K. In the calculation we have taken the sec-
tions: X—E(2) given by 5(x) = (0,x,0,1,1).

B. Kinematical groups

1. Galllei (2+1) group
Let us now consider the complete Galilei group Gin two
space dimensions, obtained by adjoining to the proper Gali-
lei (2 + 1) group G, the line reflection P and the time rever-
sal T,
Xy Xy Xy Xy
P lx, |-l — x|, T Ix]-| x;
t t t —1
The group is a semidirect product of the connected Gali-
lei group G, = {(b,a,,a,,v,,0,,¢) } by a group of reflections
isomorphic to the Klein Vierergruppe ¥, acting on G, as

v2a - ¢) ]
vp - U21¢) ’

and its elements will be naturally denoted (g,a), with geG,
and aeVb.

In this case it is known'> that H%(G,,U(1))=R? anele-
ment [M,k] corresponding to the factor system

P: (b’alsa21ul9v2,¢) - (byaly - azavp -

T: (bpalya2,vl902s¢) "’( - b)a1,a2y -

0% (8.8) = exp(iM(} bv'* + v"a*))
xexp( — i(k/2) (v Av¥),). (4.5)

The calculation of H 2.;(G,U(1))is similar to the one in
the previous example. The result depends on the subgroup H
of G which is represented by linear operators. The computa-
tions are straightforward and we only state the results in
Table I.

From Table I we see that in the physically relevant case,
U(P) linear and U(7) antilinear, only factor systems with
k = O appear as restrictions to G, of factor systems of G. The
representation of the line reflection P through a linear opera-
tor U(P) prevents the possibility of factor systems with
k #0, which, as we know, are not to be found in LOR’s of G,,.

We remark that the “interaction” part A(g,a’) is al-
ways missed although the corresponding equations do not
imply A(g,’a) =1 but only mean that A(g,a’) is a two-
coboundary.

The structure of the representation group G is similar,
but not identical to the one for the (3 + 1) case. The reason
for that difference is the known fact that in two spatial di-

TABLE 1. Factor systems for Galilei (2 + 1) group.

mensions the point reflection is a rotation, unlike the three-
dimensional case. The composition law of G is
(0.8, (7,a))6.8,(r:a))

=(0'+ 0% + (888" (V.a) (ya)), (46)
with@® =0 fora = 1,P,and 8* = — 6 fora = T,PT, and
(y.,a) denotes an element of the representation group ¥ for ¥
(see Ref. 16).

This group acts on the (2 + 1) space-time through the
projection (6,b,a,v,4,y,a) — (b,a,v,¢,a). The isotopy sub-
group of the point (0,0) is T = {(6,0,0,v,¢,7,a)}, and the
subgroup T, to be represented linearly is isomorphic to
Re (E(2)®V. ), where ¥, is the subgroup { (,a)} of ¥ for
which @ =1 or P. This subgroup ¥V, is isomorphic to
Z,®Z, and acts on E(2) via the projection ¥, - V., [i.e,
(7»a) acts as P and (y,1) as the identity]. In the isomor-
phism ¥V, =Z,8Z,, the first subgroup is generated by (1,P)
[(1,P)? = (uw,1) in the notation used in Ref. 13}, and Z, is
the remaining part of V..

The linear one-dimensional representations of T, are
easily found. They are given by U(6,v,¢,7,a)

=M A, ... (y,a) (same notations as in Ref. 13) and from
them one gets the one-dimensional, and some two-dimen-
sional semilinear representations of T. With the choice
g = (0,0,0,0,1,7)el’ — T, and proceeding as usual, we
find that only those one-dimensional representations of T,
with €, = €, = 1 are Wigner type I. Hence one-dimensional
semilinear representations of T are parametrized by (M,e),
with MeR and € = + 1, and they are given by

A (6v,8,7,1) =™ A, (0,00,1,P) =¢;
AeM(O’O»O,I,T) = K s

K being the complex conjugation operator.
Proceeding in the same way, one easily finds out the

corresponding represenations of G. They are parametrized
by [B.€], BeR, es{1, — 1} and its explicit expression is

4.7)

Dﬁe (9,b,a,v,¢,7/,l ) = e’;ﬂb; Dpe (0’070,0)0’ 19P) =6,
D, (0,0,0,00,1,7) =K (4.8)

so that we obtain that the classes of LOR of the (2 + 1)
complete Galilei group with P linearly and T antilinearly
represented are given by induction from semilinear represen-
tations of I'

(U(g,2)f)((g,2)x) = exp(iM(}bv? + v-a*))A(2)f(X) ,
(4.9)
with A being a semilinear representation of V. Here we can
choose the section 5 as 5(x) = (0,x,0,0,1,1).
As pointed out at the beginning of the example, things

up) u(n General factor system of G equivalent to H EG‘ {G,U(1))
unitary antiunitary oS0 (8.8 o), (d.a) ReZ,9Z,
antiunitary unitary ol (g8, (a'\a) Re®Z,9Z,
antiunitary antiunitary o), (a,a) Z,3%Z,
1087 J. Math. Phys., Vol. 29, No. 5, May 1988 Garcia-Prada, del Olmo, and Santander 1087



are very different if one searchs for LOR with P antilinear,
for then necessarily M = 0.

2. Newton-Hooke 3+1 groups

The connected Hooke group H;, has been studied in Ref.
9. Here we will study the LOR of the complete group taking
into due account the reflections. This study is also relevant to
the “Dirac-like” equation for this case, the so-called Dubois
equation.>"’

We will only consider the oscillating group H —, hereaf-
ter referred to simply as H, the discussion for H * is very
similar. As in the preceding examples we are going to consid-
er only the realizations of H which represent linearly the
subgroup H, = H,®OV,, with ¥, = {1,P}. The usual way
ofcomputing thegroup H 2., (H,U (1)) gives H ., (H,U(1))
=R®Z,®¥V, and a lifting of [M,/mn], MeR,
I,m,n,e{1, — 1}, has a mass M part 0™,,(g,g”) (see Ref. 18
for an explicit expression of ™,,) and the remaining terms
are just as in the Galilean case.

The representation group is written in full'® [where
g=(bayv,Ad), 4AeSU(2)]

(6'.¢.7,.a)(8gra)

=(6'+0"'+i(v'2——12—a’2)rcos£—sinb—
2 T T T

. bY a . b~
+A’a“(v’cos————s1n——
T T T

— v'a’ sin® Ll L85 (v,a') (y,a)) , (4.10)
T

where @ transforms under ¥ via the projection V- ¥, “asa
time.” The isotopy group T of the point (0,0) is the set
{(6,0,0,v,4,7,0)}  whose  group  structure is
{R & (R’*(®SU(2) }®V, the subgroup R*(DSU(2) being iso-
morphic to the universal covering of the Euclidean three-
dimensional group generated by pure Hooke transforma-
tions and rotations. The subgroup T, is obtained by
restriction of ¥ to 7, .

TABLE II. Representations 0, ,2)e,e, Of the group I' up to pseudoequivalence.

The study of one-dimensional representations of I and
H is easily carried out, and the result is that the classes of
one-dimensional semilinear representations of T modulo
those that can be extended to H are parametrized by MeR,
and a repersentative in each class is, for example,
A(6,g7,a) =™, In addition to M, each LOR of H is
specified by a pseudoequivalence class of finite-dimensional
semilinear representations of T". A particularly important
class of LOR of H arises from four-dimensional representa-
tions of T [we note that four is the minimal dimension in
order to get faithful representations of R*@®SU(2)]. We
choose the following representation of T, :

UM(]/Z)s.e,e (0,v,A,y,a) = eWaDI/Z(E’A)Ae,s,s (y,a) ’
(4.11)

where

D, (4
Dl/z(v,A)=( 2(4) 0 ) (4.12)

iovD,;,(4) D,y (A)

with o= (0,,0,,0;) the Pauli matrices, and for the 7+ sub-
group generated by (u,1), (v,1), and (1,P),

As.e,e (/u’l )= €5

€l .
( 2 _612) if e,6,=1,

iel .
( 2 —iel) if €,6,= —1.

Of course when restricted to the connected group this re-
duces, no matter what the values of €,,€,,¢, to the ordinary
[M,1/2] representation of Re(R*®SU(2)) which is
known to be linked with particles of mass M and spin } be-
cause of the presence of a factor system for mass M and of a
restriction to SU(2) which is a multiple of D, ,.

The next step is to induce a semilinear representation of
T. Let us choose g, = (0,0,1,1,PT); the automorphism
T, - T induced by the inner conjugation in T correspond-
ing to g, is simply given by

(B,V,A,y,a) -(—- 9,v,A,7,a) .

As,s,e nl) =¢;

Aco(1,P) = (4.13)

Indices of
pseudoequivalence
classes
€, € Dimension (0,v,4,1,1) 0,0,1,1,P) (0,0,1,1,PT)
1
1 -1 4 D, (v,A), ( 2 ) (T )x
-1, —
1, T
1 1 8 (Dl/z(v)A) )’ -1 i -7
D,y (v,4) 1, T
-1, -7
1,
D A —
1 1 8 ( 172(v,4) )’ ; 1, , ( 14)](
DY, (v,4) 1, 1,
-1,
1,
D A - —
1 1 8 ( 172(v,A4) )’ i 1, ( 14) K
DY, (v.A) 1, 1,
-1,
with 7= (_,") =io,.
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Hence the g, transformed of the representation {M,1/
2,€,,65,€} is { — M,1/2,€,,€,,€} and we have to search for its
antiunitary equivalence/inequivalence. Some calculations
give the results displayed in Table II. In fact when €,6, = 1
both are antiunitarily equivalent by means of the complex
conjugation K, and their Wigner typeisIfore, = — 1and II
for €, = 1. When €,6, = — 1 they are not equivalent.

Furthermore, representations with different M and/or €
are obviously pseudoequivalent, so that both indices disap-
pear from the labeling for pseudoequivalence classes. For
A(T)?> = A(PT)?= — 1 the representation remains four-
dimensional. In all other cases the dimension is doubled
from four to eight, and the representation is fully character-
ized (as long as pseudoequivalence classes are concerned)
by its restriction to R*(®SU(2) and the values of the squares
of the operators A(T) and A(PT). Notice that
A(T) = €,6,A(P)A(PT).

From these expressions the explicit form of the corre-
sponding LOR’s of H are found from formula (3.4) or (3.5).

C. Invariance groups of electromagnetic fields

These groups have been studied from several view-
points,"*?>2* both for the relativistic and nonrelativistic
case.

As an example we consider the symmetry group of a
uniform electric field, along the z axis, in the nonrelativistic
case. The connected symmetry group is the subgroup of Gal-
ilei 3 4 1 generated by H, P,,K,,J5, i = 1,2,3. Furthermore,
time reversal is also a symmetry so that we can consider the
group with time reversal. This is a semidirect product,
Z,= {1,7} acting on the connected group as

T: (b,a,a3,v,U3,¢) _'( - b’a’a3, -V, — U3,¢) )

where a denotes (a,,a,). If T'is to be represented antilinear-
ly, one obtains the group HZ,.;(G,U(1)) as R® ® Z,; the R®
part comes from the connected case [for then
H?..(Gp,U(1))=R?] and Z, comes from the subgroup
{1,7}. The local representation group is
{(8.£,m;b,8,a5,v,05,6;7,2) } where 6,£,7€R and {y,a} is the
representation group Z, for (Z,,Z,). The product law in-
volves the explicit form of the factor systems and will not be
written here. The complete discussion can be easily carried
out, and the results include, of course, Kramers theorem [if
U(T)? = — 1 then there cannot be nondegenerate levels for
a particle in a homogeneous electric field. ]

D. One-dimensional conformal group

Our last example is a one-dimensional conformal
group.?® This name ordinarily applies to the group of trans-
formations of the (compactified) real line '

exp(bH):t—t+ b, exp(dD):t—e “t,

exp(0K):t—t /(1 —6r) .
The Lie brackets are

[D,H] = — H,[DK]=K,[HK]=2D.

In fact, this is the connected component of the identity
in the group G obtained when one adjoins the simple inver-
sion I: t— 1/t to the translation subgroup {exp(bH),bcR}
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[notice exp(0K) = I exp( — OH)I]. Alternatively we can
enlarge the connected component of the identity by means of
the point-reflection P: t— — ¢; in both cases the group G
obtained is the same. The group G [isomorphic to
GL(2,R)/R*] is also a semidirect product of the connected
conformal group [isomorphic as one knows to SL(2,R)/
Z,] by a Z, group which can be taken either {1,7} or {1,P}.
Some expressions are simpler when the last subgroup is cho-
sen, so that we will use it. In terms of the previous parametri-
zation, Z, = {1,P} acts as

P: (b,d,0)-(—~bd,—0).

We shall use the standard notation (g,a) with ae{1,P}.

Let us now study those LOR’s with P represented by
means of an unitary operator. The group H%.;(G,U(1)) is
trivial, because the corresponding group for the connected
component of identity is already known to be trivial, the part
for the subgroup {1, P} is trivial, too, and the interaction part
A(g,a) must be, for fixed a, a one-dimensional representa-
tion of the connected component of the identity which is also
necessarily trivial.

Hence the group G is its own representation group. The
isotopy group is the subgroup {0,d,6,a} whose composition
law is

(d',0',a)(d,f,a) = (d',0')(d,0)" ,a'a),

with (d,0)* = (d,0%), 6% = — 6. Its one-dimensional rep-
resentations are easily shown to be labeled by reR,
ec{1, — 1}, and given by

(d,0,a) €A, (a) suchthat A, (P) =¢.

The crossed homomorphisms of G are trivial.

Finally, to obtain the LOR’s of G is easy using formula
(3.4). In this case the realizations of G are equivalent to
representations.

ACKNOWLEDGMENTS

One of us (M.S.) thanks the Centre de Recherches
Mathématiques de I’Université de Montréal for its hospital-
ity and particularly Professor P. Winterniz.

The research reported in this paper was supported in
part by the Comision Asesora de Investigacién Cientifica y
Técnica and the Ministerio de Educacién Ciencia (Grant to
M. A. de Olmo from the Plan de Formacién de Personal
Investigador).

APPENDIX: FACTOR SYSTEMS OF SEMIDIRECT
PRODUCTS

Theorem: Let G be a Lie group which is a semidirect
product G = G,()¥V with the action a: g—g°, geG,, acV,
and let H be a closed subgroup of G of index 1 or 2. The
action of G on U(1) is denoted by *H, and their restrictions
to G, and ¥V give the actions of G, and ¥ on U(1) denoted by
*(GyNH) and *(VNH), respectively. Then each element
[w)eH .4 (G, U(1))hasaliftingw®eZ?. 5 (G,U (1)) given by

w°(g,a:h,B)
— wG«.(g,h ) [wV(a’B) ]‘(HﬁGo)(gh “)A(g,a)‘(HﬂGu)(g) ,
(A1)
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where 9%€Z 2. g, (GoU (1)), @€Z % 1, (V,U(1)), and
A: G, X V-U(1) is a Borel function verifying the following
relationships:

w%(g%h*) = (@%(g,h))" # "V DA (gha)

X {A(g,a) [A(ha) ] .(HnGo)(gh,a)}__l ,
(A2)

A(gaB) = A(gBa) [A(g,B)] D@

X [0"(a,B)]"H D [ (a,f)] 7. (A3)

Conversely, let us take two actions of G, and ¥ on U(1) and
let H be the subgroup of index 1 or 2 generated by their
kernels. If %, w", and A are functions satifying the above
relationships (A2) and (A3) then @ defined by (A1) lives
in Z2%.5(G,U(1)). The proof can be found in Ref. 25. (Other
references are 26 and 27.)

A particular case of this theorem appears when G is a
nonconnected Lie group whose structure is that of a semidi-
rect product of its connected identity component G, by its
group of connected components ¥'=,(G). Then the action
*(HNG,) of G, in U(1) is trivial. The above relationship
becomes

o°(g,a;hB) = w%(g,h *) o (a,f)A(ha) (A4)
with A: Gy X V-U(1) verifying
wGu(ga,h @ = wGo(g,h)‘(Hﬂ V)((“)A(gh,a)
x{A(ga)A(ha)}~!, (AS5)
A(gaB) = A a) [A(gB)] H V@, (A6)
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The relation between substitutional symmetry operations that leave a real symmetric matrix
invariant and the degeneracies exhibited by the matrix in diagonal form are examined. The
usual application of group theory to this problem is formulated. Substitutional (and other)
symmetries can exist, which do not form part of the invariance group. These symmetries can
cause extra degeneracy of the root system and are frequently encountered in some physical
applications such as the Hiickel model of molecular bonds. Some general features that lead to
extra degeneracy are noted and illustrative examples are given for systems of six equivalent

centers.

I. INTRODUCTION

Group theory is extensively used to block diagonalize
matrices possessing a group symmetry and thus enumerate
and specify the degeneracy of the root system. Reduction of
a carrier space to its irreducible representations (irreps) by
the use of projection operators determines not only the de-
generacies but the roots and their eigenvectors up to equiv-
alence within the resolution of the multiplicity of a given
irrep. Degenerate eigenvectors are distinguished by choos-
ing diagonalization with respect to a specified subgroup
chain. Chemists and physicists are so used to the idea that
knowledge of the symmetry group implies knowledge of the
degeneracies that the existence of unexplained systematic
degeneracies in a root system usually stimulates a search for
hidden symmetries and higher groups. The application of
O(4) to the bound states of the Coulomb problem’ and the
unitary group to the harmonic oscillator are well known
examples of the success of such efforts. It is also well known
that accidental degeneracies occur when particular values of
model parameters force crossings of energy levels for differ-
ent symmetry species. Often correlation tables and some
knowledge of the energy level spacings in two high symme-
try limits are sufficient to show that accidental degeneracies
must occur in a model. While crossings in parameter space
can be more general, accidental degeneracies usually require
particular numerical sets of values for the model parameters.
We use the term systematic degeneracy to signify degener-
acy that persists over a continuous range of parameter val-
ues. In this paper we examine the question “Do systematic
degeneracies necessarily imply a group structure?”’” Counter-
examples derived for specific models have already been re-
ported in the literature showing that the question must be
answered in the negative.’

More specifically we examine the root structure of real
symmetric nXn matrices with substitutional symmetries
among the elements. Our attention was drawn to this prob-
lem in terms of molecular orbital calculations using a simple
Hiickel model. Using this model it is common to obtain a
root structure with more degeneracy than can be implied by
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the spatial point group symmetry.* Similar matrices and
higher degeneracies than those derivable from simple point
group analysis frequently arise in vibrational or electron or-
bital calculations when models are subjected to various re-
strictions.

We note at the start that the root system of a matrix
remains the same under all similarity transformations. A
matrix in its equivalent forms will in general display differ-
ent substitutional symmetry. Therefore it is not surprising
that different substitutional symmetries can be connected to
the same degeneracy system, i.e., even if systematic degener-
acies implied a substitutional group structure it would not
necessarily be unique. However, one might hope that knowl-
edge of the eigenvectors would be sufficient to distinguish
between possible symmetry groups and one could determine
the matrix form with maximum substitutional symmetry. In
the next section we establish a general framework within
which the substitutional symmetry of real symmetric matri-
ces may be analyzed. By specific construction we show that
two distinct substitutional symmetry groups can result in the
same degeneracies. By identification of the roots these sym-
metry groups can apply to equivalent forms of the same ma-
trix. By specific construction we also show how higher de-
generacies can exist without necessarily implying a higher
symmetry group. Section III presents illustrative examples
using 6 X 6 matrices. We close with some remarks.

ll. GENERAL THEORY

We wish to establish the degeneracies and symmetry
species of the root form of an 7X n real symmetric matrix
which is invariant under a set of substitutional symmetry
operations. For some physical applications one can easily
specialize to matrices with zero diagonal elements. Such ma-
trices are encountered in molecular vibration theory and
molecular orbital theory as in the Hiickel approximation.
Since we are considering only substitutional symmetries, we
may limit analysis to permutational groups; i.e., S,, thesym-
metric group on z items, and its subgroups. All three-dimen-
sional point groups are isomorphic to subgroups of the sym-
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metric group, but the latter has a much richer group
structure. Indeed the symmetric group S, is isomorphic to
an (n — 1)-dimensional point group as can be shown by an
inductive construction. Thus S, describes two equivalent
points of a line that generates the planar equilateral triangle
with S; symmetry which in turn generates the tetrahedral
symmetry S,, etc. In general the matrix may have substitu-
tional symmetry above the three-dimensional space symme-
try of the model. The full symmetry group may have no point
group realization although it does contain the geometric
symmetry as a subgroup. Even considering these higher per-
mutational groups we will show that some systematic degen-
eracies are due to symmetries that cannot be represented as
elements of a group.

The natural representation on » items has # X n permu-
tational matrices with zero entries except for a single unit in
any row or column. If a permutation takes j to £, its matrix
representation has a unit in the &£ th row of thej th column. In
reduced form in S, the natural representation spans
[n] 4+ [# — 1,1], the one-dimensional totally symmetric ir-
rep and the (n — 1)- dimensional defining irrep. The matri-
ces of the natural representation span the Kronecker square
of the representation which further separates into symme-
trized and antisymmetrized forms. Symmetric matrices span
the irreps ([#] + [# — L1N@®I[2] =2[#] +2[n—1,1]

+ [n — 2,2]. The diagonal elements themselves transform
as the natural representation so real symmetric matrices
with zeros on the diagonal transform as [n] + [#n— 1,
1] 4+ [7 — 2,2]. The above decomposition requires that a
real symmetric matrix invariant under all the permutations
of §,, can be considered as a linear combination of at most
two invariant forms (corresponding to the multiplicity of
the invariant species [ 7] in the symmetrized square) and has
roots that form a singlet and an n — 1 degenerate level (cor-
responding to the decomposition of the natural representa-
tion). Requiring the additional condition of zero values on
the diagonal restricts the number of invariant matrices in
this case to one. The group theoretical classification of the
number of invariant forms and the resultant degeneracy of
the roots proceeds in the same way for any subgroup. The
irrep decomposition of the natural representation on restric-
tion to the subgroup determines the group caused degener-
acy of the roots. The number of possible invariants equal the
multiplicity of the totally symmetric irrep in the decomposi-
tion of the Kronecker square (or equivalently in the restric-
tion of 2[n] +2[n —1,1] + [rn — 2,2] to the subgroup).
The number of diagonal invariants is simply the multiplicity
of the totally symmetric irrep in the decomposition of the
natural representation so the number of invariants with ze-
ros on the diagonal is easily found. Because we deal only with
real matrices only real irreps or complex representations in
pairs will occur in the decomposition of the natural represen-
tation. Therefore the multiplicity of the totally symmetric
irrep in the symmetrized Kronecker square is equal to the
sum of binomials (/ §!), where fis the multiplicity of an
irrep in the decomposition of the natural representation. For
zeros on the diagonal one need only sum the binomials
3hH.

Group theory allows more than just enumeration of the
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number of invariants and the resulting degeneracies. To
uniquely specify the eigenvectors of the root form one simul-
taneously diagonalizes a maximum set of mutually commut-
ing but independent operators. Within this set are invariant
operators corresponding to the class sums, which, when di-
agonalized, serve to specify the irreps. Subclass operators
invariant within a subgroup sequence serve to specify the
basis within a degenerate species. The invariant matrices
representing class sums within the natural representation
are easily determined. Character theory requires their ma-
trix within an irrep be a constant times the identity matrix.
The constant equals the class order times the irrep character
of the class divided by the irrep dimension, that is, the invar-
iant matrices corresponding to class sums in a group or its
subgroups are known in the natural permutation representa-
tion and in their irrep root forms. There are as many inde-
pendent invariant matrices representing class sums as there
are inequivalent irreps occurring in the decomposition of the
natural representation. Multiplicities usually cannot be re-
solved solely by group theory and generally require solving
for the roots of a polynomial the order of the multiplicity. As
an elementary example there are only two independent ma-
trices representing class sums in the natural representation
of S,. These can be taken as the identity matrix E, and a
matrix with the unit in all off-diagonal positions and zeros on
the diagonal. Character theory requires that this latter ma-
trix has root form of a singlet with valuen — 1 andann — 1
degenerate level with root — 1. In S, our problem is com-
pletely determined by group theory. Group theory also com-
pletely determines the diagonalization when the subgroup
involved is the cyclic group C,. This is because the natural
representation of S, spans the regular representation of C,,,
which has only one-dimensional (Fourier) irreps and there-
fore no multiplicity. Actually the point group frequently en-
countered is C,, of a planar ring structure or its equivalent
D,., (n=2m) for a puckered ring. Either of these point
groups are isomorphic to the semidirect product C, VS,.
The effect of the semidirect product is to join the cycle ele-
ment (n)? and its inverse (n)" %, 0 < p < n/2, into the same
class (p), and to join the Fourier irrep k with its complex
conjugateirrep n — k, 0 < k < n/2, into the two- dimensional
real irrep {k}. There is still no multiplicity in the decomposi-
tion of the natural representation and group theory gives the
roots {k} = a, + a, (0" + 0~ *), where w = exp(i2n/n)
and a, is the pth neighbor interaction. For n/2 = m = p the
quantity in parentheses should be set equal to ( — 1)*. The
invariant matrix has elements 4; = a);_; . The expression
for the roots is easily understood in terms of the class sums
with the matrix representing the cycle (») in diagonal form.
Group theory and a knowledge of the class invariant matri-
ces completely solves the multiplicity-free problem.

The application of group theory to this problem may be
summarized in the following steps.

(1) Decompose the natural representation of S, on re-
striction to the spatial subgroup ([n]+ [n—1,1})]
=~2[A,} f;. The dimensions of the irreps give the degener-
acies of the roots. The roots of irreps occurring without mul-
tiplicity are completely determined by the class matrices as
simple linear combinations of the invariant matrix param-
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eters. The roots of irreps occurring with multiplicity f must
be determined from a polynomial (the secular determinant)
of rank fin the invariant matrix parameters.

(2) The number of invariant matrix parameters is equal
to the sum of the binomials (/% !).

It is instructive to examine the diagonalization proce-
dure in a little more detail. The rows of the transformation
matrix that bring about the block diagonal form within an
equivalent irrep species are essentially proportional to the
projection operators of the group. Indeed the projection op-
erators defined for a general group G as

amn) gl = 02116 15[ 6]l

can be considered as the transformation matrix reducing the
regular representation of the group. For our case only the
projection operators for the irreps in the reduction of the
natural representation will occur. The size of the resulting
block matrices is the multiplicity of the irrep species in the
reduction with identical blocks appearing equal to the di-
mension of the irrep. Note the following similarity transfor-
mation for submatrices of an overall matrix:

5 alld A% vl
o Ullct Bll o U

2.1)

UAU U CU;

= . (2.2)
uvctuyr UBU;

Under S, ,.S, the mnatural representation spans

Qr—m]+[n—m—11]) [m] + [n—m] [m—11]
so for m > 1 there are five invariants,two diagonals, two off-
diagonals connecting elements within each subset, and one
off-diagonal connecting elements of the two subsets. Let a
and a’ be the two diagonal parameters, b and b’ be the off-
diagonal parameters within the subsets, and ¢ be the param-
eter between the subsets. Block diagonalization is obtained
by using projection operators for the constituent irreps.
Block diagonalization comes about because the n — mXm
matrix representing the interaction between the subsets
(with ¢ in every position) transforms only as [n — m] [m]
and the other projections give zeros in these positions. Thus
we find in the block diagonal form @ — b (1 X 1)’s occurring
n —m — 1times,a’ — b’ occurringm — 1times,anda 22
with entries

a+nm—m—0b {(n—mmc}"?

{(n=mymc*}'? ad+m-1b"1[
Solving the quadratic this has roots
{a+(n—-m—-1b+a +(m—-1)b'}2

+{lle+(n—m—-1b—a — (m—1)b")/2]*

+ (n — mymc*}H'2 (2.3)
Wesee witha = @’ and & = b ' = c this has the form of an S,
invariant and the corresponding root system discussed
above. A special case occurs when n = 2m for which we may

embed the symmetrized wreath product S,, wr S, in the
subgroup chain. The natural representation carries the ir-
reps [m] ® ([2] + [1%]) + ([m], [m — 1,1]) giving three
parameters with two singlets and an (2m — 2)-fold degener-
ate level. The roots are completely determined by group the-
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ory. In particular no quadratic polynomial must be solved
and no radical appears in the expression for the roots. Root
expressions for this case are obtained from (2.3) by setting
a=dandb=5".

This same set of two singlets and a 2m — 2 degenerate
level is obtained for the subgroup S,,, _, S, , which, however,
has four invariant parameters. Moreover, in this latter case a
quadratic must be solved with the characteristic radical ap-
pearing in the expression for the two singlet roots. Thus we
conclude the system of degeneracies does not uniquely deter-
mine the substitutional symmetry group of the matrix from
which the roots were obtained. The expressions for the roots
for the case S, _; S, may be obtained from (2.3) by setting
m = 1and b’ = 0. Since the three roots for S,,, _, S, are ex-
pressed in terms of four parameters, we can adjust the nu-
merical values of these parameters so the roots are equal to
those determined for an invariant matrix with S, wr S,
symmetry; i.e., the two matrices with different substitutional
symmetries are in fact equivalent. Finally by returning to the
general case for S, _ ,,,S,, and simply settinga —b=a' — b’
we obtain an (n — 2)-fold degeneracy. The number of pa-
rameters is effectively reduced to four but there is no higher
substitutional symmetry group for real symmetric matrices
having this as its invariant form. Hence we must conclude
the higher degeneracy does not result from purely group
theoretical considerations.

{Il. EXAMPLE SYSTEMS

As particular examples we consider several subgroup
sequences with » = 6. The dimension is sufficient to make
the examples nontrivial and illustrate all the points raised
above. In addition several of the subgroups are isomorphic to
point groups and therefore have direct physical application.
We will make frequent reference to wreath product sub-
groups of the type S, wr §,,,. The wreath product group [a
semidirect product (S, )™V S,,] is discussed extensively in
the book by James and Kerber.’® For spatial realizations and
for ordering the matrices we will generally pair (j,7 —j).
Table I gives the subgroup chains considered, the irrep de-
compositions, and analytic expressions for the roots as func-
tions of the invariant matrix parameters and labelled by the
irrep species. One may easily check the invariance of the
matrix trace in the three examples given.

For the first example given in part (a) of Table I a spa-
tial realization of S,8, is given by two identical equilateral
triangles in parallel planes with a sixty degree phase shift and
a variable displacement along the perpendicular joining
their midpoints (a trigonal antiprism). The lower group
characterizes the substitutional symmetry of structures like
the benzene ring. At a displacement such that the intervertex
distances become identical the vertices are at the face centers
of a cube with symmetry .S, wr S;. If on the other hand the
two equilateral triangles rotate sufficiently fast about the
perpendicular, the interactions between the vertices of the
two triangles might be considered equivalent (isodynamic
equivalences) and S; wr S, is appropriate although it has no
point group realization. Setting ¢ = d the two doublets com-
bine to form the quartet of S; wr S,. Alternately setting
b = d the final doublet and singlet combine to form the trip-
let of §, wr S;. With b =c =d the two doublets and final
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TABLE I. Three examples using subgroups of S,. Presented in the order: possible subgroup chains; a diagram suggesting the spatial group; the subduction
chains for the irrep [5, 1] of Si; the form and parametrization of the invariant matrix, and analytic expressions for the roots of the invariant matrix.

(a) Subgroup D, including roots of the class matrices used to determine the irrep roots

Group chain
TN 57/574
3\

S6\52 wr ngoh/ssszzD6=D3d =Cor \/b
Subduction chain

3le[1? 31021
s 1@ I+ LRI — 133101 4 p 13121+ 12D,

[2]®[2,1] + ([2) @ [2),[1°])
Invariant matrix
a b b d d ¢
b a b d ¢ d
b b a ¢ d d
d d ¢ a b b
d ¢ d b a b
c d d b b a
Irrep roots of the class matrices in the subgroup S5,
class parameter {31[2] [2,1][2] [2,1111%] [31[1%]
(1% = (1> (1% a 1 1 1 1
(3%) = (3)(1%) b 2 -1 -1 2
(2% = (1*)(2) ¢ 1 1 -1 |
6) = (3)(2) d 2 -1 1 -2
Irrep roots

[31[21=a+2b+c+2d (singlet)
[2,1][21 =a—b+c—d (doublet)
[2,1] [1?]=a—b—c+d (doublet)
[3] [1?] =a+2b—c—2d (singlet)

(b) Subgroup D,

Group chain

S wr §3=

7]
S, NG(S, wr 5,)8,=Dy,

N\S,8,=0;

Subduction chain

2
qu4n®nJL+“”®DL“{:::>ﬂﬂenhﬂﬂ+[ﬂ)+dﬂeﬂﬂnﬂ+(DLUﬁHﬂ-

41121 + [12]) + [3,1][2]

Invariant matrix

6 8 n 0 68
aS aase
5 RS o R o
o oA oS a
o oA e
L GGG )
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TABLE L. (Continued.)

Irrep roots

(21e2N[2l=(a+e+b+f+2d)/2+{[(a+e—b—f—2d)/2)* + 8}

(121 [1’D[2)=b+f—2d (singlet)
([21,[1°1H[2] = b—f (doublet)

(212D (1] =a—e (singlet)

(singlets)

(c) Subgroup D,,
Group chain

S, wrS,
87 (s5,5,) wr S,= D,

\S4S3/

Subduction chain

w”

~13]e (1] + (131,(21 , .
(saf” B+ BLRID~0,) o 12) 4 21210 (17 + (L21.017D)

[4102) + [1°D + [3,1](2]

Invariant matrix

a d e e d f
d b ¢ ¢ g e
e ¢ b g ¢ d
e ¢ g b ¢ d
d g ¢ ¢ b e

e d d e a

Irrep roots

[21e[2)=(b+g+2c+a+f)2+{[(b+g+2c—a—[f)/2]+2(d+e)*}'* (singlets)

[218[1)=(b+g—2c+a—1)2+{{(b+g—2c—a+f)/2]>+2(d —e)*}'? (singlets)

([21,[1?]) =b—a (doublets)

singlet combine to form the quintet of S,.

The above example was completely resolved by group

theoretical methods and no extra degeneracy occurred. Con-
sider now the subgroup link given in part (b) of Table I. A
spatial realization of the lower subgroup corresponds to ver-
tices at the face center of a cube distorted along one axis
joining opposite faces. Although the two intermediate sub-
groups are isomorphic to the cubic group they represent dif-
ferent embeddings in the group chain. Setting f = d the ma-
trix is invariant under S,S, and the doublet and ([2]
® [1?]) [2] singlet merge to form the [3,1] [2] triplet. Al-
ternately setting e = f, d = ¢, and b = a the matrix is invar-
iant under S, wr S, the above radical factors giving roots
a +f + 4cand @ + f — 2c the latter of which merges with a
singlet to form the [2] ® [2,1] doublet. The doublet and the
([2]1®[2]) [1%] singlet merge to form the ([2] ®[2],
[12]) triplet. Note by simply settinga — ¢ = b — fwehavea
five-parameter matrix with a triplet degeneracy which is in-
variant under neither of the higher subgroups. If the roots
are arranged as above no crossing of levels to produce com-
patability with irrep species is required.
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The extra degeneracy does not result from the multiplic-
ity (i. e., from the value of the square root in the quadratic).
No intermediate subgroup can exist in the decomposition
S, wr S; /(S, wr S,)S,. This is another example of a sys-
tematic degeneracy which is not directly a result of group
symmetry. This is similar to the extra degeneracy that may
be obtained in the S5, symmetry by settinga —e=56—d
giving a quartet while no intermediate subgroup can exist in
the chain S, /S,.S,. Note also the radical factors by simply
settinga +e — b — f— 2d = 2c.

Next consider the subgroup link of part (c) of Table I.
The D,, symmetry corresponds to the figure shown with the
(2,3), (4,5), and (1,6) lines mutually perpendicular. If
a—f=b—candd — e =g — ¢, the[2] ® [ 1?] radical fac-
tors giving roots b + 2g — 3c and b — a; the latter of which
merges with the doublet to form the [3,1] [2] triplet of
S,S,. Note simply setting d = e brings this matrix to the
form invariant under (S, wr S, )S, discussed above. A trip-
let degeneracy with no underlying group symmetry may be
obtained in a manner similar to that discussed there.

A more complicated case involving the structure of tri-

T. H. Siddall and J. J. Sullivan 1095



phenylmethyl with spatial substitution group S, wr S, yet
showing fivefold degeneracies is discussed elsewhere.®

IV. CONCLUSIONS

Group theory is linked with degeneracy by the fact that
if two operators S and T commute with an operator M then
so does their product [ TS, M] = 0, i.e., closure is required in
both the operator realization and their matrix representa-
tion. However, matrix commutation [ 7, M} = 0 implies in-
variance under a similarity transformation TMT ! = M if
and only if the inverse exists. The elements of a real symmet-
ric matrix also form the basis of an [(# + 1)n/2]}-dimen-
sional vector space and any substitutional symmetry among
the matrix elements is also a substitutional symmetry oper-
ation in the vector space. The identification (7'*MT),

= M,, (T*,;T;) shows that every unitary transformation
of the matrix is a unitary transformation of the vector space.
In particular, permutational (substitutional) transforma-
tions of the matrix give a permutational transformation of
the vector space. But not every transformation of the vector
space can be put in the factored form of a matrix transforma-
tion. In particular there exist substitutional transformations
of the vector space which have no corresponding unitary
transformation of the underlying matrix. Thus a matrix may
show substitutional symmetries among its elements which
do not correspond to a higher invariance group yet do result
in greater degeneracy than that required by the actual invar-
iance group.

The diagonalization of an Hermitian matrix may be
considered in terms of perturbation theory. Suppose the set
of n items divides naturally into two subsets #, and n, such
that the invariant matrix has on its diagonal block matrices
A, and A, describing the intraset interactions with substitu-
tional symmetry groups G, and G,, respectively. The inter-
set interactions are represented by the off-diagonal n, X n,
block matrix 4,, which in zeroth order is the null matrix. By
setting all interset interactions to the same value the overall
symmetry is not lowered. On reduction to irrep species the
off-diagonal interset interaction matrix will have a nonzero
entry only in the position connecting the totally symmetric
irrep species of the two diagonal block matrices. Roots for
the other irrep species are unaffected because the interset
interaction matrix does not have the symmetry to effect
them. In the special case n = 2m the nonzero interset inter-
action lifts the zeroth-order degeneracy between the
[m] ®[2] and [m] ® [1?] modes. In Hiickel models the in-
terset interaction is usually limited to first neighbors in a
specified spatial arrangement with all other interset matrix
elements set equal to zero. This lowers the overall symmetry
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of the matrix to the point group allowed by the spatial ar-
rangement. However, the intraset interactions in the diag-
onal blocks are usually considered as unmodified and there-
fore still represent the zeroth-order symmetry. When
transformed to the irrep species of the zeroth-order symme-
try group the interset interaction matrix often has vanishing
entries for some irrep species. Thus some irrep species reflect
the lower point group symmetry and degeneracies are lifted
by the interset interactions while other irrep species are unaf-
fected by the interset interactions and retain the degener-
acies implicit in the zeroth-order symmetry group. In per-
turbation problems H = H, + AH,,where the zeroth-order
symmetry G, is lowered by the perturbation to symmetry G,
it is not uncommon for some zeroth-order degeneracies to
persist through first-order perturbation calculations so that
the model to this order has symmetry higher than G. Al-
though analogous to this extra degeneracy in first-order per-
turbation theory, the Hiickel model is slightly different in
that the perturbation is completely ignored in the intraset
interactions (the diagonal block matrices are not modified)
and the matrix is diagonalized in a finite basis (several or-
ders of perturbation in a truncated basis).

In summary we have outlined a group theoretical proce-
dure for determining the general form of a real symmetric
matrix invariant under a given substitutional symmetry
group. The procedure gives the number of independent ele-
ments appearing in the invariant matrix and the degener-
acies of the root form. Projection operators of the group are
sufficient to block diagonalize the matrix within equivalent
irreps. Further diagonalization involves the resolution of
polynomials of order of the multiplicities which in general
do not factor. By specific examples we have shown the de-
generacies of the roots do not uniquely determine the substi-
tutional symmetry group which leaves the matrix invariant.
Substitutional symmetries that cannot be realized as similar-
ity transformations forming a group can cause systematic
degeneracies beyond those derivable from purely group
theoretic analysis.
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In this paper, several problems concerning the Lie algebra structure of symmetries and
variational symmetries of a general linear system of second-order ordinary differential
equations are studied. In particular, a necessary and sufficient condition is obtained, in terms
of the coefficients of the system, for the system’s symmetry algebra to be of maximal dimension
(i.e., n? + 4n + 3) and isomorphic to sl(n + 2,R), the well-known symmetry algebra of the
free-particle equation x” = 0. When this condition is satisfied, it is proved that the system is
Lagrangian and that its variational symmetry algebra is isomorphic to a fixed,

(n* 4 3n + 6)/2-dimensional Lie algebra, whose structure (Levi-Mal’cev decomposition and
realization by means of a matrix algebra) is determined. For the particular case of isotropic
systems (which includes, as far as is known, all the examples treated in the literature), explicit
formulas for the generators of both the symmetry algebra and the variational symmetry

algebra are obtained.

1. INTRODUCTION

Recently there has been a growing interest in the study
of the continuous symmetries of systems of ordinary differ-
ential equations (ODE’s), due to a wide range of reasons
such as (i) the connection between continuous symmetries
and first integrals of a system of ODE’s,"” even when the
system is not derivable from a variational principle and
Noether’s classical theorem is not applicable; (ii) the valu-
able information about qualitative properties of the solutions
of a system of ODE’s that symmetries can sometimes pro-
vide>*; and (iii) the recently conjectured importance of the
structure of the symmetry group of a system of differential
equations in connection with its quantization,’ etc. As a con-
sequence, the last decade has witnessed a significant exten-
sion of the number of differential equations whose Lie alge-
bra of symmetry vectors is known. (A symmetry vector of a
differential equation, called by Lie an infinitesimal symme-
try, is just the generator of a one-parameter subgroup of sym-
metry transformations; it is a well-known fact® that the set of
all the symmetry vectors of a differential equation forms a
Lie algebra, whose associated Lie group is the group of all
symmetry transformations continuously connected to the
identity.) Such systems are, with a few exceptions,”® second
order and linear, and include the free-particle,’ the harmonic
oscillator with time-dependent frequency,'® and the one-di-
mensional harmonic oscillator with constant damping.'" It
was found that the symmetry algebra of all these systems is
not only of maximal dimension (i.e., #* + 4n + 3), but it is
also isomorphic tosl(n + 2,R), n being the dimension of the
system. (As is well-known, the dimension of the symmetry
algebra of an analytic system of n second-order ODE’s can-
not be greater than n” 4 4n 4 3; this result was established
by Lie® for n = 1, and was recently extended in Ref. 8 to
systems of arbitrary dimension. )

It was conjectured on these grounds that the above is
true for all linear (nonhomogeneous) systems of second-
order differential equations. For single equations (i.e., n

= 1) this result was first established locally by Leach'? us-
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ing the Hamiltonian formalism. He showed that the restric-
tion of any linear second-order differential equation to an
appropriate open subset possesses an eight-dimensional
symmetry algebra which is isomorphic to sl(3,R). This re-
sult was rederived by Martini and Kersten'? by using Ar-
nold’s transformation (see the following section) to show
that every linear second-order differential equation is locally
equivalent to x” = 0. These authors, however, did not obtain
a closed formula for the generators of the symmetry algebra.
Finally, Aguirre and Krause'* showed by direct calculation
that the symmetry algebra of every linear second-order dif-
ferential equation is eight-dimensional. In contrast to Refs.
12 and 13, this was a global result. However, its authors,
apparently unaware of the previous references, were not able
to prove that the eight-dimensional symmetry algebra they
found was isomorphic to sl(3,R). [This actually follows
easily from a theorem of Lie according to which every sec-
ond-order differential equation whose symmetry algebra is
eight-dimensional is locally equivalent to x” =0, whose
symmetry algebra is known to be isomorphic to sl(3,R).]

For systems of arbitrary dimension n > 1, however, very
little is known. Leach'? conjectured in 1979 that the symme-
try algebra of every linear system of n second-order differen-
tial equations is isomorphic to sl(z + 2,R). He even ad-
vanced a heuristic argument justifying this claim for uncou-
pled, undamped, and homogeneous systems.!®

We shall see in this paper that the above conjecture is
actually false, even for the simple case just mentioned. This,
of course, raises the problem of finding necessary and suffi-
cient conditions in order that a linear second-order system,

X" + 24,(2)x" + Ay(t)x +b(2) =0,
x,beR”, A,,A4, nXn matrices, (1.1)
be isomorphic to sl(n + 2,R). This problem will be com-
pletely solved in Sec. I, where we shall establish the follow-
ing result.

Theorem 1 (Main theorem): The symmetry algebra of
the system (1.1) is isomorphic to s1(n + 2,R) if and only if
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there exists a scalar function a: R — R such that

Ay =4, + 4> +al. (1.2)

In fact, we shall prove a stronger result, namely that
(1.2) is also necessary and sufficient for the system (1.1) to
admit a symmetry algebra of maximal dimension (i.e.,
n? + 4n + 3). In other words, among all (1> 4 4n + 3)-di-
mensional Lie algebras only si(n 4 2,R) can be isomorphic
to the symmetry algebra of a linear second-order system. For
n =1, this result was proved by Lie (Ref. 9, p. 405) for
arbitrary (not necessarily linear) equations using his famous
classification of Lie algebras of vector fields in the plane.'®
To the best of our knowledge, however, the case n > 1 has not
been dealt with at all in the literature. This is probably due to
the fact that for n > 2, the classification of all Lie algebras of
vector fields in R” along the lines followed by Lie for n =2
has proved to be a formidable task, so far accomplished only
for n<6.!” Another consequence of the theorem is that (1.2)
also characterizes all linear systems (1.1) which can be lo-
cally transformed to the canonical form

d?y

du?
by a suitable change of coordinates (¢,x)— (u,y), i.e., all
linear second-order systems whose integral curves can be
simultaneously rectified by a single change of local coordi-
nates.

In Sec. III we shall show that all the linear systems (1.1)
satisfying condition (1.2) (henceforth called maximally
symmetric, for obvious reasons) are Lagrangian, i.e., they
are equivalent to the system of Euler-Lagrange variational
equations of some action

=0 (L3)

4 =f’L(z,x,x')dt. (1.4)
We shall see that L is given explicitly by the formula
2L =R ') [x' —x5(1) — A, (D){x — x0(1))]?
—a(D)[R () (x — x(D))]%, (1.5)

where x,(#) is any particular solution of (1.1), a(z) is de-
fined by (1.2), and R(¢) is an n X # matrix satisfying

R’'+ A4,R=0, R(0O) nonsingular. (1.6)

We shall study the algebra of variational symmetry vectors
of (1.4) and (1.5), proving that it is always isomorphic to a
certain fixed Lie algebra g¥ of dimension (7% + 3n + 6)/2.
We shall also analyze the structure of this algebra, finding its
Levi-Mal’cev decomposition'® and an explicit realization of
it as a matrix algebra. In particular, our results apply to such
systems as the n-dimensional harmonic oscillator, the one-
dimensional harmonic oscillator with time-dependent fre-
quency, and the one-dimensional damped harmonic oscilla-
tor. The variational symmetry algebras of these systems have
been computed by several authors'®!! but, as far as we know,
their structure was not analyzed; in particular, it was not
even known if (for fixed n) all these algebras were isomor-
phic or not.

The method used to prove the above results relies on the
simple fact that the property of being a symmetry vector of a
system of differential equations is invariant under changes of
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coordinates. This allows us to simplify the problem at hand
by a suitable choice of local coordinates, which in fact is a
generalization of Arnold’s transformation, already used in
this context in Ref. 13 when # = 1. The results obtained in
this way are, however, purely local. To obtain their global
counterparts, we show that the local formulas we derive are
actually globally well-defined. An outcome of this method of
proof is an explicit expression for the generators of the sym-
metry algebra and of the variational symmetry algebra of an
arbitrary isotropic linear system,

X" +a, (DX +a()x+b(t) =0 lay(0),a,(r)eR],

(L7
in terms of its general solution. This formula provides a very
simple way of computing the symmetry algebra and vari-
ational symmetry algebra of all the linear systems quoted
above,'®!! as we will show in Sec. IV with a practical exam-
ple.

1l. MAIN THEOREM

In this section we shall determine what are the necessary
and sufficient conditions in order that the Lie algebra of
symmetry vectors of the second-order linear system

X"+ 24,(8)x + Ag(1)x +b(2) =0,

x,beR", A,, 4, nXn matrices, (2.1)
be isomorphic to sl(n + 2,R). First of all, we can get rid of

the second and fourth terms in the left-hand side of (2.1) by
performing the (linear) change of variables

X = R(2)y + X,(2), (2.2)

where x,(f) is again a particular solution of (2.1) and the
nX n matrix R(¢) satisfies Eq. (1.6). Indeed, this change of
variables transforms (2.1) into the system

t=u,

y' +A(u)y =0, (2.3)
where the matrix 4(u) is given by
A=R'(4,—A; —A})R. 2.4)

[Notice that the invertibility of R(¢) for all 7 clearly follows
from (1.6).] But the property of being a symmetry vector of
a differential equation is invariant under changes of coordi-
nates. In other words, if $'is a symmetry vector of (2.3), then
the push-forward of S under the global diffeomorphism
(2.2) will be a symmetry vector of (2.1).'® This implies that
the symmetry algebras of (2.1) and (2.3) are isomorphic, since
push-forwards preserve the Lie—Jacobi bracket, i.e.,

Yx[X,Y] = [P*+X,¥+Y], (2.5)

if X,Y are vector fields, ¥ is a diffeomorphism, and ¥=* de-
notes its push-forward.*°
Next, we shall find a necessary condition for the symme-
try algebra of (2.3) to be of dimension n* + 4n + 3.
Proposition 1: If the symmetry algebra of the system
(2.3) has dimension n? + 4n + 3, then A (u) is a multiple of
the unit matrix, i.e.,

A(u) = a(u)l, all ueR,

for some scalar function a(u).
Proof: If n =1 there is nothing to prove, so we shall

(2.6)
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assume that #>2 in what follows. The necessary and suffi-
cient condition in order that the vector field

S =06(uy)d, +&(uy)d, 2.7
be a symmetry vector of (2.3) is®® that
§2(uy.y’, — A(u)+y)

+ A(u)E(uy) + 6(u,y)A'(u)y=0 (2.8)

holds identically in (u,y,y’), where §?=(£?,...£P®) is
given by

EP=buu+ T Qiu— 8,00
1< j<n
+ 3 Ew 20809 — Y Gy
1< k<n 1< sk<n

+ >

1< j<n

[fi,j "'y:{ej - 26ij(0u + z eky;()] ¥/
1<k<n
2.9)

(The subindices u, j,X,... in 8 and £; denote partial differenti-
ation with respect to the variables u, y;, yy.... .) Substituting
(2.9) into (2.8) and equating to zero the coefficients of 1, y;,
V;¥i,» and yiy;y; in the resulting identity, we arrive at the
following system of partial differential equations in § and 6:

§i,uu - z Ajkgi,j Vi

1< jk<n

+ Y 20,4y yi +Auéi + 645 i) =0,

1<k<n

2%, +6.,-( »

1<Lk<n

(2.10)
0 Ay yi — euu)

+2° Y 64,9 =0, (2.11)

1<k<n
£k — 0By — 01,6, =0,
H-k = O, l<i’j’k<n’

J!

(2.12)
(2.13)

where (4;),; jc, = A. We claim that if 4 is not of the form

(2.6), then these equations necessarily imply that
6, =0, 1< j<n. (2.14)

Indeed, differentiating (2.11) with respect to # and using
(2.13), we get the identity

6;‘,‘(0kuu + 2 alAlk)

1I<ikn
+ 26,6, + 20,4, =0, 1<i,jik<n. (2.15)

If A is not proportional to the unit matrix, then either there
exist #,€R and p#q such that 4, (u,) #0, or else

A;(u) =6a;(u), all ueR, 1<, j<n, (2.16)

with a, (u,) #a, (1,). By continuity, in the first case there
would be an open interval /3¢, such that

A, (u)#0, all uel, 2.17)

whereas in the second case there would be an open interval
I3 u, such that

a,(u)#a, (u), all uel. (2.18)

Furthermore, it follows from (2.13) that 6, is a function of u
only. Suppose now that we are in the first case, i.e., that
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(2.17) holds for some p#q. We then let i=p, k=gq in
(2.15), obtaining

0,4,, =0, all j#p, (2.19)
whence, from (2.17),
0;,(u) =0, all uel, all j5#p. (2.20)

Using now (2.15) with i=j=p and k=g, and taking
(2.20) into account, we obtain

6,(u) =0, all uel, 1<j<n. (2.21)

Similarly, if we are in the second case, i.e., (2.16)-(2.18)
hold, from (2.15) we obtain

0 (Oruu + a:6,)
+ 264 (81 +,6) =0, 1<i,jk<n. (2.22)

Letting first kK = i+j and then { = j5#k in this identity, we
easily get

O +a,0, =0, 1<i,j<n, (2.23)
from which it follows that
(a, —a,)0,=0, I<i,j<n, (2.24)

whence, taking into account (2.18), (2.21) follows again.
Finally, we observe that the functions 8,(u) (j=1,...,n)
satisfy the linear system of ODE’s

(6)" + A i, (0)6, =0, 1< j<n, (2.25)

obtained from (2.15) by choosing, for every je{l,...,n}, a
fixed i( j)e{l,...,n} different from j, and setting i=k
= i(j). From (2.21) and (2.25) it then follows that all the
6,’s vanish identically, as claimed.
We will now show that (2.14) implies that the general
solution of the system (2.10)—(2.13) depends on less than n®
-+ 4n + 3 arbitrary constants. Indeed, substituting (2.14)
into (2.11)—(2.13) we obtain

2§i,ju - 61]‘01414 = O’ (2.26)
S =0, 1<ijk<n. (2.27)
From these equations it follows that £; has the structure

E=0'wy/2+ Y by, +Ci(w), 1<i<n,

1<j<n
where the b;’s are real constants. Inserting this into (2.10)
and equating to zero the coefficients of 1 and y, in the result-
ing identity, we finally get
60"6, +46'4, + 204},

(2.28)

+2 z (Aijbjk_b.'jAjk)zoy (2.29)
I<i<n
Cr+ Y 4,C. =0, I1<ik<n. (2.30)

1<k<n

Ify, (u) =(y4 (W), Vi, (1)) (i = 1,2) is a fixed basis of so-
lutions of the linear system (2.30), then we have

Ci(u) =71 (4) + ¢ (1), 1<ign, (2.31)

where ¢y;, ¢,; (1<i<n) are 2n arbitrary real constants. Simi-
larly, taking i = k = 1 in (2.29), it follows that

0(u) = d\0,(u) + d,@,(u) + d,O(u)
+ Z [bjlq)li(u) _bqu)jl(u)]y

2<ikn

(2.32)
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where ®,, ©®,, ®, are a basis of solutions of the homogeneous
linear equation

0" +40'4,,+264;, =0, (2.33)
where ®; denotes a particular solution of the linear equation
0" +40°A,, + 2041, +24,;, =0, (2.34)

and where d,, d, are arbitrary real constants. From (2.28),
(2.31), and (2.32) it follows that when A is not of the form
(2.6), the general solution of the system of PDE’s (2.10)-
(2.13) depends on at most n? 4 2n + 3 arbitrary constants
d;, ¢y;» €3, and b; (1<i, j<n). [It will generally depend on
less than n? + 2n + 3 arbitrary constants since, substituting
(2.32) into (2.29) for (i,k) # (1,1), we will in general obtain
several linear relations between the d;’s and the b;’s]. This
implies that when A is not of the form (2.6), the symmetry
algebra of (2.3) has dimension less than or equal to n* + 2n
+ 3, which is less than n* + 4n + 3. This concludes the
proof of the proposition.

We shall now prove that when condition (2.6) is satis-
fied, then the symmetry algebra of the system (2.3) is iso-
morphic to sl(n + 2,R). To do this, we shall consider a sys-
tem slightly more general than (2.3)-(2.6), i.e., the general
isotropic system

X" 4 a,()X + a(£)x + b(£) =0, (2.35)

where g, and a, are both scalar functions (notice that we
have called the dependent and independent variables ¢ and x
again; this should not confuse the reader.) Let x,(¢) be any
particular solution of this system, and denote by x,(¢) and
x,(1) abasis of solutions of the associated homogeneous sca-

lar ODE
x"+a,()x +a,(t)x=0 (x€R). (2.36)

The general solution of (2.36) can then be expressed as fol-
lows:

X =Xg(2) 4+ ¢, x, () + ¢c3x,(2), (2.37)
where ¢,,c,€R" are constant. We can rewrite (2.37) as

[x —xo(6)J/%,(2) = ¢, + &,[x,()/x, (1) ], all teJ,
(2.38)
where
J = {teR|x,(¢) #£0}. (2.39)

Let us now perform the local change of coordinates
$; V=J XR"-W=0(J XR"),
defined as follows:
u=x,()/x,(¢), (tx)el,
(2.40)

which is a generalization of Arnold’s transform.'® Then
(2.37) is transformed into

y=¢ +cu [(uy)eW], (2.41)

which is the general solution of the system (1.3). Hence
(2.40) transforms the restriction of (2.35) to the open sub-
set Vinto (1.3) restricted to W. It follows [see the remark
after (2.4)] that the symmetry algebra of these two equa-
tions are isomorphic under ®*. The symmetry algebra of
(1.3) is known to be isomorphic to sl(n + 2,R); a basis of it

y =[x —x0(5)]1/x,(2),
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is given by the following n”> + 4n + 3 vector fields®:
Y,=4,, Y,=ud, Yi=yd, Y,=9d,
Yi=ud, Y=y, Y,=u(ud,+yd,),
Yi=y(ud, +yd,), I<ij<n, 38,=(4,..,9d,).

Applying (@~ ')* to the vector fields (2.42) we obtain the
following basis of the symmetry algebra of the restriction of
(2.35) to V-

X, =Wt~ 'x, () [x,(D)3, + (x; ()x — W, (1)), |;
X5 =W()"x; — x0,(2))

X [%,(0)8, + (x] (Hx — W, ()3, ];
Xi=x,00; Xi=x,(0d; XIi=(x;—x,(1))3;
X, = W) " 'x,(0) [x,(8)d, + (x5 (6)x — W,())d, |;
Xi=W() x; — xq; (1))

X [x%2(8)3, + (x5 (1)x — W,(8))3, ];

(2.42)

1<, jgn, a=1,2, d,=(3d,,...,0,), (2.43)
where (¢,x)€V¥, and we have used the notation
Xo(8) =(x1(2)5..s%0,, (1)),
(2.44)

W=xx; —xix,, W,=XpX]~X;x,.
We should also remark that the bases (2.42) and (2.43)
have been labeled in such a way that

X, = (P "H+Y,, (2.45)

where a stands for the various subindices and superindices
labeling (2.42) and (2.43). From the way we have con-
structed them, the vector fields X, are a priori defined only
locally (i.e., on V). However, a glance at the explicit formula
(2.43) shows that the X, ’s are well-defined on all of R X R",
since the Wronskian of two linearly independent solutions of
a linear ODE never vanishes. A simple continuity argument
then proves that these vector fields are symmetry vectors of
(2.35). By (2.5) and (2.45), we also know that the restric-
tions of (2.43) to V form a Lie algebra with the same struc-
ture constants as (2.42). Again by continuity, it follows that
this is also true globally. Finally, suppose that S is a symme-
try vector of (2.35). The restriction of S to Vis then a sym-
metry vector of (2.35) restricted to V, and therefore it is
spanned by the restrictions of (2.43) to V, i.e.,

Sly=3 c. X,y (N=n’+4n+3).
1<a<N
Since, by definition of J, ¥=J X R"is dense in R X R", from
(2.46) it follows that S is in the span of the X,’s. Hence
(2.43) generates the symmetry algebra of (2.35). This
proves the following proposition.

Proposition 2: The vector fields (2.43) are a basis of the
symmetry algebra of the system (2.35) having the same
structure constants as the standard basis (2.42) of d2y/
du? =0. In particular, the symmetry algebra of (2.35) is
(n* + 4n + 3)-dimensional and isomorphic to sl(n + 2,R).

For future reference, we shall list the commutation rela-
tions satisfied by the generators (2.43) [or, equivalently,
(2.42)] in Table L.

The above proposition provides a simple way of com-

(2.46)
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TABLE 1. The symmetry algebra of a linear second-order system.

X, X, D ¢4 X4 b ¢4 xX¥ X; X
X, 0 X, 0 0 P 0 2, +tr X, I'e
X, —-X, 0 - X! 0 Xt 0 p.& 0
X’J 0 Xls Y _5ile ng _5th2 —6HX§ X{! 0
X4 0 8, X, 0 0 8, X X5 By (X + tr Xo)
+ X4
Xt “Xy —Xy 8K Xi 0 0 8. X 0 8uX,
Xi 0 0 8. X —8,X% X} b X —8,X¥ 0 8, X4
X, —(X+uX) —X, Zxk Xk 0 0 0 0
X3 - X 0 0 — 8, (X, +tr X,) — b X, —8,X; 0 Y
—X¥4

puting the symmetry algebra of the isotropic linear system
(2.35) when its general solution is known (as is the case with
all the systems quoted in the Introduction!). We shall illus-
trate this point in Sec. IV with a practical example.

Since the system (2.3)—(2.6) is clearly isotropic, from
Propositions 1 and 2 we obtain this additional proposition.

Proposition 3: The necessary and sufficient condition for
the symmetry algebra of the system (2.3) to be
(n? + 4n + 3)-dimensional is that (2.6) holds. Moreover,
when this condition is satisfied the symmetry algebra of
(2.3) is isomorphic to si(7 + 2,R).

Finally, this proposition yields easily the main theorem
of this section.

Theorem 2: The symmetry algebra of the linear second-
order system (2.1) is (#> + 4n + 3)-dimensional if and only
if there is a scalar function a: R — R such that

do=4] +A4% +al. (2.47)

When this is the case, the symmetry algebra of (2.1) is iso-
morphic to sl(n + 2,R).

Proof: We have shown above that (2.1), (2.3), and
(2.4) are equivalent under the diffeomorphism (2.2); there-
fore their symmetry algebras are isomorphic. The theorem
then follows from Proposition 3 and (2.4).

Notice, in particular, that from (2.47) it follows that it
is neither necessary nor sufficient that (2.1) be uncoupled
(i.e., A, and 4, diagonal), undamped (i.e., 4, = 0), or ho-
mogeneous (i.e., b = 0) for the symmetry algebra of (2.1) to
be isomorphic to sl(z + 2,R). A counterexample is pro-
vided, for instance, by the system

I<i<n, for i#j.

(2.48)
[ The symmetry algebra of this system can be explicitly com-
puted and turns out to be (37 4+ 1)-dimensional.] This re-
futes the conjecture advanced in Ref. 15.

Before closing this section, we would like to mention a
geometric consequence of Theorem 2. By a well-known re-
sult of Lie (Ref. 9, p. 405), a (not necessarily linear) second-
order ODE can be locally transformed into the equation
x" = 0 by a change of dependent and independent variables
if and only if its symmetry algebra is isomorphic to sl(3,R).
For general systems of second-order ODE’s, the author of
the present paper is not aware of any similar result. How-

2
x! + ojx; =0, n>1, o#aw;
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ever, from Theorem 2 (and its proof) it immediately follows
that Lie’s result is true for /inear systems of second-order
ODE’s.

Corollary 1: The system (2.1) can be locally trans-
formed to the form d 2y/du’* = 0 by a suitable change of vari-
ables (7,x) — (u,y) if and only if condition (2.47) holds lo-
cally.

Proof: The symmetry algebra of d >y/du? = 0,and of any
restriction of this system to an open subset, is known to be
isomorphic to sl(n + 2,R). Since equivalent systems of dif-
ferential equations possess isomorphic symmetry algebras, it
follows that a necessary condition for (2.1) (possibly re-
stricted to an open subset ¥) to be equivalent tod %y/du® = 0
is that its symmetry algebra be isomorphic to sl(n + 2,R).
By Theorem 2, this implies that condition (2.47) must be
satisfied (at least locally). Conversely, if (2.47) is satisfied
in some open subset JCR, then (2.2) (restricted to J XR")
transforms (2.1) into y” + a(u)y =0, which is isotropic
and therefore equivalent to d2y/du® =0 under Arnold’s
transformation.

1Il. VARIATIONAL SYMMETRIES

In this section we shall study the variational symmetries
of maximally symmetric second-order linear systems. By
definition, these are the second-order linear systems whose
symmetry algebra is of maximal dimension, i.e.,
n* + 4n 4 3; according to Theorem 2 of Sec. II, they are
characterized by condition (2.47). An important example is
provided by isotropic systems:

x" +a,()x +ap()x +b(2) =0,
x,beR”, ay(2),a,()eR. (3.1)

As remarked above, all the linear systems whose variational
symmetry algebras have been computed in the references
quoted in the Introduction are of this form. We shall prove
below that all maximally symmetric linear systems are La-
grangian, and shall find the structure of their variational
symmetry algebras.

Let us start by establishing our notation and quoting a
few well-known results that will be useful in the sequel. Two
functions £,g: R” — R" will be called equivalent if they have
the same set of zeros, i.e., if f{(z) = 0cg(z) =0, for all
zeR™. A second-order system
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x" = F(t,x,x’) (3.2)

is Lagrangian if there exists a function L(¢,x,x"), called a
Lagrangian for the system, such that E(L) is equivalent to
x" — F(1,x,x'); here E is the Euler-Lagrange operator, de-
fined by

E=4d,-D,4,, (3.3)
where
D, =3, +x'd, +x" 9, (3.4)

is the total derivative with respect to the independent vari-

able ¢. In other words, (3.2) and E(L) = 0 define the same

system of differential equations. It should be noticed that

(3.2) can be Lagrangian without x” — F(#,x,x") being of the

form E( f) for any f(#,x,x').2! Given a function L(z,x,x’),

we define its Cartan one-form 8, as follows:
dL

9,_ =Ldt+&—’0),

where © = (@,,...,0, ) is the vector-valued contact one-form
o=dx —Xx'dt. (3.6)

If (3.2) is Lagrangian and if L is a Lagrangian for (3.2), we

say that a vector field S is a variational symmetry (vector) of

(3.2) relative to the Lagrangian L if S is a variational symme-
try vector of the action

3.5)

to
A[x] =J L(t,x,x")dt, (3.7)
4
as defined in Ref. 6. It is well-known?? that a necessary and
sufficient condition for this is that .S satisfies

.Ys(net_ == df (3.8)

for some function f(#,x). Here .# ¢ denotes the Lie deriva-
tive along the vector field S ¥, where S Vs the first prolonga-
tion of S, defined as follows®:

SV =8+ (DEg—x'D,7)d,
[S=7(1x)d, + E(1,x)I, ]. (3.9)

The set of variational symmetries of a Lagrangian system
relative to a Lagrangian L is a Lie subalgebra of the Lie
algebra of all its symmetry vectors.® We shall call this subal-
gebra the variational symmetry algebra of the system relative
to L. Noether’s theorem®?? states that to every variational
symmetry S of the action (3.7) there corresponds a first
integral I, of E(L) = 0 given by

Ig=f—(57,6,), (3.10)

where ( , ) is the natural pairing between vector fields and
one-forms.

Remark: It should be noted that the system (3.2) can be
Lagrangian with respect to two nonequivalent Lagrangians
L, and L, (iee., L,5#cL, + D, f, ¢ = const). When this is
the case, the variational symmetry algebras of (3.2) relative
to L, and L, need not be the same, nor even isomorphic. An
example of this statement is provided by the system x” =0
and the Lagrangians L, = x?/2 and L, = exp L,. We leave
the details to the reader.

We shall now quote a standard result about the behavior
of Lagrangian systems under a diffeomorphism
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P = (¢n,9): ACRXR"-BCRXR".
Let

a a
A'= [ Lx,x')ed XR" %o t, » %o g 0],
( ) at(:l)+x ax(X)#
(3.11)
and define the first prolongation ®V: A’ 5B XR" of ® as
follows:
PN (x,x') = (R(£,x),(@"/9{) (1x,X")), (3.12)

where f'=D, f. Then ®” is also a diffeomorphism onto its
image B' = ®"(4') CB XR". Suppose now that the sec-
ond-order systems

x"=F, (t,x,x"), (1,x,x')ed’, (3.13)

and
y” = FB(“:Yny)’ (u,y,Y')GB', (314)

are transformed into one another by the diffeomorphism &,
and that (3.14) is Lagrangian. Let L (»,y,y’) be a Lagran-
gian for (3.14), and define

LA == (LB"¢“))¢(I)'

Then we have the following lemma.

Lemma I: The system (3.13) is also Lagrangian, and
(3.15) is a Lagrangian for (3.13). Furthermore, if S, is a
variational symmetry of (3.13) relative to the Lagrangian
(3.15), then

Sy = 0sS, (3.16)

is a variational symmetry of (3.14) relative to L ;. Therefore
the variational symmetry algebras of (3.14) and (3.13) rela-
tive to Ly and L , are isomorphic under ®+. Finally, if I, and
I are the first integrals associated to .S, and S}, respective-
ly, by Noether’s theorem, then we have

IA = Bo(b(l). (3.17)

We shall begin by considering the variational symmetry
algebra of the system d ’y/du® = 0 relative to the standard
Lagrangian

Ly =y"/2 (3.18)
A straightforward calculation shows that the following

(n% + 3n + 6)/2 vector fields are a basis for the variational
symmetry algebra of this system:

V=Y, V,=2Y,+ S Yi, V,=Y, Vi=Yi,

1<ign
Vi=Yi, Vi=Yi-Y¥ I<i<j<n, (3.19)
where the Y ’s are the generators (2.42) of the complete sym-

metry algebra of y” = 0. The first integrals associated to this
basis by Noether’s theorem are

Ji=y?%2, L=uy?—yy, Jy=(y—uy)/2,
Ji=—yl, Js=y,—wyi, J{=yy;—yy}
1<i<j<n. (3.20)

They are functionally dependent on the 2» independent first
integrals J,=(J},....J5) and Js=(J },..,J §), since

J1=Ji/2, Jz=J4J5, J3=J§/2,
Ji=JJs ~T,J%.

(3.15)

(3.21)
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But we know from Sec. II that the general isotropic system
(3.1) is locally equivalent to y” = 0 under Arnold’s map-
ping (2.40). Therefore we can apply Lemma 1 to these sys-
tems, with @ given by (2.40) and A4 replaced by the open
subset V = J X R" defined in Sec. II [see (2.39)]. An easy
calculation then shows that

_[xx —x ()x —W(D)]?
- 23 (D W(1)

where the notation was explained in Sec. II. By (2.45) and
Lemma 1, the vector fields

N =X, N,=2X,+ ¥ Xi Ny=X, Ni=X,

1<ign

L, , (3.22)

Ni=Xi, T=XI-X% 1<i<j<n, (3.23)
are a basis of the variational symmetry algebra of the restric-
tionof (3.1) to V' = V X R"relative to (3.22), the X ’s being
defined in (2.43). Using (2.43) in (3.23), we get the explicit
formulas

Ny =W 'x(0) [x,(0)3, + (x; ()x — W(1))d, ],
Ny = W() 7' [2%,(1)x,()3, + ((x] (£)x,(2)

+x,(1)x; (1))x — Wy, (D))o, ], (3.24)
Ny = W(1) " 'x,(1) [x2(D)3, + (x5 ()x — W(1))d, ],
¢« =x,(03;, N§=x,()3,
NI=(x;, — x5, (D)3, — (x; — x0;(D))F;, 1<i<j<n,
where teJ and
Wio=x0(x,X,)" — X5%,X,. (3.25)

Finally, the first integrals associated by Noether’s theorem
to these vector fields are, according to (3.17) and (3.20),

IL=0L7 L=1L L=L/2,
L=We® '[x{()x—x, ()X — W, (1)],
L=ww! [xi (B)x — x,(8)x" — wz(t)],
IV=I1iIf ~IiIi, 1<i<j<n,
where again re/. To extend these local results, observe that
the Lagrangian (3.23) can be written as

(3.26)

L,=L+A" (3.27)
where
1 x? x>
= —_—— ——b s X
and
t 2
/i,([,x)z_l_ ﬂ{)_ Ly
2 Ji, W(s)x3(s)
’ 2
wox __xox
x (W) 2x,()W()
(3.29)

From (3.27) it easily follows that we can replace L, by L in
all the above considerations, since both Lagrangians differ
by a total derivative. In other words, the vectors (3.23) and
(3.24) are a basis of the variational symmetry algebra of the
restriction of (3.1) to V' relative to L, and the functions
(3.26) are their associated first integrals. Since W(z) is the
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Wronskian of two linearly independent solutions x, and x, of
the linear ODE (2.36), it never vanishes; hence the Lagran-
gian (3.28), the vector fields (3.24), and their correspond-
ing first integrals (3.26) are well defined on all of R X R". By
a continuity argument completely analogous to that of Prop-
osition 2 of the last section, we come to the following conclu-
sion.

Theorem 3: A basis of the variational symmetry algebra
of the isotropic system (3.1) relative to the Lagrangian
(3.28) is provided by the (#%+ 3n + 6)/2 vector fields
(3.24). The structure constants of this basis are the same as
those of the basis (3.19) of the variational symmetry algebra
of y” =0, and their associated first integrals are the func-
tions (3.26).

Let us now consider an arbitrary, maximally symmetric
system (2.1)-(2.47). From Sec. Il we know that this system
is equivalent to the isotropic system

Y +a(w)y=0 (3.30)

under the global diffeomorphism (2.2). This system is La-
grangian, a Lagrangian being given by

Ly = [y? — a(u)y®]/2. (3.31)

From Theorem 3 and Lemma 1 an additional theorem then
follows.

Theorem 4: The maximally symmetric system (2.1)-
(2.48) is Lagrangian, a Lagrangian being given by

L=HR ') [(x' —x5(0)) + 4,(1)(x — x,(8))] }?

—1a(t)[R ~H (1) (x — x())]% (3.32)

where the matrix R () was defined by (1.6). The variational
symmetry algebra of (2.1)-(2.47) relative to the Lagran-
gian (3.32) is isomorphic to the variational symmetry alge-
bra of y” =0, generated by the (n?+ 3n + 6)/2 vector
fields (3.19).

Remark: When (2.1)-(2.47) is isotropic, the Lagran-
gian (3.32) does not reduce to (3.28), as can easily be
checked. However, it is straightforward to check that in this
case (3.33) and (3.28) differ just by a total derivative, and
therefore Theorem 4 reduces to Theorem 3 for isotropic sys-
tems.

We shall finish this section by studying the structure of
the Lie algebra " generated by the vector fields (3.19) [or,
equivalently, (3.24) ], whose commutation relations are list-
edin TableII. Let us denote by .«# the subspace generated by
the vectors N and N% (1<i<2n), and let . be the span of
Ny, N,, N3, and N ¥ (1<i <j<n). By construction, gViS, asa
vector space, the direct sum of its subspaces & and ..
Moreover, from Table I it follows that 7 is an ideal of z*
(ie, [#,£"]1CH), and & is a subalgebra (ie.,
[.#,2]1C). Hence, as a Lie algebra, & " is the semidirect
sum® of .7 and .#. Let us now investigate the structure of
& and .. First of all, from Table I it follows that . is an
Abelian ideal, i.e., [ .o7,.27 ] = {0}. On the other hand, from
a cursory inspection of Table I it also follows that the com-
plementary subspaces of %,

'yl = Span{leNzyNg}y
&, =span{N ¢|1<i <j<n},

(3.33)
(3.34)
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TABLE II. The variational symmetry algebra.

L N, N, N{ N3 Ng

N, 0 2N, N, N 0

N, —2N, 0 2N, — N N 0

N, - N, ~ 2N, 0 ~ N 0 0

N} o N, N§ 0 8uNs —8,N
N —Ni - N} 0 . _ 0 8Ny — 8,N}
e [LP:0:] [LP:0:] (LP:0:] SulVe — il OulNs = &uVs Sule + 5"’_Nl°k

+ 5,-/N§' +6,.N¢
are ideals of .7, ie, [%,,]CY (a = 12). Therefore  IV. EXAMPLES

¥, as a Lie algebra, is the direct sum’® of these ideals:
=507, (3.35)

Finally, it is easily seen that ., is isomorphic to sl(2,R) and
&, to so(n,R). Indeed, it is straightforward to check that

the generators
[0 l] —1 0] [O 0]
0o o)’ o 1711 o

of s1(2,R) obey exactly the same algebra as the generators
N,, N,, and N, of .%|. That .%, is isomorphic to so(n,R) is
also easy to see, since we know that the vector fields (3.19)
satisfy the commutation relations listed in Table I, and in
this representation we have

&, =span{V¥|1<i <j<n}

(3.36)

= span{ y; d, — y, 3;|1<i < j<n}, (3.37)

and the vector fields y; d; — y; d, are the well-known genera-
tors of the group of proper rotations of R". Putting all the
above together, we have shown that 2" has the following
structure:

gy= o+ (L 85,), o =R,

S =~sl(2,R), S ,=~so(nR), (3.38)
where “ + ”* stands for “semidirect sum.” To conclude this
analysis, we shall show that (3.38) is the Levi-Mal’cev de-
composition'® of ¢”. To this end, it suffices to show**?* that
&, ® 5, is semisimple, i.e., that %, and %, are simple; but
this is immediate from the second line of (3.38). Hence
(3.38) is indeed the Levi-Mal’cev decomposition of "

The decomposition (3.38) suggests that & " is isomor-
phic to the Lie algebra of the abstract Lie group

9 =R*(O(SL(2,R) ® SO(n,R)), (3.39)
where the symbols ) and @ stand for semidirect and direct
product,?® respectively, and the action of SL(2,R)
® SO(n,R) on R*" = R" X R" is the natural one. That this is
true can be proved by a straightforward computation. Final-
ly, let us mention that the Lie algebra of (3.39), and hence
#", admits a simple realization by means of the algebra of
(n + 2) X (n + 2) matrices of the form

[ 5]
Cc BY’
with 4eSL(2,R), BeSO(n,R), and C an arbitrary 7 X2 ma-
trix.

(3.40)
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In this section we shall apply Eqs. (2.43) and (3.24) to
computing the symmetry algebra and the variational sym-
metry algebra of the harmonic oscillator with time-depen-
dent frequency in » dimensions:

x" +a(t)x=0 (xeR"). 4.1)

[Physically, a(¢) must be positive for (4.1) to represent a
harmonic oscillator of frequency w(¢) = [a(?)] /2 put this

restriction shall be unnecessary in what follows.] As is cus-
10,11,15

tomary, we shall choose a basis of solutions x,(2),
X, (t) of the associated scalar ODE

x"+a(t)x=0 (xcR), (4.2)
of the form

x,=pcosb, x,=psinb, (4.3)

where p(f) >0 is a particular solution of Pinney’s (nonlin-
ear) equation,”

p’+ap=p—> (p>0), (4.4)
and 6(¢) is defined in terms of p(¢) as follows:
ds
8(r) = . 4.5)
o P2(5) (

[The solutions of (4.4) are well defined for all 7; indeed, a
straightforward calculation shows that the solution of (4.3)
with initial conditions p(0) = pg, p'(0) = p§ can be written
as follows:

p=[(pori(t) +p5 2(OF +ps 2 y3(1)]V3,  (4.6)

with y, and y, a fundamental basis of solutions of (4.2).] The
Wronskian of (4.3) is easily computed, obtaining

W(t) =1, all zeR. 4.7)
Moreover, we obviously have
Xo=W,=W,=0, (4.8)

since (4.1) is homogeneous. Inserting (4.3), (4.7), and
(4.8) into (2.43), we obtain the following basis of the sym-
metry algebra of (4.1):

X,=pcos@[pcos b3, + (p'cos 8 —p~'sin )x 3, ],
X,=psin8[ pcos 83, + (p'cos @ — p~'sin 0)x 3, ]
X{=x,[pcos83d, + (p'cos @ —p~'sin 0)x 9, ],

X, =pcos8d,, X,=psin8d, X{=x,9, (49)
X,=psin@[ psin 09, + (p'sin 6 +p~'cos O)x 4, ],
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L =x;[ pcos8d, + (p'cos § — p~'sin )x J, ],

1<i, j<n.

By Proposition 2 of Sec. II we know, without having to per-
form any calculation, that these vector fields satisfy the com-
mutation relations listed in Table I. Defining

G, =2X; + 2 o G=X,—X, G =X,
1<ikn

P=Xi, Gs=X,+X, Gi=xi (4.10)

7=Xs Gy=X3 I<ij<n,

we obtain the generators found in Ref. 7.

According to (3.28), a Lagrangian for the system (4.1)
is

L = [x?—a,(t)x*]/2. (4.11)

The generators of the symmetry algebra of (4.1) with re-
spect to this Lagrangian can be easily computed using (3.23)
or (3.24), yielding

Ny =pcosb[pcosf3, + (p' cos—p~'sin)x d, ],
N, =p?sin 209, + (pp'sin 20 + cos 20)x 4d,,

N,=psin @ [psin 69, + (p'sind + p~'cos O)x 3, ],
Ni,=pcosf3d,, Ni=psinbd, (4.12)
Ni=x0,—x;d;, I<i<j<n.

Using (3.26) we obtain the first integrals associated to these
generators by Noether’s theorem:

I, = [ p*cos’0 X" + (sin 20 — 2pp’cos’0) xx’
+ (p'cos 8 — p~'sin )x%1/2,

I, = { psin®6x"> — 2(pp’sin 20 + cos 20)xx’
+ (207 "p'cos 8 + (p"* — p~?)sin 26 1x°}/2,

I, = [ p%sin®0x? — (sin 20 + 2pp'cos?@)xx’  (4.13)
+ (p'sin 6 + p~'cos 0)x%]/2,

I,= —pcos&x’ + (p'cos 8 — p~'sin §)x,

I;= —psin x’ + (p'sin @ + p~'cos 0)x,

I<i<j<n.

Replacing the generators N, and N in (4.12) by their linear
combinations N; + N, we obtain the basis found in Ref. 7.
Again, by Theorem 1 of Sec. 111 the generators (4.12) satisfy
the commutation relations listed in Table II.

1§ = x;x] — x;x],
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The canonical resolution of the multiplicity problem for tensor operators in SU(3) is
equivalent to the map (the denominator mapping) from the set of all SU(3) unit tensor
operators to SU(3) invariant functions (the denominator functions). The denominator
function vanishes precisely on that characteristic null space that specifies each operator
uniquely since [for SU(3)] the characteristic null spaces are known to be simply ordered.
Each denominator function can be expressed, up to explicitly known multiplicative factors, as
a ratio of two successive polynomials in the set {G;}, t=0,1,.,9+1,¢g=0,1,...By
obtaining explicitly the set of all polynomials {G . }, this paper completes the construction of

all SU(3) denominator functions.

I. INTRODUCTION

In a previous paper' (referred to here as I), we have
defined the denominator function for SU(3) tensor opera-
tors and determined its symmetry properties and reduction
formulas. The significance of the denominator function—
denoted by D?*(T,,x), see Eq. (1.3)—is that this function
defines uniquely (to within sign conventions) the canonical
construction of the unit tensor operators of the symmetry
group SU(3). [This canonical construction (in terms of the
characteristic null spaces of the operators) is discussed in
detail in I.] Explicit (algebraic) construction of the denomi-
nator function is a basic and major step toward determining
full algebraic expressions for SU(3) Wigner—Clebsch—-Gor-
dan (WCG) coefficients (matrix elements of canonical unit
tensor operators).

The initial form obtained in I for the denominator func-
tion—as implied by the canonical splitting of the multiplic-
ity>>—is extremely complicated and unwieldy; D*(T,,x)
appears as the ratio of two determinants whose elements are
themselves complicated functions [see Egs. (2.23)-(2.25)
in I]. Considerable simplification results upon recognizing
that the denominator function can be expressed, to within
multiplicative factors, as a ratio of polynomials from the set
denoted {G,}. Details of this construction were given in I,
but expressions for the G |, as polynomials were not obtained
there.

In the present paper, we complete the development and
verify the properties of the polynomials G (A;x). It is our
goal to prove that

G, (Ax) =9I (Ax), (1.1)
where &/ (A;x) is an explicitly defined polynomial of total
degree 2t(g — t + 1) both in the barycentric coordinates
x = (x,,X5,x;) and the shift coordinates (A,,A,A;) [see
Eqgs. (4.2)]. We are able to reduce the proof to one of show-
ing that the polynomial &} (A;x) satisfies (identically in all
variables) the relation

1106 J. Math. Phys. 29 (5), May 1988

0022-2488/88/051106-12$02.50

9; (AALAs X4,X2,X5)

= gtq(Az —X;, A] +x3, A3; xl,X2,x3)- (1.2)

In other words, the validity of relation (1.2) implies that of
(1.1).

In principle, the proof of relation (1.2) should involve
only straightforward verification since { 7}, (A;x) }isasetof
explicitly given polynomials. Despite the elegance and ap-
parent simplicity of the polynomials { ¥ A (A;x)}, the proof
of property (1.2) turns out to be unexpectedly difficult. We
have indeed constructed a proof, but the method is so foreign
to those of this paper as to require separate publication.” (In
a sense, one can even avoid the problem by properly symme-
trizing ¥ 4» but this is inelegant and unsatisfactory.)

The strategy of the present paper for proving relation
(1.1) is to establish a (nonconstructive) uniqueness
theorem. We show that the following three properties
uniquely determine, up to a multiplicative function of
A, + A, + A, a polynomial Q;(A;x): (i) total degree
2t(g —t + 1) in x, (ii) determinantal symmetry, and (iii)
the weight space set of zeros. [Properties (ii) and (iii) are
explained more fully below (see, also, I).]

Properties (i)-(iii) of G, (A;x) were proved in I, as
reviewed below. Properties (i), (iii), and part of (ii) of
9 2 (A;x) are proved here; the proof of relation (1.2) then
establishes all of property (ii) and, together with the unique-
ness theorem, will be used to prove the desired result, Eq.
(1.1).

The paper is organized as follows: In the present section,
we give the relation between the denominator function
D?*(T',;x) and the explicitly defined function G ; (A;x),
whose main properties (proved in I) are also summarized.
In Sec. 11, we prove two lemmas for any polynomial having
the weight space set of zeros. In Sec. III, we prove the
uniqueness theorem mentioned above. In Sec. IV, we give
the explicit polynomial & (A;x) and develop some of its
properties. In particular, we prove that & |, satisfies (i)-(iii)
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above, provided relation (1.2) is true. This then allows us to
prove Eq. (1.1). In Sec. V, we give a necessary condition for
relation (1.2) to be true. It is the proof of this latter relation
that will be given in Ref. 7.

Before summarizing the properties of the polynomials
G ; (A;x), we first define some symbols that are used
throughout.

(i) The set of real numbers and the set of non-negative
integers are denoted by R and Z,, respectively.

(ii) The Mobius plane and the subset of (lattice) points
of M with integral coordinates are denoted by M and L, re-
spectively.

(iii) Integers such that ge Z, p = ¢,q + 1,... are denoted
by ¢ and p.

(iv) The three-tuple (A,A,A;) such that A€Z,
O0<A,<p, and A, +A,+A;=p+g is denoted
A = (A,,A,A;). (These conditions are sometimes relaxed
to AcR?, but this will be clear from the context.)

(v) A point in M, which is sometimes restricted to L, is
denoted x = (x,X5,X3).

(vi) Pochhammer’s notation for the rising factorial for
a€Z,with (x)p=11is (x),=x(x+ 1) (x+a—-1);
similarly, [x], = x(x — 1)---(x — a + 1) denotes a falling
factorial.

The basic problem addressed in this paper is to prove the
equality of two functions, G (A;x) and & ¢ (Asx), each of
which is known. Thus the problem can be stated quite inde-
pendently of its origin in the theory of SU(3) tensor opera-
tors. In the interest of clarity and accessibility, we give both
of these functions [ Eqgs. (1.4) and (4.2) ], noting only briefly

the relationship to the denominator function that occurs in
the unit tensor operator coefficients of SU(3). The goal then
is the proof of the identity (1.1).

The SU(3) denominator function D?(T,;x) is defined
in terms of the function G ; (A;x) by

1 _ (=% Dim(x/)
D*(T ;%) ct, Dim(x)
t A.
1 G, (4Ax) ’ (1.32)
L,(Ax) Gim'(Ax)
where
L,(AX) =11(A,. =+ DI+ Da i
ifi
X(—=%;+1)a,_ry1 (Fkcyclic), (1.3b)
—DYp— (g — ]
ci, = =Dip—t+2D(g—t+ 1! (1.3c)
-9 p+ D¢
Dim(x) = — x,x,%,/2, (1.3d)
Dim(x/) = — x{x{x{/2,
x{=x,+ 4, — A, (ik cyclic). (1.3e)

Here t =1,2,...,..# where .# denotes the multiplicity of
weight A in the irrep [p,q,0] of SU (3). For each value of ¢
the corresponding denominator function D *(T',;x) belongs
to that canonical unit tensor operator which is characterized
by the operator pattern I, (see I).

The function G}, (A;x) in definition (1.3a) has the fol-
lowing complicated form, as derived directly from the ca-
nonical construction of the set of SU(3) tensor operators:

J
L G—Dp—s+2D)Ug—s+ 1)!
Gi(Ax)=(—1Ha*?D
4 sl_-=[1 (P + l)‘
t 1 (q!)S ]!___
X A (AA;x). 1.4
N Ta =8y =0 [ BmeoL, ez | 44 (142)
LI
The quantities appearing in expression (1.4a) have the fol- 1
lowing definitions: 4, (A,4;x) is the t X¢ determinant de- I,;!(y +1+ 3 (x; = x¢) +/1f)"l_ A
fined by ’ v
4,(AA;x) =det(N7), (1.4b) = '; Yy TIFL (Ax), (1.4¢)
with entry in row » and column s given by A; = max(0,g — A,), (1.4f)
NF=N"(AAx) = I FLU0F AN, (8x). A =a+1-h-4-4, (1.4g)
neD
(L4e)  J[4u = Arsardsia (1.4h)

In relation (1.4c), the N, (A;x) are the functions defined by

N, (&%)
_a =t n)(x—n+n) (X —n + ny)
2n,!n,ln,)
XII( — Ai)q—ni(xi - Ak)q_"j

ik
X(—x;, — A])q_"k(xi - q)‘,_,.j( —Xi = q)v—"k’

for each neD, (1.44)

and the F}, (4;x) are the functions defined by the expansion
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i
Finally, n is the three-tuple of integers (n,,n,,n5), with do-
main D defined for specified p,g,A by

ne{lA, A + l,...,a,}}
n+n,+n=gq
(1.41)
where o, is defined by o; = min(g,p — A,). The quantities
Dim(x) and L,(gqq;x) are those defined by Egs. (1.3d) and
(1.3b), respectively, with the latter being for the special case
t=landA|=A2=A3=q.
As noted above, the form of G (A;x) given by Eqgs.
(1.4) is indeed very complicated. Despite this, it has been

D =D(p,q.A) = {(”1,”2’”3)
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possible in I to prove many significant properties of
G, (A;x). These properties are, in fact, definitive in estab-
lishing a comprehensible (new) expression for this function,
which is the purpose of the present paper.

Let us now summarize from I the properties of the func-
tion G (A;x) that will be used below for obtaining an alter-
native and explicit form. For each ¢=0,1,2,.. and
t=0,1,...,g + 1, the function G ; (A;x) is a polynomial that
has the following properties.

(i) Total degree 2¢t(¢ — ¢ + 1) in x. By this phrase, we
mean that G/ (A;x) is a sum of monomials of the form
xx2xY, where a, B, ¥ are non-negative integers such that
a+ B + y<2t(q —t + 1) and the sum is over all such mon-
omials multiplied by real coefficients that are themselves
functions of A. For t = 0 and arbitrary ¢, we have, by defini-
tion,

G%Ax) =G' 1 (Ax) = 1. (1.5)

(ii) Determinantal symmetry. This symmetry refers to
the invariance of G (A;x) under the transformation of the
six variables (A,,A,A3x,,X5,x;) induced by row inter-
change, column interchange, and transposition of the 33
array A defined by

A=4,(Ax)
Al—t+1 A, —t+14x Aj—t+1-x
=|A,—t+1 Aj—t+1+x, A —~t+1—x,
Ay —t+1 A —t4+1+4x A,—t+1-—x
= (ay). (1.6)

For example, under matrix transposition of 4, that is, 4 .y
we have

(AI,AZ’AJ,XUXZ;X})
—(ALA; +x,85 — %y, — (1.7

(iii) Weight space W, (A) of zeros. This subset of L is
shown in Fig. 1. The points in W, (A) are in one-to-one

Xy, — X35, — X3).

*2

N x3=A2—q+|

N xz=lp-t+

x| =A3-q+l

!
!

[

| N
|

! | ~
x;=Az3-t+l  x 343 l3-A2

FIG. 1. The weight space W, (A). The set of lattice points interior to and on

the bold solid boundary lines of the hexalateral defines the set of weight
space points for irrep [q — £,0, — 1 + 1]of U(3).
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correspondence with those of the weight space of irrep
[g — 1,0, —¢ + 1] of U(3). With each point xeW,(4), we
associate a multiplicity number M ; (A;x),

M;(A;x)smin(t,q—t+ 1,1+d,(x)), (1.8)

whered, (x) is the “distance” from lattice point xeW (A) to
the nearest boundary point as measured along the direction
of a coordinate axis (one lattice spacing = one unit of dis-
tance, with d, = 0 at the boundary). The multiplicity func-
tion M, (A;x) assigns to each point xeW; (A) exactly the
value of the multiplicity of the weight w = (w,,w,,w;) of
irrep [ —t, 0, —t + 1], where w is related to the point
xeW, (A) by

x, =M —t+1—w,
X= =0 =83+ g—1—-w,
x3=A2—t+l—w3.

(1.9)

By the phrase ““a polynomial has the weight space W (A) of
zeros,” we mean that each xeW; (A) is a zero of the polyno-
mial with multiplicity M ; (A;x).

(iv) Reduction formula. This property refers to an iden-
tity satisfied by G ; (A;x) when the A, are restricted in their
values [see Eq. (4.15) of I]. In particular, for t — 1<A,<gq,
A,€Z,, AseZ,, the following identity is true:

G; (A, A5A55%1,X5,%3)
= (=D 2] (=Ay+s—1),_a,

s=1
X(=As+s—1), 5 (x;—=83+5—1),_,,
X(=x;—A,+5—1),_, G (g8, +4, —g
A+ A —gxpx,— A +gx;+A,—¢q). (1.10)
The reduction formula (1.10) and the (proved) deter-
minantal symmetry of G, (A;x) may be used to derive a
more general reduction formula. To obtain this result, we
notice that the arrays A corresponding to the arguments of
G, on the left-hand side (lhs) of Eq. (1.10) may be written
as
Ap(h)y =)y oy h=t1+1,.,9+1 (1.11a)
Similarly, the arrays 4 corresponding to the arguments of
a, on the right-hand side (rhs) of Eq. (1.10) are given by
A (B =A,(h) +S,,(h), h=1tt+1,..,g+ 1,

(1.11b)
where the “shift matrix” S, () is defined by
1 -1 =1
Suh)y=(g—h+1)| -1 0 ol. (1.11c)
—1 0 0

The multiplicative factors in Eq. (1.10) may also be written
as

1
(— 1)t(q—h+1) H (—a,,—s54+ l)q_;,+1

s=1

X(—ay3 =5+, i1 —ay—s+1,_pni
X(—a35—S+ 1), sy (1.11d)
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Equations (1.11) and determinantal symmetry now imply
the following general reduction formula:

G old; (1))

t 3
=(—1)f(q—h+l) H(H(—aik '—S+1)q—h+]

s=1\ k=1
k#f

K=1
ki

3
x]‘[(—ak,-—s+1)q_h+1)

XGj_(d;(h), (1.12a)
foreachh=1t,¢t + 1,...,g + 1, where

Ay (h) = (g h_os (1.12b)

AjG(h) = Ay (h) + S;(h). (1.12¢)

Here the shift matrix S;(A) is the 3X3 array having
g — h + linrowiand columnj, zerosin the (i, j) minor, and

—(g—h +1) elsewhere [see Eq. (l.llc) for
(L)) =(LD].
(v) Explicit polynomial forms. Since G;_, = 1, we ob-

tain the following fully explicit special cases of the polynomi-
als G, forh=1

G:I(A)l“y=o
3 3
= (=D DI (H(.a,k—s+1),,_“rl
s=1\k=1
k#j
3
<11 (—-akj—s+l)q_,+,). (1.13)
k=
i

This completes our review of the most significant prop-
erties of G proved in I. A principal result of the present
paper is the proof that the conjectured form of G ;—that is,
the polynomial & given in Sec. IV—also obeys Egs. (1.12)
and (1.13).

li. GENERAL PROPERTIES OF POLYNOMIALS WITH
WEIGHT SPACE W (A) OF ZEROS

Relation (1.8) may be used to derive explicit properties
of an arbitrary polynomial in (x,,x,,x;) that has the weight
space W, (A) of zeros. We now use this relation to prove the
following lemma.

Lemma 2.1: Each polynomial P (A;x) having at least
the weight space W_(A;x) of zeros contains, for
x3 = A, — h + 1, the factors

h
H ()= A3 +t—5),_,4, for he{1,2,...,t}

s=1

and

(2.1a)

II v —As+s—1),_4y,, for helsr+1,..4}.
s=1

(2.1b)
Conversely, each polynomial P (A;x) that contains the fac-
tor (2.1a) for each he{1,2,...,t} and the factor (2.1b) for
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each he{t,t + 1,...,q}, when evaluated at x;, = A, — A + 1,
has at least the weight space W (A) of zeros.

Proof: Let us note first that thelines x, = A, — A + 1for
h=1,2,...,q cover the set of points in W;(A) [see Fig.
2(a)]. Consider now the lines x;=A,—h 4+ 1 for
he{1,2,...,t} as shown in Fig. 2(a) and take t<q —t + 1.
Then, from Eq. (1.8), we have

M (Ax) =1+d,(x). 2.2)
From Fig. 2(a), we find that for x,=A;—¢+1,
Ay — g +2,..,A, — g + h (thex, line through point P, ), the
value of 1+d,(x) is 1,2,...,h, respectively; for x, = A,
—q+hds—qg+h + 1,..,A; —t + 1 (thex, linethrough
point P,), the value of 1+4+d,(x) is h; and for
x,=A;—t + LA, —t +2,.,0,—t +h (the x, line

——=-===-p
/

(a)

|
|
|
|
|
|
|
| ~

| N x338p

|
x 2Az=~q+l. xj=43

xysQz-t+|

~
(®) x3*A2-q+!

~
0 xz* Q-1+
~N

S Xs'Az-h'f'

x2Az~q+l

xllAs-"l

FIG. 2. (a) Covering of the weight space W (A) for t1<g — ¢ + 1 by lattice
points on the lines x; = A, — A + 1, h = 1,2,...,¢. The multiplicity formula
(2.2) may be applied to each point (x,,x,,A, — h 4 1) belonging to W (A)
and to the line x, = A, — A + 1 to obtain the factors given in Lemma 2.1 of
an arbitrary polynomial having at least the weight space W} (A) of zeros.
(b) Covering of the weight space W, (A) for 1>¢ — ¢ + 1 by lattice points
on the lines x, = A, — A+ 1, h = 1,2,...,q. The multiplicity formula (2.2)
may be applied to each point (x;,x,,A, — A + 1) belonging to W/, (A) and
to the line x; = A, — 4 4+ 1 to obtain the factors given in Lemma 2.1 of an
arbitrary polynomial having at least the weight space W (A) of zeros.
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through point P;), the value of 1 +d,(x) is A,h — 1,..,1,
respectively. Thus, for each x;=A4A,— A+ 1 with
h = 1,2,...,t, the polynomial P (A;x) must contain factors
(e, — Ay +qg—1)(x,— A+ g—2)?

X (X =By +g—h+ 1) x, — A +g— M)

XX, —Ay+qg—h—D* o (x; = A +1—1)*

X(x,— A+t —2)""Yx, — A, +t—-3)""?

X (xy—As+t—h)

=X —=Bs+t—=D,_ 1 —=85+1-2),_, 4,

Xe(xy—As+t—h) iy, 2.3)
which is the result given by Eq. (2.1a).

In the derivation of Eq. (2.3), we have assumed that
t<g—t + 1. The result is, however, also correct for
g —t + 1<t. For example, for t =g, the factor (2.3) is
(x, — Ay +¢g—h),, which yields correctly the weight
space W3 (A) of zeros, which is covered by the lines
xy= A, — A 4 1for h = 1,2,...,¢q. The modifications of Fig.
2(a) for giving the derivation of the factor (2.1a) when
g —t + 1<z, butstillwithx; = A, —h + landh = 1,2,...,¢,
is given in Fig. 2(b). For Ai<g — h + 1, the derivation is the
same as that given above and gives the factor (2.1a). For
h>q — h + 1, the factors may be obtained from Fig. 2(b):
For x,=A;—¢+ 1,A;—g+2,..,4;, —t + 1, we have
g—t+1>144d,(x)=12,.,9—1t + 1, respectively; for
x,=A;—t + 1A, -t +2,.,A,—g+h, we have
1+4+d,(x)<qg~—t + 1 and the multiplicity of each zero is
g—t+1; and for x,=A,—qg+h A;—qg+h
+1,.,A,—t+h we have g—t+1>1+d,(x)
=g —1t + 1,.,2,1, respectively. Thus,forx; = 4, — h + 1
with 4> — h + 1 and A<¢, the polynomial P/ (A;x) must
contain the factors

(X, — Qs +g—1)(x; — A +qg—2)%(x, — Ay +t)7°¢
X (X% —Ay+t— 1) " (x, — Ay 41 —=2)97 1!
X...(xl_A3+q_h)q—‘+l
X (X, — Ay 4+ g—h—1)2"
X(x;—Ay+q—h—2)"""1e(x,— Ay +1—h).

These terms again combine to give exactly the factors
(2.1a).

The preceding results prove the lemma for & = 1,2,...,¢
[the factors (2.1a) ]. The proof that P (A;x) contains the
factors (2.1b) forx, = A, —h + lwithh=11t + 1,...,qis
carried out similarly.

The converse of the lemma is obvious since the set of
zeros of the factors (2.1a) and (2.1b) exactly cover, by con-
struction, the zeros in the set W (A), including correct mul-
tiplicities. O

Lemma 2.1 can now be used to prove a second impor-
tant property of polynomials having the weight space
W (A) of zeros.

Lemma 2.2: Let P (A;x) denote a polynomial having
determinantal symmetry and at least the weight space
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W, (A) of zeros. Then P (A;x) is of total degree at least
2t(g—1t + 1) inx.

Proof: Consider the value of P (A;x) for
x3=A,—t +1. We find from Lemma 2.1 that
P, (A;x) |, —a,_. 41 contains the factor

II Gi—&s+s—1,_, 1.

s=1
Since P (A;x) has determinantal symmetry, it follows that
P, (Ax)|,, —a, .41 contains the factors

H (—A2+s"_1)q-1+l(""A3+s—1)q—z+l

s=1
X(—=A,—x;+s—1),_,4,
X(xy—As+s—1),_, - 24)

This polynomial is of degree 2¢1(¢ — ¢ + 1) in x,. Hence the
total degree of P, (A;x) in x must be at least 2/(¢ — ¢ + 1)
since otherwise the degree of the polynomial
Po(Ax) |, —a,: 41 Will be less than 2¢(¢ — ¢ + 1) in x,
and cannot contain the polynomial (2.4) as a factor. a

Hi. UNIQUENESS THEOREM FOR G,

In this section we first establish a result (Theorem 3.1)
that, although somewhat specific in its content, forms the
basis for proving a uniqueness theorem (Theorem 3.2) for
G ;. This theorem is significant in that it shows that the prop-
erties (i) total degree 2t(q¢ — ¢t + 1) in x, (ii) determinantal
symmetry, and (iii) exactly the weight space W (A) of ze-
ros are, in fact, essentially a unique specification of the poly-
nomial.

We begin with the proof of the following important pre-
liminary result.

Theorem 3.1: Let Q ; (A;x) denote a polynomial of total
degree in x not exceeding 2¢(g — ¢ + 1) and having deter-
minantal symmetry and at least the weight space W (A) of
zeros. Also, let this polynomial satisfy

Q,(Ax) =0, forA;=t—1,4..,9—1, (3.1a)
for all A,, A;eZ . and xeM. Then
Q. (Ax) =0, (3.1b)

for all A,eZ_ and xeM.

Proof: By assumption, the polynomial Q;(A;x) pos-
sesses determinantal symmetry. In particular, it obeys the
relation

Q. (ALAA5x) = Qo (B; — X34, + Xx3,855x), (3.2)
forall xeL. Evaluatingrelation (3.2) atx; = A, — h + 1, we
obtain
Q;(A;x)|x3=A,—h+l

=Q;(h— I’Al +A2—h+ 1,A3;x)lx3=Az__h+l =0,

foreachh =1t,¢ + 1,...,9, where we have used Eq. (3.1a) in
equating this relation to zero. Thus the polynomial
Q. (A;x), if not identically zero, contains the factor
(A, —x3;—qg+1),_,,,. Again invoking determinantal
symmetry, we conclude that Q ; (A;x) has the form given by
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Q;(Ax) =11 Ay —g+ 1), h
b

X(Ai — X; —-q-+ l)q-t+1

X(A;i+x,—qg+ 1), 1Q(AX).  (3.3)
For t = 1 or 2, necessarily Q, (A;x) = 0 since otherwise the
degree6(q — ¢t + 1) inxof the I1; factor exceeds the largest
degree2t(qg — t + 1) of @ (A;x); hence the theorem is true
for t = 1,2. For 153, Q,(4A;x) is a polynomial in x of total
degree not exceeding 2t(g—t +1)—6(g—1t +1)
=2(t—3)(¢g—~t + 1). By assumption, Q,(A;x) has at
least the weight space W (A) of zeros. Removing the zeros
of the factors

Ay —x,—gqg+ 1), (A —x3—q+ 1),y
from W, (A) leaves the weight space
W= 2(8, — 1,A;, — 1,A; — 1); hence Q, (A;¢) must possess
at least this weight space W/ (A, — 1,A, — LA, — 1) of
zeros. Therefore, the polynomial @, (A;x) must, by Lemma
2.2, be of total degree in x of at least 2(¢z — 2) (¢ — ¢ + 3),
which is greater than the maximal degree
2(t —3)(g — ¢t + 1) found above. This contradiction in the
degree of @, (A;x) can be avoided if and only if @, (A;x) =0,
which proves the theorem.

We next use Theorem 3.1 to prove a uniqueness
theorem.

Theorem 3.2: Up to a multiplicative factor aj, (S), where
S=A; + A, + A,, the polynomial G, (A;x) is the unique
polynomial that possesses the following properties: (i) total
degree2t(g — ¢ + 1) inx, (ii) determinantal symmetry, and
(iii) the weight space W (A) of zeros.

Proof: The proof of Theorem 3.2 is lengthy. It is by in-
duction, with the following assumption as the starting point.
Induction hypothesis: for each t=12,..,k and k
= 1,2,....¢ — 1, the polynomial G | (A;x) is the unique poly-
nomial, up to a multiplicative factor aj (S), that has the
weight space W} (A) of zeros.

We wish to extend this hypothesis to level & = g with
t=1.2,...,q. As a first step, we establish the following result,
assuming the induction hypothesis: Every polynomial
P, (A;x) of total degree 2¢(g — ¢t + 1) in x that has deter-
minantal symmetry and the weight space W7 (A;x) of zeros
is given in terms of G | (A;x) for the particular values

Ay=t—1tq—1 (3.42)
by
P (Ax) = a,(S)G,(Ax). (3.4b)

To prove this property, we first apply to P the symme-
try given by relation (3.2) and evaluateatx; = A, — & + 1
for h an arbitrary positive integer. This yields

P.’;(AnAz’A3§X) (x3=A2~h +1
=P (h— LA + A, —h+ 1,A3;x)$xj=A2,_,,+,.
(3.5)

Consider next the weight space W, (h— LA, + A,

— h + 1,A;) which is that associated with the A parameters
occurring on the ths of Eq. (3.5), asshown in Fig. 3. The line
x3=A,—h +1 is seen to lic between the lines
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~ x3s 8y~ t4l +(A,-h+l)
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|
i
|
|
]
|
|
1

x.=A3-q4|

i
1
|
I ~
!
!
i

i ~ -he}
xj*Ag-141  x;2B3 x32dp +(4, )
FIG. 3. The weight space W, (A") for A' = (h— LA, + A, — A+ LA
for each heZ , . The point (x,,x,,A, — h 4+ 1)eW, (A’) for all positive inte-

gers A and all x, such that A, — g + 1<x,<A,. This property is used in the
proof of Theorem 3.2.

xs=(A, —h+1)+A,—~g+1land x3=(A, —h + 1)
+ A, — t + 1 for all values of A, given by

A=t—1t..9—1

(with coincidence of lines for the end values A, = — 1 or
q—1). Accordingly, the line x;=A, —h + 1 passes
through the weight space W, (A — LA, + A, — h+ L,A;)
for all positive integral values of A. Since by assumption the
polynomial P, (A — 1A, + A, — h + 1,A;x) possesses the
weight space W, (A — LA, + A, — h + 1,4;) of zeros, it
must contain the factor

£

Hl(x, — Ay +5—1),_4,
for x; = A, — h + 1 (Lemma 2.1 with appropriate changes
in notation). Since 4 is an arbitrary positive integer, we find
from Eq. (3.5) that the polynomial P (A;x) contains the
factor (3.6) for each A, =t — 1,4,...,¢ — 1. Since P (Asx)
has determinantal symmetry, it accordingly contains all fac-
tors obtained from (3.6) by applying this symmetry. We
have thus shown that P/ (A;x) has the form given by

P (4;x)

(3.6)

= H (_Az+s—1)q_A,(_A3+s—'I)q_A,

s=1
X{xy— A3 +5—1),_,,

X(—=x, =8, +5—1),_4 Q. (Ax), 3.7
where Q,(A;x) is a polynomial of total degree
2t(A; —t+1) in x. Relation (3.7) is valid for
A=t—14.,g—-1

So far we have not used the uniqueness property of the
functions G{ (k= 1,2,....¢ — 1) assumed in the induction
hypothesis. This assumption will now be invoked in order to
identify the polynomial Q, (A;x) in relation (3.7). Here the
reduction formula given by Eq. (1.10) has the crucial role.
We wish to prove that
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0,(Ax) =a(8$)GL (gA + A, — g A, + Ay —g;

xl’x2_Al+q’x3+A|—q), (38)

foreacht=0,1,...,.A,.

Let us recall that the geometrical content of the reduc-
tion relation (1.10) is that the removal from W, (A) of the
zeros originating from the linear factors in x, in the product

ﬁl (X, —As+5—1),_4, (3.9)
is to leave behind exactly the weight space
Wi, (A, + A, — g8, + A; — g) of zeros of
Ga(gd +8,—gb,+8;—g;

xpX; — A+ gx;+ 4, —¢q) (3.102)
for each point
(XX — Ay +qx;4+ 4, —¢q)
EW, (@A, + 4, —qA + A5 —¢). (3.10b)

Observing that the factors (3.9) occur also in relation
(3.7), we see that removing the zeros of these factors from
the weight space W ,', (A) of zeros of P (A;x) leaves behind
(as above) exactly the weight space
Wi (9A,+ 4, —qA, + A, —q) of zeros. These zeros
must be inherited by the polynomial Q, (A;x) for each point

(xlyxZ’x3)EW;(A;x) _'Ktq, (3-11)

where K denotes the set of zeros (with multiplicity) defined
by the factors (3.9). From the general definition of the
weight space W_ (A) of zeros (see Fig. 1), we verify that the
points (x,,x,,x;) given by Egs. (3.10b) and (3.11) are ex-
actly the same and, moreover, that the multiplicity of each
zero is the same.

Since A, <gq in the polynomial G} (--*) given by
(3.10a), this polynomial is, by the induction hypothesis, the
unique polynomial [up to a factor a(.S)] with the weight
space (3.10b) of zeros. This result proves relation (3.8).

Substituting Q, (A;x) from Eq. (3.8) into Eq. (3.7) and
comparing the result with the reduction formula (1.10), we
obtain Eq. (3.4b), which was to be proved. Using this result
and Theorem 3.1, we can now complete the proof of the
theorem.

We define the polynomial Q¢ (A;x) by

Q. (Ax) =P (Ax) —a,(S)G,(Ax), (3.12)

where P (4;x) is a polynomial of degree 2¢(¢ — ¢ + 1) hav-
ing determinantal symmetry and the weight space W, (A) of

¢ — !
Ii(Ax) =F () =(-D V] lg=s+ D! 3 h(Auvp)

s=1 (s—1)! Auvp

XF,

a—t+ 1,4 (@11@12813) Fy _ 4 1, (a21,820,023) F, 1 1, (a31,05,833),

zeros; thus P;(A;x) satisfies Eqs. (3.4). Then, either
Q; (A;x) is identically zero at the outset, or it satisfies the
assumptions given in Theorem 3.1; hence, it is identically
zero in consequence of the conclusion of that theorem. That
Q;(A;x), if not identically zero at the outset, satisfies the
assumptions given in Theorem 3.1 may be shown as follows:
From the definition (3.12), we find that the degree of
@ ;(Asx) in x does not exceed 2¢(¢ — ¢ + 1). Moreover, this
polynomial has at least the weight space W (A) of zeros,
since taking the difference of two polynomials, each of which
possesses the weight space W (A) of zeros, can at most in-
crease the multiplicity of a zero. Lemma 2.2 implies that the
total degree of G (4A;x) in x, when this polynomial is not
identically zero, is at least 2¢(¢ — ¢ + 1). Thus Q. (Ax) is
of exactly degree 2¢(q — ¢t + 1), if not identically zero. Fin-
ally, Eqgs. (3.4) imply that relation (3.1b) of Theorem 3.1 is
satisfied. Hence, all the assumptions of Theorem 3.1 are sat-
isfied by the polynomial defined by Eq. (3.12).

We have now proved that

P (Ax) = a,(S)G,(Asx), (3.13)
for each t = 1,2,...,4; this result extends the induction hy-
pothesis to level g, thus closing the induction loop. This
proves Theorem 3.1 provided that the initial step of the in-
duction hypothesis is true. This initial step consists of prov-
ing that G }, (A;x) is the unique polynomial of total degree 2¢
in x up to a multiplicative factor @} (S), which has the
weight space W (A) of zeros. This proof was given in Ref. 3,
where the polynomial G, (A;x) = G ,‘I (A;x) was first investi-
gated and studied in detail. O

IV. THE POLYNOMIAL ¥ AND ITS PROPERTIES

An explicit polynomial form for G ; (A;x) was first giv-
en as a conjecture in Ref. 6. This polynomial is denoted by
%, (A;x) in Eq. (4.2), where the script letter is a reminder
that this is (at the moment) a conjectured form of G ; (A;x).
A principal result for making this conjecture was the proofin
Ref. 3 that

G, (Ax) = F(Asx). “4.1)

The explicit construction of G § (¢g¢;x) in Ref. 5 and special
values of ¢ were also helpful in suggesting the occurrence of
the multiplicity numbers A(4uvp) in the definition of
9 7 (Asx) (seebelow). Further details motivating this defin-
ition are given in Ref. 6. The definition of & (A;x) is the
following:

Mo, (A + 8,4+ 8, —t—g—s+3),
M(p)

4.2)

where the a; denote the entries in the array 4 given by Eq. (1.6). The other symbols in this result have the following

definitions.

(i) The symbol A = [4,,4,,...,4,] denotes an irrep label of U(t), with 4,>4,>--->4,>0, each A, = a non-negative
integer; A may also be regarded as the shape of a Young frame Y(A). The symbols u, v,... denote irrep labels of the same type as

A.

(ii) The symbol A (Auvp) denotes the number of times irrep [g — ¢ + 1,....g — ¢ + 1] (g — ¢ + 1 repeated ¢ times) is
contained in the direct product 4 Xu XvXp and is defined to be zero if [¢ — ¢ + 1,...,g — t + 1]&d XuXvXp.

1112 J. Math. Phys., Vol. 29, No. 5, May 1988

Louck, Biedenharn, and Lohe 1112



(iit) The symbol M(A) denotes the measure of the Young frame Y(A) and has the definition

H;:l(;{’s—"'t_s)! !

M) =

I, A —A,+s5s—1r) s=1

r<s

with corresponding definitions for M(u), M(v), and M(p).

= (DimA) ! [I¢¢—s+1),, Dimi=

I,_ (A, —A, +s—1r)

r<s r

20— 1)

, (4.3)

(iv) For each non-negative integer k and each Young frame Y(A), the function F, , (x,p,2) is defined for indeterminates

x, .z by

F 3y =
ka (%:92) {O, ifany A, >k

As remarked in the Introduction, our goal is to prove
that G, (A;x) = & (4A;x), but so far we have been unable to
find a direct proof. In place of such a direct proof, we have
adopted the strategy of proving that these two functions
share so many properties that via a uniqueness theorem, they
are necessarily identical. This is a sizeable task, but ultimate-
ly successful.

The following features of this approach stand in sharp
contrast: While the function G (A;x) as defined by Egs.
(1.4) is unwieldy and almost intractable, the proof of prop-
erties (i)—(iii) in Sec. I—although admittedly tedious and
lengthy—turns out to be reasonably straightforward.! On
the other hand, while the polynomial ¥ 7 (Asx) as defined by
Eqgs. (4.2)-(4.4) is quite comprehensible, the proof of prop-
erties (i)—(ii1) is deceptively difficult. Indeed, the major
hurdle is to find a simple proof of the identity (transposition-
al symmetry):

Gi(A) =9 (D), (4.5)

where 4 is the array obtained from 4 by matrix transposi-
tion.

In the remainder of this section, we develop some of the
properties of ¥ (A;x).

We begin with four properties, the first two of which are
easy consequences of the definitions (4.2)—(4.4).

(a) The polynomial & has total degree 2¢(qg — ¢ + 1)
in x and total degree 2t(g — ¢t + 1) in A.

(b) The polynomial & is invariant under all transfor-
mations of (A,A,,A3,x,,X,,X3) corresponding to row inter-
changes and column 2—column 3 interchange in the array 4.

(c) Under the assumption of transpositional symmetry
(4.5), the polynomial & (A;x) satisfies exactly the same
reduction formulas (1.12) and (1.13) as does the polynomi-
al G, (A;x).

(d) Under the assumption of transpositional symmetry
(4.5), the polynomial

g;(A) lalji':h_” hE{l,Z,...,t}, (4-63)
contains the factors
h 3
II (H (—a,'k — S5+ 1)q—t+l
s=1 k=1
k#j
3
X 11 (—a,q.—s+1)q_,+,). (4.6b)
k=1
k#i

We need to prove only (c¢) and (d) since (a) and (b) are
obvious.
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(/MO [x+t—s), , y+s—1], [z4+s5—1],,

(4.4)

r
Proof: The proof of (c) is given directly from the defini-
tion (4.2) of ¥ (A;x). Since for each positive integer 7, the
property [7], = 0 holds unless a<n, it follows that
F, i 1.2(a11,12a,3) =0 4.7)

unless g —t+1—A,<a;,=A, —¢+1, that is, unless
A.>q— A, Since 4 = [4,,4,,...,4,] is a partition, we thus
find that the only terms contributing to the sum in Eq. (4.2)

have
A>A,> 24,29 — A, (4.8)

For all such partitions A, a nontrivial but straightforward
calculation shows that
Fo_ i i14(a,a1,a,3)

s=1 (g—s+ 1N

t
X(H [a+s5s—1],_4 (a3 +5— l]q—A,)
s=1
XFA,—:+l./l’(a;naiz’ais)’ (4-93-)

where 1’ = [A],43,...,4 ] is the partition defined in terms
of Aby A=A, —g+ A, s=12,.,t and a},,a},,a}, are
defined by

ay,=q—t+1,
api; =a;;+48,—gq.
Since

a, =a,+ A, —gq, (4.9b)

A=A"+[g—A,...q—A,

we find that the summation in definition (4.2) is also
reduced to one over all partitions A', g, v, p such
that ' XuXvXpe[A, —t+ LA, —t+1,.,A, —t+ 1],
which in turn implies that

<A —t+ 1, v,<A —1+1,

fors = 1,2,...,¢. For partitions 2 and v satisfying these condi-
tions, we find
Fy_ 1(a31,25,053)

=lay +t—5l,_a Fa, —r41,(03,822,853), (4.10a)
F,_ 1 1.,(a31,83,053)

= [a3 + 1 —51,_a,Fa, —141,(831,832,833), (4.10b)
where

ay =a, +4A —q a; =a;+A4A —q (4.10¢)

Using relations (4.9) and (4.10) in Eq. (4.2), we find
upon setting A, = A — 1 that
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G4, (b))
= g;(A)Ia,,=h—t

=(— l)t(q_h-H)H(( —a;,;—s+ l)q—h+l

s=1
X(—a3—5s+ 1), s (—ay—5+ Dyyns
X(—ay—s+ Dy pi1)Zh1Ai (D),
(4.11a)
where
A (h) =A4,,(B) +85,,(R), (4.11b)

foreachh=1¢,¢t + 1,...,q + 1. In obtaining Eq. (4.11a), we
have also used

A+ A +A —t—(h—1)—5+3
=h-1)+4A,+A,—t—g—5+43, (4.12a)

where the A; are obtained from column 1 of 4 {, (#) and are
given by

A; =4q

A=A, —(g—h+1), Aj=A,—(g—h+1).

(4.12b)

Relation (4.11a) is of the same form as relation (1.10)
[see, also, Egs. (1.11) ]. We now apply the row symmetry of
& and thus extend the validity of Eq. (4.11a) to the form
given by Eq. (1.12a) for all indices (i) = (1,1), (2,1),
(3,1). Under the assumption that & » also has transposition-
al symmetry, we obtain the desired proof of (c) since this
symmetry together with row symmetry generates determin-
antal symmetry. O

Proof: The first part of the proof of (d) is similar to that

given for property (c). We find that
Fq— t+ 1,4 (h— 4,a,5,0,3) = 0, (4.13a)

for each he{1,2,...,7} unless the first A parts of the partition A
satisfy

A=Ay==A,=q—t+1 (4.13b)

For such partitions, we have

M@A)Y L& (s-—-1) ‘
= —t —A.1,,
M(A) s=1 (q—-S+1)' s-——IhI+l[q +s S]h
(4.14a)
where
A= (Aps1hnyarnts) (4.14b)

This result gives

Fq_ t+ 1,4 (h - t’alz’GIB)
h h
(t—h+s-—1)!
= -_— T (—ayp—s5s+1),_
Y Sty xl;[} 12 g—t+1
X(‘—alg“5+l)q_z+1

XF ( —t,a12+h,al3+h),

g—t+ 1,4’

(4.15a)

for
A=[g—t+1,.,g—t+14"].

Relation (4.15a) shows that ¥
a,, = h — t contains the factors

(4.15b)

evaluated at
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h
H (—a—s+ 1D, (—a3—s+1),_.yys

s=1
(4.16a)

for each he{1,2,...,t}. Unlike the proof of (c), we cannot
easily establish directly from the expression for
9; A)| a,, = »_ ¢ the occurrence of the factors

h

H (—ay—s+ l)q_,+1(—a31—s+ 1)q—t+l'
s=1
(4.16b)

We can, however, apply the assumed transpositional sym-
metry of ¥ ; to infer that the factors (4.16b) also occur.
The above results for a,, = 2 — t and the determinantal
symmetry of ¥ z now imply property (d). O
The following principal property of the polynomial
&, (A;x) is now easily proved from the results given above.
Theorem 4.1: The properties given by (c) and (d) imply
that & (A;x) has at least the weight space W (A) of zeros.
Proof: The (ij) = (3,3) case of Egs. (4.6) and (1.12a),
applied to %, [property (c)], corresponds to
x; = A, — h + 1. Equation (4.6b) contains the factors
h

H (—a3—s+ 1D,y

s=1

h
= H (XI—A3+t—S)q_,+1,

s=1
for each he{1,2,...,¢}, while Eq. (1.12a) contains, on the rhs,
the factors

H (—ay3—5+1);_ i

s=1

t
= H (X =B34+ 1—=5)g_hyirs
s=1

for each he{t,t + 1,...,q}. Thus the polynomial ¥ ¢ (Asx),
evaluated at x, = A, — & + 1, satisfies the conditions of
Lemma 2.1 (converse part). O

We can now prove the principal result of this paper.

Theorem 4.2: Under the assumption of transpositional
symmetry of ¥ ¢» the polynomials G ; and & areidentical:

G,(Ax) = 9;(A;x). 4.17)

Proof: The polynomial & is of total degree
2(g—1t + 1) in x and, under the assumption that
G:(A) = F;(A4), has been shown to have determinantal
symmetry and at least the weight space W (A) of zeros.

Thus all the conditions of Theorem 3.2 are satisfied and this
implies that

G:i(Ax) =al(5)G (L),
where a, (S) is independent of x. Evaluating this relation at,
say x; = A, — t + 1, which corresponds to a;; = 0 in Eq.
(1.13), and using the fact [property (c)] that

g;(A)lﬂn:O =qu(A)|au=0’
we find o, (S) = 1. O

Using Theorem 4.2, we can now derive a second reduc-
tion formula for G in addition to that given by Egs. (1.12).
The second general reduction formula is
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G,ld;(h))

h 3
= (= Dre=r+0 ] (H (—ag—s+ 1)y
s=1 k=1
k #j

k=1
k#i

XGhA4 7 (), (4.18a)
for each he{1,2,...,t}, where 4, () is defined by Eq. (1.12b)
and A4 ; (h) is defined by

A (k) =A4;(h) + 8;(h), (4.18b)

in which A (4) is the 3X 3 shift matrix having entry — hin
position (i), zeros as entries in the (i/) minor, and / as
entry in the remaining four positions. For example,

3
X H (—akj_s+ 1)q—(+])

1 —1 1
Anhy=hlo 1 o]. (4.18¢c)
0 1 0

Because of determinantal symmetry, a proof of Eqgs.
(4.18) may be given by taking a special case, say
(i) = (3,3),so that a;; = h — ¢ implies x; = A, — h + L.
The occurrence of the multiplicative factors in relation
(4.18a) is implied by Theorem 4.1, so that it is the occur-
rence of (—1)"9~'*VG!"%(47,(h)) that must be
proved. This may be proved by showing that the polynomial
in question has total degree (r—#4) (¢ — ¢ + 1) and the
weight space W;Z% (h — 1,A,;4;) of zeros, the details of
which we omit. These two properties, determinantal symme-
try and Theorem 4.2 (applied to G;%), and relation
(1.12a) may now be used to complete the proof of Egs.
(4.18). O

While we will not make direct use of the full reduction
relation (4.18a), we have noted it not only for completeness,
but also because of the interesting relationships it expresses
between the various G ; polynomials.

The next relationship we derive is a general one for the
polynomial & defined by Eq. (4.2), there being no assump-
tion of transpositional symmetry. This relation is not only a
useful alternative form of Eq. (4.2), but will be used explicit-
ly in Sec. V to derive a necessary condition for transposition-
al symmetry to be valid.

Theorem 4.2: The polynomial & (A;x) defined by Eq.
(4.2) can be written in the following form:

G4 (Ax)
— (= na—e+n p L4=s+ D!
s=1 (S—l)'
Xz g(/lpT/)Fq_,+ 1,2 (G11,8,2,0)3)
Apv

XFq_,_,_ 1_'“(02” — a4y —a)»+4q-— 2t + l’
ay —ap+q—2t+1)
XF, 410 (@315832,833),

where v = [V,,,...,¥, ] is the partition defined by

(4.19a)

Vvo=q—t+1—v,_ ., s=L.,t, (4.19b)
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and g(Auv) denotes the Littlewood-Richardson number,
which is the multiplicity of irrep v in the direct product
A Xp.

Proof: The key result needed for transforming the defini-
tion (4.2) of ¥/ (A;x) to the form (4.12a) is proved in Ref.
8 and is called the generalized Saalschiitz identity (fort = 1,
this identity reduces to the well-known one—see, for exam-
ple, Bailey®). The generalized Saalschiitz identity is a gen-
eral polynomial relation for arbitrary variables x, y, z and
may be expressed as

S glou)M ~'(p)

pu

t
XII G+y+z+t—k—s+1),F,(xp.2)
s=1
=F,(x,—x—y—t+k,—x—z—t+k). (420)
Relation (4.20) is derived from the generalized Saalschiitz
identity proved in Ref. 8 [see Eq. (5.4)] by making the fol-
lowing identification of notation:

t
Faxpz)=[[(x+t—k—s+1),

s=1
XGF (—y,—zx+t—k)|A). (4.21)

Using the identity
h(Auvp) = g(oux)g(Avi) (4.22)

and relation (4.20), it is now straightforward to transform
the rhs of Eq. (4.2) to that in Eq. (4.19a) [choose
k=qg—t+1, x=a,, y=a,,, z=a,; in the identity
(420), hencex+y+z=A,+ A, + A, — 3t +3].

Remark: The termwise symmetry of & in the original
form (4.2) under all row permutations of 4 has been “de-
stroyed” by the transformation (4.20). This row symmetry
for & in the form (4.19a) is now expressed by the equality
of (4.19a) to the two similar forms obtained by applying
(4.20) to each of rows 1 and 3 of 4, that is, by using the
alternative choices (x,,2) = (a,,,8,2,a3) OT (d31532,d33) in
effecting the transformation (4.20) in Eq. (4.2).

V. EXPRESSIONS FOR ¥/, IN TERMS OF
HYPERGEOMETRIC COEFFICIENTS

Relation (4.21) may be used to express &, as given by
Egs. (4.2) and (4.19a), in terms of the generalized hyper-
geometric coefficients defined by (see Refs. 8, 10, and 11)

(F ((a,be)|A)
t {a—s+ I)A’(b—s+ l),{’

=M_l(/1)s131 (c—s+1),
t (@a—s+1),(b—s+1
=Dimisl;[1(t—s—tl;jjzc—sil)):’ b
(Fo @A) =M~ () [_[ @a—s+1),
) t (a—s+l),1:
=D1m/lsl;[1—(t_—s:_—1—)—;s—. (5.2)
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Here a, b, ¢ may be arbitrary complex parameters (¢7#¢ — 1,

—2,...). Since it is the coefficients (5.1) and (5.2) that
occur directly in the definitions of the generalized Gauss
hypergeometric functions given in Refs. 8 and 11, it is useful
to formulate the polynomials & directly in terms of these
coefficients. This will allow us to formulate the transposi-
tional symmetry of &, as a property of the hypergeometric
coefficients.

Using relation (4.21) in Eq. (4.2), we obtain the follow-
ing expression for the polynomial ¥:
togqy— 117 Lg—s+ D!
T 51;11 (s— 1)
3 !
X H H ("ail —s+ l)q—t+l

i=1s=1

X 3 h(Apvp) (F o(K — Dp)
Auvo
X (xF (—ay —apa,—DA)
X o F (= @y — @350, — D)
X {3 F ( — a3y — asz;a5, — 1) |v), (5.3a)
where we have defined
I=q—2t+1, K =magic square parameter of A.

(5.3b)
The generalized Saalschiitz identity proved in Ref. 8 is
Y 8lpor) (1F o(c —a — b)|p) (27 1 (a,bsc) |0)

po

= (,.F ,(c —a,c — bic) k). (5.4)
Using relation (5.4) for
(a’b)c) = ( - a,‘zy - ai3 ’ail - I)’ (5'5)

i=1,2, or 3 with o = A, u, or v, respectively, and relation
(4.22) for the appropriate permutation of (4,u,v)
[A(Auvp) is symmetric in the partitions 4, u, v, p], we can
transform Eq. (5.3a) to any one of three possible new forms.
We choose the case =1, set  h(Auvp)

J

) = (—ye-tew | [ Lt la=st s M-t

s=1 l)'

a,b,d,e
X{(—ap—s+1),(—ay—s+1),(—a3 —s+ I)A,]AZ (c )

The array 4 [see Eq. (1.6)] is expressed in terms of the
variables g, b, ¢, d, e defined in Egs. (5.7) by

a;, ap a3

A=}a,, —-d —el, (5.9b)
a, —b —a
with
a,=—(c+D)—(a+b+d+e),
ap=(c+D+(b+d),
a3=(c+10)+ (a+e), (5.9¢)

ay=(c+DhH+(d+e),
a,; = (c+1)+ (a+b),
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H (— 1)113( —ay,

s=1

= 2,8(pur)g(vAK), effect the transformation (5.5) with
o = y, rename dummy summation partitions by replacing v
by u, k by ¥, and use g(uAv) = g(uvA); we thus bring G of
Eq. (5.3a) to the following form:

t 4 (q_s+1)'
g"(A)zsgl Y

3 1

XTI I C(—an —s+ Dy iy

i=ls=1

Xz (2*9“1( —a
A

X (27 1(
X (2F (a3 + a3 —

—ay34y, — l)l) zg(,lW/_l)
uv

= D)

Lay +ay —

— 3y, — Q33,03

Lay, — D|v).
(5.6)

The next step in bringing 7 ; to a new form is motivated
by transpositional symmetry. For this we define the new
variables q, b, ¢, d, e by

a= —ay, b= —ay,, d= —ay,

)
e= —ay, c=K-—1 Sl

We also define for each partition A =
tion 4; by

a,b,d,e
A(”’)
\e

=] (@a+b+c—s+ 1), (d+e+c—s+1),

s=1

(AsA3...i4, ) the func-

X g(uvA) F ((aba + b+ o) |u)

‘lV
XGF (d+ce+cd+e+c)|v). (5.8)

Combining definition (5.8) and Eq. (5.6) and carrying
out some simplifying algebraic steps, we find the following
expression for &, in terms of the 4, functions:

—s+ D12 (—ap—s+1),

(5.9a)

|
where we recall that / =¢q¢ — 2¢ 4 1.

The summation in Eq. (5.9a) is over all partitions A
such that

qg—t+ 134> 34,50 (5.9d)

It is the functions 43, which are defined by Eq. (5.8) for
arbitrary partition A, hence also for the conjugate partitions
A, that occur in Eq. (5.9a).

The following theorem is now obvious from the form of
. given by Eq. (5.9a).

Theorem 5.1: A sufficient condition for transpositional
symmetry of the polynomial &, that is, for

Gi(4) = (),
is that the polynomials

(5.10a)
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a,b,d,e
()

(5.10b)

be invariant under the interchange of b and e.

Remark: We have not proved that the symmetry of the
function 4, under the interchange of b and e is necessary for
transpositional symmetry of & ;. This result is not immedi-
ately evident from Eq. (5.9a). Let us note, however, that for,
say d = 0, we can use the Saalschiitz identity (5.4) (for ap-
propriate parameter identification) in the definition (5.8) to
obtain

’b’ b4 -— J
Az(j Oe)=M ) J[@a+c—s+ 1),
s=1
Xb+tec—s+1), (e+tc—s+1),,
(5.11a)

which is symmetric under all permutations of a, b, e, hence
under the interchange of b and e. It is also trivial to prove

O’b’d, p— d
4, (c e):M '(,1)1'[l (b+c—s+1),
X{@d+c—s+1),(e+c—s+ 1),
(5.11b)

These special results, and others, suggest the validity of the
general symmetry of 4, under the interchange of b and e, but
this general result is very difficult and lengthy to prove and
requires methods quite unlike those of the present paper.
Because of this, the proof will be given separately (Ref. 7).

VI. CONCLUDING REMARKS

The construction of the denominator function
D*(T',,x) is a major step toward a complete algebraic deter-
mination of the matrix elements of all canonical unit tensor
operators (WCG coefficients). Not only is the denominator
function conceptually important—in the form of the map:
tensor operators—invariant norm (denominator func-
tion )—which is itself equivalent to the canonical resolution
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of the multiplicity, but the denominator function also enters
both in the WGC coefficients themselves and in the con-
struction of Racah operators. In fact, all Racah coefficients
on the boundary (maximal shifts) are simply square roots of
fractions using the appropriate denominator functions.

It is useful to note that the construction of the canonical
multiplicity splitting in I achieved at the same time an explic-
it construction of exactly those Racah functions that effect
the canonical splitting. It follows (using the pattern calculus
for the elementary operators) that an explicit construction
of the set of canonical unit tensor operators is now at hand.
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Let B, be the Borel transform of f, f(0) #0. By means of an integral equation similar to that
proposed by 't Hooft [ The Whys of Subnuclear Physics, edited by A. Zichichi (Plenum, New
York, 1979)] an explicit representation of the Borel transform B, of 1/fas a series in
convolution powers of B, and its derivative is given. It is proved that the singularities of B,, B,
on the circle of convergence coincide and have the same strength when approaching these
singularities on a path inside their common analyticity domain, but possibly outside the circle
of convergence of their power series representation (Borel circle).

I. INTRODUCTION

Borel summability has proved to be a powerful tool in
singular perturbation problems of quantum mechanics. The
method relies on the following well-known result.

Theorem 1 (Watson—-Nevanlinna—-Sokal): Let Cg

= {zeC: Re 1/z>1/R } and let £ Cy —C obey the follow-
ing conditions.

(i) We note that fis analytic in C and continuous in

ER .
(ii) We note that f possesses an asymptotic expansion
N—-1
fiz)= 3 a,2"+Ry(2), (1)
n=0

with the remainder estimate
|Ry(2)|<A40 "N|z|¥ (2)

uniformly in Cy.
Then the Borel transform

L]

a
B(t) = —_t" 3)
( ) n;O n! (
converges (at least) in the circle {reC: |7| <1/0} and has
an analytic continuation to the region S(o)= {r:
dist(#,R, ) < 1/0} satisfying the bound (for all R’ <R)

|B(t)|<const exp(|t|/R") 4)

uniformly in every S(¢’), with ¢’ > 0.
Furthermore, f is given by the absolutely convergent
integral

f@ =+ " exp — L )Bn at, 5)
z Jo z
valid for all ze C,. For a proof see Refs. 1 and 2.

Note that the singularity structure of B reveals a large
amount of information about /. We want to mention applica-
tions in quantum field theory and statistical mechanics. For
a recent application to disordered systems see Sec. III.

In some problems the function f can be written as
f(2) = f1(2)/f,(2), where both f| and f, obey the hypothesis
of Nevanlinna’s theorem. Among these problems we men-
tion the eigenvalue perturbation for Schrodinger operators
(see Ref. 3), lattice field theories, and disordered systems
(see Sec. III for a discussion of this point). It is an easy
exercise in formal series manipulation [using the inequality
¥4l (N — n)! <N!] toshow that, provided f(0) #0, 1/f

1118 J. Math. Phys. 29 (5), May 1988

0022-2488/88/051118-04$02.50

also obeys Nevalinna’s theorem, i.e., 1/fis Borel summable
if f has this property. Another proof follows from the Ap-
pendix in Ref. 4.

We first give a different proof based on the use of an
integral equation; the study of this integral equation will be
the main contribution of this paper. The first to propose an
integral equation for the Borel transform of 1/f was
’t Hooft,” who used the Laplace transform instead of our 1/
z-multiplied version in (5). Consequently, 't Hooft’s® inte-
gral equation contains a §-function inhomogeneity stem-
ming from the fact that f(z) = O(z) at the origin and 1/f has
a pole at the origin. We find it convenient to modify the
’t Hooft integral equation as follows.

1. MAIN RESULTS
Suppose that

fiz) = ifw e~ "B,(1) db, 6)
zZ Jo

where B, is supposed to be known. We are searching for a
function B, obeying

1 1~ _,
=— 1zp, dt. 7
2 Z J; € ,(1) dt (7

Provided that (7) holds,

f(2) -2 Jm —t/z fw ~t/z
1= = ‘B, (1) dt ‘B,(¢) dt
o) z X e 1 (8) X e ()

=z_2fw e~ '/*(B,*B,) (1) dt, (8)
0
where
(B,*B,) (1) =J B, (t—t")By(t') dt’. (9)
0

To establish (8) we used the convolution theorem for La-
place transforms.®
Now an integration by parts yields

1= —z7'e "*(B*B,) (1) |&

+z"Jm e *(B*B,) (1) dt. (10)
(4]

with the first term on the right-hand side O because (B*B,)
X (0) = 0. Comparing Borel transforms on both sides we
obtain
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d
1= Z(BI*BZ) (t)

= B,(0)B,(1) + f Bi(t—t")B,(t')dt', (1
0
which gives the desired integral equation for B,:

1 1 '
B = — B (t—1t")B,(t')Ydt'.
(1) B;(O)L 1 (€ YB,(t")

(12)

B,(0)
Note that B,(0) = f(0) 40, so that (12) makes sense.
Fortunately a formal solution of Eq. (12) can be given
immediately. It is easy to check that

1 1
B = — B, (t) — B,(0
L, (1) B.(0) B‘(O)z( 1{8) H{0))

1 ,

+ W(B‘(t) — B, (0))*B (1)
1

- W(Ba(t) —B,(O)B i (D*B (1)

T, (13)

solves (12).

The following theorem shows that the series (13) is well
defined.

Theorem 2: Let fobey the hypothesis of Theorem 1 and
suppose that f{0)#0. Then the series (13) converges in
S(o) and represents an analytic function there. Moreover,
there exists a R ” > 0 such that

|B,(2)|<const exp(|t|/R") (14)

uniformly in every S(o”), with 0’ > 0. As a consequence the
Laplace transform of B, exists and represents a function ana-
Iyticin Cy-.

Proof: 1t is well known’ that B | also satisfies the bound
(4). Now choose &’ > o and t€S(¢’). From Nevanlinna’s
theorem it is clear that each term of the series represents an
analytic function in S(¢’). The convolutions are performed
by taking the integrations along the straight line joining O
and t. Thus we will estimate

| [ animis— 1)~ Bion| dr, Bi 1~ 1)
(¢] 0

x---xf"“’a't,,B;(tn) ] (15)
(4]

We make three crucial observations.

(i) We note that B, and B | obey the exponential bound
4).

(i) On the contour of integration |t, —
=[t;| = |tix1l,50

tival

H exp(R"7't, — t,, y|) =exp(R"~'[z]),
i=0

where we haveset f,=tand ¢, , =0.

. J¢] | 1ty 4l !t{”
(iil)f dt, dtsz dt, = .
0 0 0

From (i)-(iii) it follows easily that (15) is bounded by
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const” exp(|t [/R")|t|"/n!. (16)

Inserting (16) into (13) shows that the series converges uni-
formly in every compact subset of S(o) and gives an expo-
nential bound (14) uniformly in every S(0’) (¢’ >0). The
analyticity follows from Vitali’s theorem. |
We now have the following theorem.
Theorem 3: The function B,(#) given by (12) or (13) is
the Borel transform of 1/f, i.e.,

1 [~ t 1

z J:) exp( z )Bz(t) d fz)

Proof: The bound (14), combined with Lebesgue’s
dominated convergence theorem, shows that for zeCy. the
series (13) can be Laplace transformed term by term to yield
the Laplace transform of B,. Thus we have to study the La-
place transform of the nth term of (13). Using the convolu-
tion theorem we obtain

an

—i—f e~ "{(B,(-) —B,(0))*B [*---+B) (1) dt
(4

- (_l-r e="/B, (1) dt-—B,(O))
2 Jo

L #—1
x(f e B’ (1) dt)
433

={fz) — B,(D))". (18)

The evaluation of the second set of parentheses was per-
formed by an integration by parts. Now recall that
B,(0) = a, and according to the asymptotic expansion (1)
f(z) — B,(0)is O(2) forz—0in Cp .. Thus we choose |z| €1
in order to have | f(z) — B,(0)| < |B,(0)|. Then

—l—f e '?B,(t) dt
Z Jo

s (fo-noy_
Bl(o) n=0 Bl(o) ﬂz) ’

which was to be proved. ]

Remarks: (i) The domain of analyticity of B, could be
larger than that indicated by Theorem 1. Suppose B, is ana-
lytic inside a circle C(£~") in the ¢ plane centered at the
origin with radius £~ ' >~ ! and that it cannot be analytical-
ly continued to a circle with radius £, ' > ' . Our proof of
Theorem 2 actually shows that B, is also analyticin C(Z™!).
A symmetry argument in fand 1/fshows that B, cannot be
analyticinacircle C (£ ') with 2~ '> =~ The functions
B, and B, have the same set of singularities in their common
circle of convergence.

(ii) The series obtained by differentiating (13) term by
term also converges uniformly on every compact subset of
S(o) and so represents B} (1) there. We have

B(t)= —[1/B,(0)*1B (1)
+ [1/B(0)’1(B{*B}) (¢)
— [1/B(0)*] (Bi*Bi{*B{) () +-. (19)

The series (19) will help us to study the strength of the
singularities of B,. Since convolution powers of a function
are more regular than the function itself we can expect that
the first term of series (19) gives us the leading singularity of
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B . Under fairly general circumstances this picture is con-
firmed by the flowing theorem. Here we restrict ourselves to
the study of the singularities lying on the circle of conver-
gence of the power series representation (3) of B,.

Theorem 4: Let ¢ be a singularity of B{ lying on the
circle of convergence of (3). Furthermore, suppose that for
some C>0

|2]
J |Bi(t")|d|t’|<C|B(D)]. (20)
0
Then
B; (1) = — Bi(t)/B,(0)>* + O(B,(1)) 2n

along the ray joining O and ¢&.
Proof: For performing the proof we again have to esti-
)

Ty 1
..J dtnB;(t'—tl)'”B;(tn-l
0

< dt,---fh dt,|Bi(t—1t)||B1(t,)]
(4] (]

mate the multiple convolutions constituting series (19).
When taking absolute values we treat ,¢,,... as positive real
variables to simplify the notation, although they should cor-
rectly be denoted by ||, d |z], etc. (for detailed proofs see
Ref. 8).

First consider four points: 0<¢;<¢;_, <t;<t_ <t <.
(See Fig. 1.) If ¢,_, —¢;>¢/2 then necessarily ¢,_,
—4<t/2.

Thus we have the estimate

|Bi(ti_y —t)Bi(ti_y — 1)
<C1(|B;(tj—1 _tj)|+|B;(ti—l _ti)l): (22)

where C, = sup {|B} (?)|: 0<t<}(¢ + €) } for some €> 0.
With these preliminaries we can estimate the convolu-
tion powers of B |,

n+1 pt Lo ] t |
micr's dt.---f a1l [ty [ e,
(1]

i=1J0

__2n+lcn 2

i=14J0

thl f dt,|B(t;_, — t)|’

n+t n—z+l
et Y dt1 f dr,_, — =1 fim

n—|+1 ‘

(n—i+ 1)
f dilB (4, — 1))

:—1 [V} (n—i+ 1!
n+1 ti-2 n_1‘+l
<2"+1C" dt PN dti_ _—_;——__—f dt B t
1121 o ! ! n—i+ 1) l ( )l
=2n+lcn J-dt |B ([)‘<C(n+1)2"+lcn IB (t)! (23)
t—-l

The bound (23) makes series (19) absolutely convergent,
which proves the theorem immediately. The term
— B (t)/B,(0)? derives from the first term in (19) (with-
out convolution). n
Remarks: In applications it is often interesting that the
asymptotic estimate (21) is not only valid radially, but in an
angular sector with vertex at ¢ lying inside the domain of
analyticity. The proof of Theorem 4 shows that (21) is true
uniformly in a sector with the vertex at ¢, having an opening
angle 27 — a, @ >0, if

[1Bianaiei<ciz,m) (24)
Cl

>

it

FIG. 1. The four points 0<f,<¢,_,
<4<y <t<§ areshown.

o
A
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is true uniformly for any ray C, lying in this sector and end-
ing at . This enables working “outside the Borel circle” (see
Refs. 9-11 for an application). There is a large class of func-
tions B, satisfying (20). In the following lemma we take
= —1

Lemma 5: Suppose that (for a, £>0)

B,(t) = [F(t)/(1 + )*llogP(1 + 1), (25)

with F analytic in a neighborhood of — 1. Then for ¢ near
— land |arg t| <7 — €, € >0, B, obeys

J |Bi(¢")|d|t'|<C|B ()] (26)
Cl
uniformly for every ray C, from #, to ¢, with f, near ¢ and
|arg(z — #) | <7 — €.

Proof: For t near — | we can write

IBi(t)|<const( log?(1+1)
(1+n*
[ log”(1 + 1) )
Q+o ') 27
'+YE (14! (27)

The major contribution in (26) comes from the last term in
(27). However (for tnear — 1),
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logf(1+¢t')

TEYIEL d|t’|

J.

1
< su loﬁ(l-}—t')f R ——; N T &
z'elc),l g | C, (1—}-[’)m+I | l
1
<const|log?(1 + ) f \————— dl|t’
flog?t1 +0)| | | o [de
<const|B,(1)] . [ |

A particular case of this lemma appears in Ref. 10.

Ill. GENERAL REMARKS AND CONCLUSIONS

Following an idea of ’t Hooft’ we study an integral
equation for the Borel transform of 1/f, f(0)#0. Because
(over the convolution theorem for the Laplace transform)
the Borel transform of a product f*g can be computed easily
we are able to control the singularity structure of the Borel
transform for a quotient such as f/g, g(0) #0. By similar
methods the log function is studied in Ref. 8.

Besides possible applications to the Borel summability
in quantum mechanics, which we do examine here, we have
in mind applications in some areas of mathematical physics
which make use of the cluster expansion. For the simplest
case of a lattice model with continuous spin distribution the
cluster expansion (in the high temperature region) typically
provides us with an expression of the form X; Il ;®,,
where the summation goes over some graphs. Again, P, is
typically a quotient of the form f/g, where usually there is
good information about the Borel transforms of fand g, in-
cluding the singularity structure outside the Borel circle. We
write the cluster expansion in the “Borel variable.” The sin-
gularity structure in the Borel plane (mainly outside the
Borel circle—see, for instance, Refs. 9-11) is responsible for
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interesting physical properties of the system, such as instan-
tons, etc. The singularity structure in the Borel plane is also
the object of interest in a modern branch of mathematics: the
theory of resurgent functions with deep application to the
theory of differential equations and other areas of interest
(see Ref. 12). Applications to the physics of the program
described above are given in Refs. 9-11.

At present we are not able to treat more interesting
problems such as the identification of the responsibility of
instantons for Lifshitz tails in the case of the disordered sys-
tems with bounded single-site distribution.
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In the context of the extension of the Hamilton-Jacobi theory to include Lagrangians involving
higher derivatives the characteristic function seems not to have been considered. This omission

is here rectified.

l. INTRODUCTION

A variational problem encountered frequently—in clas-
sical dynamics, for example'—is to extremize the functional

P "~
V:=f Ldr,
t

where the “Lagrangian” Lisa given function of N functions
&4(7), their first derivatives £7(7), and 7 explicitly,

(1.1)

A=1.2,.,N.Inother words, if Ry, , isan (N + 1)-dimen-

sional Euclidean representative space, with coordinates x*,7
(4=1,.,N),let P(q,...q",t), P'(q'y,....q'"" ,t") be two ar-
bitrarily prescribed points which have r=¢,
xA=qgt=E%t) and 7=1t', x*=¢'": = £(t'), respec-
tively. Then, exceptional circumstances apart, the set of
curves joining P and P will contain one particular curve &
for which the value of ¥ has an extremum,; it is this curve &,
the “extremal,” which is to be found. It is well known that &
must satisfy Euler’s equations

. JL
1TA =?’ (1.2)
where
dL
L= 1.3)
Ty FE (

is the “momentum” conjugate to £#. Further, by familiar
methods one shows that Eqgs. (1.2) are equivalent to the
canonical equations

; oH . oH

a_ - 97 1.4)

S0 T T g (
where the “Hamiltonian” H(m,,.., 7y, £ ™ ,7) is

H=Yr§"-L (1.5)

expressed as a function of the €4, 7, and 7. In turn one may
make a canonical transformation so chosen that the trans-
formed Hamiltonian vanishes; then the problem of integrat-
ing (1.4) is trivial. The generator S(&',....£",r) of such a
transformation must satisfy? the Hamilton-Jacobi equation

as as as
H seees T0 19'"’ N ) —=0.
(agl Frricac ) R =

Now, the condition 8V =0 that ¥ be an extremum
leads to a specific path of integration & in (1.1), connecting
assigned end points Pand P’. The corresponding value of Vis
therefore a function V(q’',....¢'" ,t ",q",....¢" ,t) of the 2N + 2

(1.6)
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coordinates of the end points, at each of which it satisfies a
Hamilton—Jacobi equation:

B (gt ™) + 5520, (172)

~( Vv 4 oy

H{ ———,.., — N A/ i 4 =0. 1.70
( dq' 9™ ek ) ar -

To know ¥V is to know the solution of the variational
problem since
av 4

§= 4

are the equations of &, P and P’ being taken as the fixed
initial and variable final point, respectively. Just for this rea-
son V goes under the name ““characteristic function” of the
problem or of the system to which the problem refers. (In
dynamics ¥ is Hamilton’s principal function,? in geometri-
cal optics it is the point characteristic,® and in general rela-
tivity theory it is the world function.*)

It is not mandatory that L should contain no derivatives
of & higher than the first; therefore, let it now contain de-
rivatives up to order n. If lowercase subscripts denote the
order of derivatives with respectto 7, e.g., £ 4,: = d £ /d 1",
the Lagrangian is then L({£4,},7),4 =1,..,N,a =0,...,n.
Euler’s equations are now’

a aL
—DYf———} =0, (4=1,.,N
azo( ) (3§Aa )a ( )

[see, also, Eq. (2.5)]. While this generalization has been
known for a long time, the generalization of the Hamiltonian
theory, that is to say, of the canonical equations (1.4), ca-
nonical transformations, and the Hamilton—Jacobi theory, is
comparatively recent.® The characteristic function, how-
ever, does not seem to have been considered in this context,
an omission now to be rectified. Initially the argument pro-
ceeds within the confines of the special case N = 1. The even-
tual generalization to arbitrary values of NV is almost trivial,
but in the meantime one can make do with a less turgid
notation.

In essence, in Secs. II and III the relations (1.1)—
(1.7)—with N = 1— are generalized to Lagrangians that
involve derivatives of £(7) of order > 1. In Sec. IV the char-
acteristic function is contemplated as the appropriate solu-
tion of the differential equations (3.3) satisfied by it. By way
of example, the construction of ¥ is carried out explicitly for
the case of the second-order  Lagrangian
L= Im(&,> — 0™2&,?), with constant m and o, while Sec.

(4=1,.,N) (1.8)

(1.9)
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V B deals with certain aspects of the (7 4- 1)th-order La-
grangian L = (£, , ;)?. Certain general results obtained in
this case are sufficient to give the explicit form of V when
n = 1,2,3. General values of n are admitted in Sec. VI and
finally, Sec. VII deals with the example of a Lagrangian con-
sidered by Constantelos® which has N =3, n = 2.

II. VARIATION OF V, N=

To keep the work transparent the special case N = 1 will
first be dealt with in detail. Thus

’I>= J: Z (gn ’gn—- 1 ,...,é'o,T)dT ’

with the integration extended along some curve ¢ joining
P(q,t) and P'(q',t’). In place of ¥ contemplate a neighbor-
ing curve ¥ * joining neighboring points P * (g + 8¢, + 5t)
and P'*(q' + 8q',t' + 6t'), with “neighboring” meaning
that ¥ * is given by equations of the form

xt=£4r) + 864, (22)

granted that 6£*: = e£* (7), where € is a sufficiently small
positive number and £* is an arbitrary, sufficiently often
differentiable function of 7. The distance between P and P *
and that between P’ and P’* both go to zero with €.

When, in (2.1), the integration extends from P* to P'*
along €* and terms 0(6‘2) are rejected, the value of the
integral will be V + 67, where

t' + 5t'
8V = f L (&, + 8, b0 + OEor)drT

t+ 6t

(2.1)

_fz (EnrrkoT)dt

[ S Iese.dr+r 8 —Ler,

t a=0

(2.3)

with L°: = JL /J¢, and where L',L are the values of the
function L(§,,, ,§0,7') evaluated at P’ and P, respectively.
The integral §'' L° 8¢, dr may be integrated by parts a
times and (2.3) then becomes

A

6V = Z{Z(—l) [Le 860s_1]"

a=1

+(—1)“fZ“,, 6§odr]

.
+J. Létydr+ L' 6t —Lét. (2.4)
t

When the end points are fixed, 6¢’, &¢, and the integrated

parts all vanish and one arrives at the familiar result that the

extremal & must satisfy
S (—1°Le, =0. (2.5)
a=0

Now take ¢ to be & and concomitantly write ¥ in place of

V. Then according to (2.4), if &q.:=¥86.(t"),
8q'.:=86.(1"),

8V = A[ i, bi; (=1)*L% 8q,_y_1 +L6t] ,(2.6)
where AG: = G' — G denotes the difference between the val-
1123 J. Math. Phys., Vol. 29, No. 5, May 1988

ues G 'and G takenattheend points P’and P by any quantity
G defined along &. Equation (2.6) may be given a more
convenient form by defining the “momenta”

n—c-—-1 -
= Y (- NeLo*+e*+1, . (¢=01,.,n—1).
b=0
.7
[It may be noted that formally Eq. (2.5) of the extremal
is 7 =1 = 0.] Equation (2.6) now reads as
n—1 -
&V = A( Y péq.+L 5t) .
c=0
Since
8. =08q. —q.,, 8¢,
one has
n—1
5V = A( S 584, _Kst) , (2.8)
c=0
where K’ and K are the terminal values of
o~ n_l ~
E=Y 76, — L& mbor) . (2.9)
c=0

IIl. THE EQUATIONS SATISFIED BY VIN=1)

The right-hand side (rhs) of (2.9) is a function of the
n+4+1 functions £,(b=0,.,n), the n momenta
7 (¢ =0,...,n — 1), and 7. There is thus no momentum 7"
conjugate to £, . However, £, is redundant in the sense that it
may be eliminated in favor of #” ~! in view of (2.7); choos-
ing ¢ = n — 1 in this, one has

T =L naT) (3.1)

which may be resolved for £, in terms of 7"~ !,
&n_ 15607 Eliminating £, from K in this way, it becomes
a function H of 7"~ ',..,7°%&, _ ... w&o,T. From (2.8) one
now reads off the relations

pe= g; , (3.2a)

% = —-H’', (3.2b)

= — g;:, (3.2¢)

%=H, | (3.2d)
c=0,1,.,n—1.

The function ¥ (g _,,...,.6,t",q, _ 1,---got ) evidently
satisfies the two simultaneous equations

v av av
H gesey T :x— sslfo> +—=0, 3.3a
(aq;_l ags " q") ar (3:32)
v av v
H( ~ = gt | — 2L =0,
( q, _, ag; ! q°) at (3.3b)

Remark: The variation of K may be simplified by means
of the relation

Le=i"+7° 1, (3.4)
which follows trivially from (2.7). This leads to the relation
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_~ n— 1 . 7
sH="S (£, 6r"— i 6€,) +(%’1)dr. (3.5)
a=0 T
The (£,,7°) are therefore pairs of canonically conjugate
variables.

IV. THE CHARACTERISTIC FUNCTION AS SOLUTION
(N=1)

Each of Eqgs. (3.3) has the form of a Hamilton-Jacobi
equation. Let ¥V'=S(q,_,,..g5ta" " ,...,.a°) (a"~ !,
...,a® = const) be a complete integral of (3.3a). Then, by

inspection, V2= — S(g, _,dot,@" " ',...,a") is a com-
plete integral of (3.3b) and
vh.=v'4+p? 4.1)

obviously satisfied both (3.3a) and (3.3b). Then the charac-
teristic function ¥V is obtained from (4.1) by adjoining to it
the n equations

,
Y 0 k=0,..n—1)

P (4.2)
a

and eliminating the a* from ¥’ by means of these.

This prescription’ reflects the group property of canoni-
cal transformations. For convenience, in this section only,
writea" ~',...,a° = :a, and analogously for any other set of n
quantities, so that, for example, V' = S(q',t",a). V' is the
generator of a canonical transformation which takes q,p into
a,b, where b* = — 3S(q',t’,a)/da* . Likewise, V'? takes a,b
into q',p’, with b* = — dS(g,t,a)/da". The two alternative
equations for 4* imply exactly the relations (4.2). On the
other hand, Eq. (2.8) (with H replacing K) shows that V' is
the generator of a canonical transformation which trans-
forms q,p directly into ¢',p’. It follows that the procedure
described above, i.e., the elimination of the a* from V' by
means of (4.2), results just in the characteristic function V.

Before going on to general values of N some particular
examples will now be considered.

V.EXAMPLES (N=1)
A.n=2: L=}m (& 2— 0 %,?%), mo=const

Here
H= — (e*/2m)(7")? + 1°€, — imé&? (5.1)
so that Eq. (3.3a) is explicitly
w® [ AV)? av , , ¥V
_ (Y (Y —mgr + = =0. (5.2)
2m(aq;> q‘(aqa) ST o

Setting V= W(q;) + ag, — ft’, with constant a and £,
one infers easily that

e
V*:A“J Fdx+a(q'e —q0) —B(t'—1), (5.3)
7]
where A % = w?/2m and
Fi=(—imx*+ax—p)'".
There are two Eqgs. (4.2):
g}
f xF~Vdx +24(¢'s— q5) =0, (5.4a)
q:
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q1
f Fldx+4+2i(t'—1)=0. (5.4b)
-0}

The elimination of a and A is facilitated by the introduction
of the following abbreviations:

w=g, v=q, 1==2mp, y:=qo—4do,

p=mu—a, vi=mv—a, T:=w('—1). (595)
Thus, for example,

2m[F(u)) =5 —u?, 2m[Fw)]*=n-—+> (5.6)
Combining (5.4a) and (5.4b) one finds at once that

F(u) — F(v) = A(my — ao~'T). (5.7
Explicitly evaluating the integral in (5.4b) one has

arcsin(vn~'/2) — arcsin(uy~"?) =T,
whence

7= (u*++v* —2uvcos TNcsc? T. (5.8)
Then Egs. (5.6) become

(2m)"*F(u) = (v —p cos T)esc T,

(5.9

(2m)"?F(v) = (vcos T — p)csc T,

where ambiguities of sign have been resolved by appealing to
internal consistency. Equation (5.7) now becomes an equa-
tion for « that gives

a= —m{(u+v)(1~cos T) —wy sin T]/f,
where
fi=TsinT—2(1 —cos T). (5.11)

Next, the result of an integration by parts of the integral in
(5.3) may be simplified by means of (5.4), giving

V= (2md) ' uF(u) —vF()] — (a*/2mw) T + ay.
Using (5.9) and removing ¢ and v, this becomes
2moV=csc T{ —fo* —2m[(u+v)(1 —cos T)

(5.10)

—oysinT la
+ m?[2uv — (¥ +vHcos T}
It remains to eliminate & by means of (5.10). Then, finally,
V=(m/20)f{(sin T — Tcos T)(¢',* + ¢,%)
+ 2(T —sin T)¢' g,
+20(1 —cos T (', + ¢.)(q'o — 4)}
+a?sin T(q'y — o) - (5.12)

It may be noted in passing that the characteristic function
which belongs to the Lagrangian L= 1£,% may be obtained
from the rhs of (5.12) as follows: First, reverse its sign; sec-
ond, set m = w?; and last, take the limit @ —0. It turns out
that, withz: =¢' — ¢,

V=2"'¢"+ ¢4, + %) — 62 (q's + ) (o — 90)
+ 6273 (g —qo)*. (5.13)

The equation of the extremal whose initial data are
p'.p%q1.90 is given by the pair IV /dg,= — p°
3V /9q, = — p' between which g is to be eliminated.
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B. Generalities concerning L= 3E .1 )P

Even very simple Lagrangians that contain derivatives
of order > 2 seem to present great difficulties when it comes
to finding the characteristic function by standard methods.
In special cases one may, however, follow a different route.
In this context we shall here merely consider a particular
class of Lagrangians, namely polynomial Lagrangians, ho-
mogeneous quadratic in & and its derivatives. This entails the
linearity of Euler’s equations. In turn this implies that ge-
nerically Vis a quadratic form in the terminal values ¢; .4, of
&,(1) (a=0,..,n), granted that L is of order #n + 1. Thus

= “ 1 ji ’ ’ ji ! 1 ji
V= z z(“—Aqujqk +Bjkqj qk +—Cjkqj qk))
j=0k=0 2 2
(5.14)

with 4 %/ = A /* C*/ = C’* The coefficients of this qua-
dratic form are functions of ¢’ and ¢. (Strictly speaking, they
should all carry an additional index n + 1, but this may be
left understood here.) Substitution of (5.14) in (3.2b) and
(3.2d) then leads to a set of coupled ordinary differential
equations for them which may be solved recursively.

aa™ et 'yl —(n—j—k+ a*=0,
@bk pi— ok —(2n—j—k+1)b*=0,
b "p "k —Qn—j—k+1)c*=0,
binp n —(2n—j—k+1)a*=0,
birgrk  — pRi—! —Q@n—j—k+1b*=0,
clenk  _ehk=1 _i=tk _(op _j_ k4 1)c*=0.

(Any coefficient with an index whose value < 0is to be taken

as zero.) Under the interchange of end points, g;<»q,,

z— — z,and V- — V. It thus follows from (5.18) that
= (= 1Yk,
b= (—1y+kp¥,

(5.20a)
(5.20b)
As a consequence the three relations (5.19c), (5.19¢), and

(5.19f) have become redundant. It is convenient to label the
J

The simplest Lagrangian of order n + 1 is

L=} 1)’ (5.15)
and the corresponding Hamiltonian is
— n—1
H=%(1r")2+ S T (5.16)
c=0

The Hamilton-Jacobi equations (3.3) are therefore

17V " av  av

— ! —_—t—=0, 5.17
2 (8q’,,) +¢§oqc+l aq'. +¢9t’ (5.172)
173V &d av v

— —_ - —=0. 5.17b
2 (c?q,, ) cgo et dq. Ot ( )

In (5.14) ¢’ and ¢ can only occur in the combination
z: =1t' — t[recall (5.3)] and from dimensional analysis one
concludes that

= % l ji ’ ’ ji ’ 1 i
V= »ZOkzo(‘z‘“’*qf Ix +5%q; q + g, qk)
ji= S
Wz @n—i—k+1

(5.18)

Substitution in Egs. (5.17) gives the following relations gov-
erning the constant coefficients a/*, b *, ¢/*:

(5.19a)
(5.19b)
(5.19¢)
(5.19d)
(5.19¢)
(5.19f)

r
remaining equations (5.19a),
I’*, J* K7 respectively.

I have not been able to find the general solution of these
equations. Therefore, proceeding step by step, K % and 1%
jointly give " = ja™, where j2=1. Then K™ and K"
yield 5™ = (n + 1)j and @™ = (n + 1)? in turn, and now
I™ gives a*"~'= —in(n+ 1)*(n+2). Continuing in
this fashion, including only coeflicients that havej, k\>n — 2,
I find that

(5.19b), and (5.19d)

a"=(n+1)? @ '= —n(n+1D*(n+2), a" P=ln—Dnn+1)’(n+2)(n+3),
a =1t (n+ D (n+2)}, @t i = —j(n—Dn¥(n+ D (n+2)2(n+3),

@2 =1 (n— 1) n¥(n+ 1)*(n + 2)%(n + 3)?,

b™=jn+1), b™ '=jn(n+1)(n+2), b =ij(n—Dn(n+1)(n+2)(n+3),

bn—l.n—l= _jn(n+ 1)(n+2)(n2+2n—-1)1

(5.21)

b=t =2= _1jn—Dn(n+ 1)(n+2)(n+3)(n*+2n-2),
b"=>"~2=1j(n—)n(n+ 1)(n+2)(n+3)(nf‘+4n3_3n2_. 14n + 16) .

Using only Egs. (5.19), the actual value of j cannot be found:
The presence of j merely reflects the invariance of these equa-
tions under the simultaneous sign reversal of all the »*.
From the relation b °" = jg™ already derived, one finds, us-
ing (5.20), that b™ = ( — 1)%a™ and ¢ = ( — 1)"a™.
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|
Consequently, the terms of ¥ governed by a™ are

a™(q', +Jg,)(q0+ ( — 1)%g,). However, just as ¢’ and ¢
must occur together in the combination ¢’ — ¢, so can ¢',q,
occur here only in the combination ¢', — ¢, [cf. (5.3)]. It
follows at once that
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j=(=1" (5.22)

Equation (5.21) is now sufficiently complete to give ¥ expli-
citly for n = 0,1, and 2. When n = 0,

Voo =13(g0 — g)*z7 "
When n=1, (5.21) reproduces (5.13) exactly. When
n=2,
Va2 =303¢'2> — 29',9, + 3¢,2)z7!
—~12(3¢'29'y + 29',9: — 2929’y — 3a,91)z”
+60(q', — 42) (' — o)z >
+24(4¢' 2+ 7¢'1q, + 4g,%)z73
—360(¢"s + 9,) (g0 — 90)2™*
+ 360(g' —

2

)z
go)z7>. (5.23)

VI. GENERAL VALUES OF N

It remains to extend the preceding work to general val-
ues of N. The Lagrangian is now a function of N functions
5‘0(1—) (4 = 1,...,N); their derivatives of order a, £, (7)
(a =0,...,n); and 7 explicitly. Therefore, in place of (2.1),

A=f L(§ noees 0) a§ n y§ (),T)dT (61)
If L% = JL /3£, one has the generalization
A N n o __
V=| 3 S L, 8" dr+L'6t'—Lét.
t A=1a=0
] (6.2)

Formally, (6.2) differs from (2.3) only through the appear-
ance of a second summation, namely, that over the addi-
tional index A. The generalization of the equations following
(2.3) likewise involves no more than a second summation.
The “momenta” are now

n—a—1

T = Z

b=0

(—l)bLAa+b+]b. (63)

(If one formally assigns the value — 1 to @ one has the equa-

tions 7~ " = 0 of the extremals.) Then
5V = A( S S pade, K&) (6.4)
where e
- 3 S mesh L. (6.5)

From (6.3) one has, in partlcular the N relations
7"~ '=1L," Provided det(d2L/9E", _, dE2, _,)#0,
these may be solved for the £, and the £, may thus be
eliminated from (6.5) in favor of the 1rB"" K is now a
function H of the 2nN+1 variables =, %", 7
(4=1,.,N, a=0,.,n—1). [The (7,°%*,) are canoni-
cally conjugate pairs of variables; cf. the end of Sec. III.]
From (6.4) one now reads off the equations
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av
= (6.6a)
Pa 6q"‘.,
%+H’—O (6.6b)
av
a- _ , (6.6¢)
DPa ana
Y _m—o (6.6d)
at

(6.6b) and (6.6d) are the two Hamilton-Jacobi equations
which the characteristic function ¥({g'%,}, {g%, },#',) must
satisfy (4 = 1,...,N,a =0,...,n — 1), granted that in H' and
H the p’ ;% and p,° are replaced by the derivatives of V ac-
cording to (6.6a) and (6.6c). Tofind V, i.e., the characteris-
tic function, from (6.6b) and (6.6d), one proceeds essential-
ly as in Sec. IV.

Vil. EXAMPLE (N=3,n=2)

To illustrate the preceding results we choose the La-
grangian

3
=_;_m Z [(§A1)2_w—-2(§A2)2]
A=1

considered by Constantelos.® Regard £4,,£4 , 17;, ,17',, as
the components of Euclidean three-vectors &, §, #°, ', re-
spectively, together with the corresponding vectors g, g, p°,
p' and their primed counterparts. Then

H= — A w2 + w%E — im|E|?, (7.2)
where H is the sum of three time-independent Hamiltonians,
each of the form (5.1). It is not difficult to convince oneself
that as a consequence the characteristic function ¥ associat-
ed with the Lagrangian (7.1) can be read from (5.12): One
only needs to replace in the factors multiplying the various
functions of T each of the terms bilinear in ¢'q, g0, 'y, 4, by
the corresponding scalar product. Thus

= (m/2m) f~{(sin T— Tcos ) (|q@'|> + |a|*)
+2(T—sin Tq"*q
—20(1 —cos T)(q' +q)*(q' — q)
—q/’}.

(7.1)

+o*sinT|q (7.3)
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The breakdown of causality in homogeneous Godel-type space-time manifolds is examined. An
extension of Rebougas-Tiomno (RT) and Accioly-Gongalves studies is made. The existence
of noncausal curves is also investigated under two different conditions on the energy-
momentum tensor. An integral representation of the infinitesimal generators of isometries is
obtained, extending previous works on the RT geometry.

I. INTRODUCTION

Ever since the foundations of general relativity were
laid, there have been investigations on the potentialities of
this theory, particularly as concerns its consistency with
Mach’s principle, the solutions of its field equations, causal-
ity conditions, and the like.

A number of familiar space-times make it clear that gen-
eral relativity, as it is normally formulated, does not exclude
the violation of causality in large scale, despite its local Lor-
entzian character. The Gédel model' is perhaps the best
known example of a cosmological solution of Einstein’s field
equations in which causality may be violated.

The existence of closed timelike curves in all homoge-
neous Gddel-type Riemannian manifolds was examined in a
recent paper by Rebougas and Tiomno.? They have shown
that the causality main features of these space-times depend
upon two independent parameters, m and . For
0<m? < 40 there exists only one noncausal region whereas
for m? <0 there are an infinite number of alternating causal
and noncausal regions. They have also found that for
m?>407 there is no closed timelike curve of the Godel type.

Very recently the homogeneous Godel-type space-times
have been discussed in the framework of the higher deriva-
tive gravity (HDG) theory by Accioly and Gongalves.* Re-
garding the m? = 42? metric, they have shown that it is also
a solution of the HDG theory. Then, by using results from
Ref. 2, they go as far as to state that they have “succeeded in
finding completely causal solutions.”

However, not only Rebougas and Tiomno but also Ac-
cioly and Gongalves have restricted their study to the section
t =z =const (cylindrical coordinates) of the Gédel-type
space-time manifolds. In other words, they have only exam-
ined the breakdown of causality of the type that occurs in the
Godel universe, leaving open the question of whether or not
there is a distinct type of violation of causality.

In this paper we extend these investigations by examin-
ing the existence of all types of closed timelike curves in the
homogeneous Gddel-type Riemannian space-times. We also
examine whether or not they are stably causal. Moreover, by
using the Newman—Penrose* null tetrad techniques we dis-
cuss the breakdown of causality in these space-times in con-
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nection with two different algebraic Segré types of the ener-
gy-momentum tensor. There emerges from our results that
among the new Reboucas-Tiomno? (RT) solutions, the spe-
cial one with m? = 4()? is the unique globally causal Gédel-
type solution with an algebraic Segré characteristic
[(1,11)1]. Nevertheless, it is not stably causal. We also find
an integral representation of the infinitesimal generators of
isometries for the special RT space-time, extending previous
works on this subject matter.2*-°

Il. MAIN RESULTS AND DISCUSSIONS

In dealing with the causal structure of space-time mani-
folds, the most general and powerful approach is undoubted-
ly the one based upon topological techniques.'®'? As a mat-
ter of fact, several other distinct problems in general
relativity also require these techniques to a greater or lesser
extent.''"'> However, most proofs employing the topological
approach tend to be rather long and to have a somewhat
technical character.

In what follows we shall adopt instead a simpler proce-

dure, already used by Penrose,'* Maitra,'® and Ozsvath and
Schiicking'® among others. We should perhaps state from
the outset that our treatment does hold as long as the mani-
fold is homeomorphic to R,. This is not as strong a con-
straint as it might appear at first sight: the Kasner and the
Gddel space-times, the plane wave solutions, certain Weyl
solutions, the open Friedmann models, the solutions repre-
senting collapsing spherical dust clouds as well as the Min-
kowski space-time, just to mention a few, all have the same
underlying manifold R,."!

It is known that all Godel-type Riemannian manifolds
homogeneous in space and time (hereafter called ST homo-
geneous) can be put into the form?

ds’ = [dt + H(r)d¢1* — D*(r)d¢* — dP — d2?, 2.1
where the functions H(r) and D(r) are given by
() H= 2Q/u*)[1 — cos(ur)],
# # (2.2)
D= (1/u)sin(ur),
when u? = — m?* = const > 0;
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({i)H=Qr, D=v (2.3)
whenever m = 0;
(iii) H = (2Q/m?)[cosh(mr) — 1},
(2.4)

D = (1/m)sinh(mr),

if m? = const > 0. In all cases § is a constant.

The existence of closed timelike curves of the Godel
type, i.e., the circles defined by t,z,r = const, depends on the
behavior of the function

G(r) = D?(r) — H*(r). 2.5)

Indeed, if G(r) becomes negative for a certain range of val-
ues of r (r, <r<r,, say), Godel’s circles, t,z,r = const, are
closed timelike curves.

It is, therefore, not difficult to show that there are closed
timelike curves in the above classes (i) and (ii). As for the
third class (m? > 0) Rebougas and Tiomno? have found that
for m? < 4Q)? there is one noncausal region. They have also
shown that for m?>407 there is no violation of causality of
the Godel type' (G6del’s circles).

Since the presence of a single closed timelike curve is
sufficient to ensure the breakdown of causality, the existence
of noncausal curves, other than Godel’s circles, in the RT
class of homogeneous space-times m*>4Q? remains to be
examined.

We shall now prove that there are no closed timelike
curves in the m*>4Q7 space-time manifolds. To this end, we
first introduce new coordinates ¢’, x, and y defined by®

tan{¢/2 + (m*/4Q)(t' — )] = e~ ™ tan(¢/2),

™ = cosh(mr) + sinh(mr)cos ¢, (2.6)

mye™ = sinh (mr)sin ¢,

and rewrite the line element for the hyperbolic family of
space-times (2.1) and (2.4) in the form
ds’ = (dt' + (2Q/m)e™ dy)* — ™~ dy* — dx* — dZ*.

(2.7)

where — o <?',x,0,2< + o, rendering explicit that the
manifold has been endowed with the R, topology. Now fol-
lowing Maitra’s reasoning,'> suppose there is a closed time-
like curve in this family of space-times, represented by the
parametric equations

x* = x#(A). (2.8)
Along the curve, each function x*(A) then either is a con-

stant or has one or more extrema. Therefore, in both cases
there is a point P where x°(A) satisfies

2, =0. (2.9)

Here the overdot denotes d /dA. Now from (2.7) the vector
field dx*/dA tangent to the curve is such that

7%, |p = (4Q%/m* — 1) —x* — 2. (2.10)
For m?>40? this equation implies that
x#x,,|p<0, (2.11)

in contradiction with our initial hypothesis. Thus there are
no closed timelike curves for the m?>40? family of Rieman-
nian space-time manifolds.

It should be stressed that although the above procedure
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has been applied to a special class of space-times, it does hold
for all space-time manifolds homeomorphic to R,, which can
thus be covered by a single coordinate patch.

The existence of closed timelike curves in a given space-
time is by far the most unequivocal manifestation of its caus-
al anomalies. Nevertheless, there are space-times that have
no closed timelike curves, and yet an arbitrarily small per-
turbation of their metrics would produce causality viola-
tion—they are “on the verge” of displaying breakdown of
causality. These space-times are said to violate stable causal-
ity.'®!"13 From the general relativity point of view, a stably
causal space-time is generally agreed to have a satisfactory
causal behavior.

We shall now prove that the m? > 4Q? family of Gédel-
type Riemannian space-times is stably causal. Indeed, for
the function f=¢’, from Eq. (2.7) one has

gf . f, =1—4QY/m’. (2.12)
implying that the gradient £, is strictly timelike provided
m?>4Q2% In this case, therefore, f is a global time
function. The existence of such a function is a remarkable
feature of the m? > 40 class of space-times. It implies that
all space-time manifolds of this family are stably causal."”
Particularly, they have neither timelike nor null closed
curves.

From the above procedure, the m? = 4Q)? space-time is
not stably causal. Actually this was already expected, since
for the m* < 42 class there exists violation of causality.

Before proceeding to the discussion of the connection
between breakdown of causality and the types of the Ricci
spinor, let us state the problem and fix our notation. The
algebraic classification of the symmetric second-order Ricci
tensor (or spinor) in general relativity is an eigenvalue prob-
lem with an underlying four-dimensional space-time en-
dowed with a metric of signature — 2. This problem gives
rise to the Segre types, which can be specified in terms of the
Segre characteristics. It turns out that only the types [1,
111] and [2,11] and their specializations are consistent with
both the dominant energy condition and the local Lorent-
zian character of general relativity. In referring to the Segré
types we use a notation where the individual digits inside
square brackets are related to the multiplicity of the corre-
sponding eigenvalue, equal eigenvalues are enclosed in par-
entheses, and the first digit corresponds with a timelike or
null eigenvector and is separated from the spacelike ones by
a comma.

The necessary condition for the Ricci spinor ¢ , to be of
Segre type [1,(111)] or Segré type [(1,11)1] is that the
Plebaniski spinor vanishes identically,'® viz.,

Xascp = i¢(ABEF¢CD)ErEO- (2.13)

However, for the Godel-type metric (2.1) one has ¢y; = 0.
Thus Eq. (2.13) implies

Soi =Pz = i(H’/D)I =0.

where a prime means a derivative with respect to r.
Now for ¢ 5 tobe of type [1,(111)] and [(1,11)1] one
has to demand, respectively, that'®

(2.14)

oo = P23 = 26 (2.15)
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and

oo = b3 = — 2¢4i. (2.16)
A rather lengthy but straightforward calculation,?® checked
by using the set of algebraic computer programs CLASSI,?'
gives the values of 4,5, which together with Eqgs. (2.15) and
(2.16) furnish, respectively,

m? =202
and

m? = 402,
where m* =D "/D and 2Q = H'/D.

Equation (2.17) defines nothing but the Godel model,
which is known to violate the causality principle. We have,
therefore, shown that all Gidel-type Riemannian space-
time manifolds of algebraic perfect fluid Segré type have
closed timelike curves. Similarly, Eq. (2.18) characterizes
the Rebougas-Tiomno® metric and therefore, bearing in
mind the above results, we conclude that all Godel-type Rie-
mannian space-time manifolds of Segré type [ (1,11)1] have
no closed timelike curves. Furthermore, they are not stably
causal.

In Euclidean geometry the metric relations are unaffect-
ed by translations and rotations. Real gravitational fields do
not usually have such a high degree of symmetry. Neverthe-
less, they often admit some continuous group of transforma-
tions preserving their structure. A conformal motion, for ex-
ample, preserves the metric up to a factor whereas a motion
(or isometry) preserves the metric itself. The group of iso-
metries of a space-time manifold is, undoubtedly, the most
important group of symmetries as far as metric theories are
concerned.

In the remainder of this paper we shall be concerned
with the isometric transformations of the RT space-time,
whose line element can be brought into the form

ds? = cosh?(r)dr* — dr* — sinh?(r)d¢® — dz>  (2.19)

by a trivial coordinate transformation. For the sake of sim-
plicity we have set ¢ = Q = 1. It has been shown by Teixeira
et al.’ that besides the trivial Killing vector fields d,, d,, and
d,, the metric (2.19) admits four additional Killing vector
fields, which can be written in a collective notation as??

(2.17)

(2.18)

K(€,60) =sin(¢ + et + 0) [coth(r)d, + € tanh(r)d, ]
—cos(¢ + et + 0)3,. (2.20)

wheree = + 1and 6 =0or 7/2.

Even when the set of infinitesimal generators of isome-
tries of a certain space-time is known, finding an explicit
finite transformation mapping the manifold onto itself can,
in many cases, be a rather difficult task to perform. Never-
theless, we did succeed in obtaining the integral representa-
tion for the Killing vector fields (2.20) of RT space-time.
They are collectively given by
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t=1t'— ecot™![coth(a)coth(r)csc(gd’ + €t’' + 8)
+cot(¢' +et’ + 0)],
cosh(2r) = cosh(2r )cosh(2a)
+ sinh(27')sinh(2a)cos(¢’ + €t’' + G),
cot(d + et + 6)
=cot(¢’ + et’ + G)cosh(2a)

(2.21)

+ sinh(2a)coth(2r' )csc(d' + et' + G),

where a is an arbitrary real constant. The last two equations
make it clear what kind of transformation is involved: a
translation by a distance a in a hyperbolic plane orthogonal
to the z axis, in a direction which makes an angle Q)¢ + &
with the ¢ = 0 axis. The first equation (2.21) gives the time
transformation necessary to fix each isometry.
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Examples of grand canonical continuum models are given in R? or a suitable subset of RY, for

which no multiple phases exist.

I. INTRODUCTION AND MAIN RESULT

The majority of results on classical continuum models
of statistical mechanics establish, in some way, uniqueness of
phase and/or decay of correlations in the high temperature
or low activity regions of the (grand canonical) thermody-
namic parameters. In constrast to the theory of phase transi-
tions for lattice models, few inroads have been made into the
description of multiple phase regions for continuum models.
Positive results on the existence of multiple phases in some
continuum models, however, can be found in Bricmont,
Kuroda, and Lebowitz,' Israel® (see his Appendix B), and
the references contained in those works.

In this paper we give examples of continuum models in
RY, or a suitable Borel subset R of R?, for which no multiple
phases, and hence no phase transitions, exist. The examples,
given in Sec. II, are constructed from the hypotheses of
Theorem 1, stated below, which generalizes a result of one of
the authors in Ref. 3. The proof of Theorem 1 is given in Sec.
III and is based on the method of Dobrushin.*

We consider finite range, superstable, many body inter-
actions V of the form

|x]
V('x)= z 2 ¢N(y)1

N=1 yCx
=N

where x is a finite configuration of cardinality |x|, and
infy, @5 (y) > — o.Define ¥V(¢) = 0for the empty config-
uration ¢. We do not necessarily assume translation invar-
iance for V.

For configurations xC A and sN A, denote by V(x|s),
asin Refs. 3, 5, and 6, the energy of x assuming the external
configuration sNA€. The finite volume conditional Gibbs
measure for volume A, external configuration sNAS, fu-
gacity z, and inverse temperature £ is given by

pa (dxls) = {exp[ — BV(x|s)1/Z, (s,8:2) }v,a (dx),
(1.2)

(1L.1)

where

v, (dx) = i

n=0 n!

Zam~
is an unnormalized Poisson measure in A and Z, (s,5,z)
makes u, (dx|s) a probability measure. A Gibbs state is a
probability measure on the set of all configurations in R
whose conditional probabilities are determined by (1.2).
For details, see Refs. 5 and 7-9.

We can now state the main result.

1130 J. Math. Phys. 29 (5), May 1988

0022-2488/88/051130-04%02.50

Theorem 1: Let the interaction V satisfy the restrictions
given for Eq. (1.1). Suppose there exists an increasing se-
quence of bounded Borel sets {A, } whose union is RCR?
such that

(1) ey () =0, for any N>2 and y = (,,....0x)

such that yN A, #d#yNAY ., for some k;

-1
(2) 2 [sup zZ, (s,ﬁ,z)] diverges,
k s
where 4, = A /A _ .

Then the Gibbs state for V,5,z is unique.

Remark 1.1: Existence of the Gibbs state under the hy-
potheses of Theorem 1 can be established via the methods of
Refs. 7 and 9.

For the examples of the next section, we will assume that
the interaction given by (1.1) satisifies one of the following
two conditions.

Condition A: @ () >0, forall Nand all y = (y,,....px)-

For Condition B, let

, if max|[y, —y, ,
¢N(yl’---syN)= * g ”y yj||<r0

0, otherwise,

where ||+ || denotes a Euclidean norm on R?, 7, is less than the
range r of the interaction ¥, and N is an integer greater
than 1.

Condition B: There exists an integer N>2 and an inter-
action V' satisfying the restrictions given for Eq. (1.1) such
that

Vxy=V'e+ Y ¥nv0),

yCx

=N
for any finite configuration x.

Remark 1.2: If V satisfies Condition B with N = 2, then

Vis a hard-core interaction in the usual sense. However, if ¥
satisfies Condition B for large ¥, small r,, and V' has no
hard-core restrictions, then the behavior of particles with
interaction ¥ should be almost the same as the behavior of
particles with no hard-core restrictions (and with interac-
tion ¥'). Condition A or Condition B implies the following
inequalities:
(1.3)

for some B > 0, all boundary configurations s, and all config-
urations (x,...,x,). If 4, CR has positive Lebesgue mea-
sure |4, |, then

V(x,...X,|s) > — Bn,
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Vix|s)> —c|dil, (1.4)

for some ¢ > 0, all finite x C 4, , and any boundary configura-
tionsNAy§,.

Il. EXAMPLES
A. Wedge in R

In this example R is a wedge in R? properly containing
the cylinder

{(xpprXs)ER%: — 0 <X < 0, X5 + **+ + x3<c},
for some ¢ > 0. We assume R can be expressed as

R= U A,
k=1

where, for k sufficiently large, A, is contained in a right
cylinder, centered at the origin, of length 27k along the x,
axis. For any ¢ > 0, the cross-sectional area a, satisfies

a,<clnk, 2.1

for all & sufficiently large, depending on c. Let V' be transla-
tion invariant within R with range equal to 7 so that condi-
tion 1 of Theorem 1 is fulfilled. If V satisfies Condition A or
Condition B, then, by (2.1) and Remark 1.2,

sup Z,, (58:< | explBelds] 17, (d)

= exp[ (Bc +2)|4,|] <k.

Hence condition 2 of Theorem 1 is satisfied for all £ and z
and there is no phase transition.

Remark 2.1: Chayes and Chayes consider wedges in Z¢
in Ref. 10. They prove the existence of a nontrivial low tem-
perature critical point for the Ising magnet and bond perco-
lation if the cross-sectional area of the wedge diverges loga-
rithmically with its width. Example A above is a
complementary result and together with Ref. 10 suggests
that a phase transition in the continuum wedge R will occur
if a, does not satisfy (2.1) for all ¢> 0 and all large k. We
note that theorems for a variety of lattice models, analogous
to Theorem 1, can be shown to hold using the techniques of
Sec. III.

B. Hard rods in R?

Here R = R“and the interaction V satisfies Condition A
and models a system of hard rods all of equal length 1 and
parallel to the x axis. The cross-sectional diameter of the
rods is not translation invariant and decreases with the dis-
tance of the rod to the x axis in such a way as to fulfill the
conditions given below.

Let A, be the right circular cylinder of length 2k, cen-
tered at the origin of R? and symmetric about the x axis, with
cross-sectional area a, = In(In k) for k sufficiently large.

We assume that V satisfies condition 1 of Theorem 1
(i.e., a rod whose center lies in A, cannot “feel” a rod whose
center lies in A§ ;). It is easily verified that

>Z, (882" > Y exp[ —z|4,]]
= 3

= ;CXP[ — zlka, — (k- l)ak—l)]
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diverges for all £ and z. Since

Sup Z,, (s,8.2) = Z,,($:B.2)

condition 2 of Theorem 1 is satisfied and there is no phase
transition.

C. Increasing external force
Let R = R?and let

L]

Z z v ()

N=2 yCx
=N

satisfy Condition A or Condition B, the restrictions for Eq.
(1.1), and assume each @, ( ) is translation invariant. Let ¥
be defined by

x|

V(X)= z Z ¢N(x)’
N=1 yCx
|x| =N

where, for yeR¢,
P >[(d—1)/81In|pyl|=5, (), (22)

for ||y|| sufficiently large. Let A, be the hypersphere of radi-
usr(k + 1), where r> Ois a constant. If the range of V'is less
than or equal to 7, then condition 1 of Theorem 1 is fulfilled.
To see that condition 2 of Theorem 1 also holds, observe that

ix|
sup Z,, (5,8:2) <f eXp[BB x| =8 Y @:i(x) ]vAk (dx) .
K i=1
(2.3)
Then from (2.2) and the definition of A,,

sup Z 4 (s,8,2)

o

< 3 explBBn—pnp, ()] =4, "
o n!

= exp[z|di|exp(BB)exp( — (d — 1)In(rk))],
for k sufficiently large. Since |4, | <ck ¢ ~ ' for some constant
¢>0,

sup Z,, (s,8,2) <explzck?~'exp(BB) (rk) ~¢*']

=explczexp(BB)/r¢—]

and 2, [sup, Z 4, (5:8,2) 17! clearly diverges. Thus if (2.2)
holds, the Gibbs measure is unique for all z. If, for any 5,

@1 >[(d—1)/8 1In||y||,
for all ||y|| sufficiently large, then there is no phase transition.
Remark 2.2: The external force @, () satisfying (2.2)
has the effect of lowering the critical temperature, for the
translation invariant system described in this subsection, toa
value smaller than 1/5.

D. Radially decreasing range of interaction
Let R = R?and let A, be the hypersphere of volume
Y ca
k=1

centered at the origin of R%, where ¢ > 0. Let ¥V satisfy Condi-
tion A and condition 1 of Theorem 1. If
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Z’ exp[ —za, ]
diverges all of 2> 0, then condition 2 of Theorem 1 holds and
there is no phase transition. The case
(2.4)

was considered in Ref. 3. For application to the one-dimen-
sional case where (2.4) is natural see Refs. 3, 4, and 6.

a.=1

fil. PROOF OF THEOREM 1

The proof of Theorem 1 uses the following notation and
background information.

Definition 3.1: Let X(A) denote the set of configura-
tions in the Borel set A CR® For an interaction ¥, bounded
Borel set A C A with positive Lebesgue measure, and bound-
ary condition sN A, the finite volume Gibbs density r 4 (x|s)
is the density for ux (dx|s), restricted to X(A), with respect
to v, (dx). From (1.2),

J

exp[ — BV(x|s)]

exp[ — BV(x|n]

r(xls) = f exp[ — BV (xUyls)]
X(ANA) ZT\ (s,8,2)
Definition 3.2: If 1, and u, are two probability measures
with densities 7, and r, with respect to the finite measure v,
define

viia (dy).

plrur) = %f | (x) — ry(x)|v(dx)

=1- fmin[r,(x),rz(x)]v(dx).

Note that p(r,,r,) is the variation distance between y,
and y,.

An application of Dobrushin’s lemma (see Ref. 4,
Lemma 1) assuming condition 1 of Theorem 1 shows

P(fﬁ: (|73 [D)<apl(ry+( IS),rﬁ:" '( D), (3.1
for any configurations sNAS, tNAL, where n> k + 3 and

(3.2)

a=1-—inf min
X(Ap)

st

Z A k (S ’B )z )
For details see Refs. 3 and 4.

ZAk (t,B,2)

Va, (dx) .

Proof of Theorem 1: As in Refs. 3, 4, and 6, it suffices to show that

lim sup p(ry=( |s),/A%( |1))=0,
n—-w St

for any fixed k, sufficiently large.

(3.3)

For any configuration x and ACR, let x, =xNA. In particular ¢, denotes the empty configuration in 4. For any three

external configurations s,f,ueX (A% ) and yeX(A, _,),

exp[ —BV(ga Wylw)] _ o

exp[ — BV (44, Uy(9)]

. [ exp[ —BV(8,,Upls)] exp[ —BV(, Uyl)]
ZAk (s)ﬁyz) ZAk(tyﬁyz)

Integrating both sides of (3.4) gives
f min [ exp[ — BV(x|s)] expl —BV(x|)]
{#4JUXA_D

Z,\,( (t.8,2)

Z,, (5,B,2)

S\:p Z, (s,B.2) s Z,, (s,8.2) o

VY, (dx)

= [, min| TS 0] Rl 2B 2]
" Jxaey Z, (tB;2)

ZAk (s,ﬁ,Z)
> inf-——l-—f
s Zy, (5B.2) Jxa,_p
exp[ — BV (4, Uyls)]
Z, (sB.2)
The right side of (3.5) may be rewritten as

= inf
S JX(Ar_ )

Va,_, (@) .

Vae_, (dy)

exp[ — BV (¢, Up|u) | va,_, (p)

(3.5)

ian‘ f exp[ — BV (xlyUs)] EXP[ —BV(44,Urls) ]
s JX(AL_ ) IX(4Y)

Z, (yUsBz)
= inf 1
s Jxaw Zy,(Ya,_,YsB:2)
which is bounded below by

[sx:p ZAk-(s,B,z)] - .

Hence

Z,.(sB,2)

#Ak(dyls)’

exp[ — BV(x|s)] expl —BV(x|t)]

s,

inf min
X(Ay)

Z, (sB.2) Z, (t,B.2)
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Va, (dx)>

vy (dx)v,, _ (dy)

1

_ (3.6)
sup Z,, (s,8,2)
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Combining (3.1), (3.2), and (3.6) gives

PIrA=( 18),ra=( D)< (1 =k dplra=*'( [s),ra=*'( D),
(3.7)

for any s, ¢, and k,, where
-1
h, = (sup Z,, (s,ﬂ,z)) .
Applying (3.7) inductively shows

sup p(ri( [9).7AxC |)

ko+m A A
<[ a=ho]supptris=c o, o= o),
k= k, 5t

form <n + 3. Equation (3.3) now follows from the fact that

o

I a-ho=0,
K=k

when 27_, A, diverges, which is condition 2 of Theorem 1.
This completes the proof.
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The geometric theory of presymplectic systems is developed to study both the Lagrangian and
Hamiltonian formulations of a system described by a Lagrangian linear in the velocities. The
results are used to study some related problems for second-order differential equations and

regular Lagrangians.

1. INTRODUCTION

First-order differential equations arise frequently in the
mathematical description of the deterministic time evolu-
tion of certain physical systems. In relation to classical me-
chanics the fundamental role is played by second-order dif-
ferential equations (hereafter shortened to SODE),
although the Legendre transformation FL associated with a
regular Lagrangian L allows us to describe the time evolu-
tion of such systems by means of Hamilton’s equations,
which are first-order systems. However, it is well-known
that some important Lagrange equations, such as the relativ-
istic Dirac equation, are first-order systems. Another situa-
tion where one deals with first-order Lagrange equations,
when considering a SODE, is obtained by a doubling of the
dimensions of the configuration space with the introduction
of new independent variables corresponding to the old veloc-
ities; i.e., the old velocity space becomes the configuration
space, and the integral curves of the SODE vector field are
determined by a set of first-order differential equations.

In recent years much attention has been paid to the geo-
metrical approach to mechanics. So the Lagrangian and the
Hamiltonian formulations of mechanics are considered, at
least when L is regular, as being particular cases of a more
general structure: the Hamiltonian dynamical systems. The
dynamics is then given by a vector field I', (resp. Iy ) de-
fined by i(I'; o, = dE; [resp. i(I'y)w,=dH]. But the
point we want to stress now is that, if L is regular or, in other
words, if @, is symplectic, then the (uniquely defined) solu-
tion I, is a SODE; consequently, the projection on the con-
figuration space Q of the integral curves of I') €27 (7TQ)
gives a set of curves on which the Euler—Lagrange equations
hold. On the contrary, if L is singular, then the previous
assertion is not true, and the Euler-Lagrange equations de-
fined by L may play no dynamical role but will appear as
associated with SODE conditions.

First-order differential equations very often arise not
only in various branches of theoretical physics, but in other
fields such as biology dynamics. The knowledge of the exis-
tence of a variational formulation may be useful in the sim-
plification of some of these problems, and it is now well-
known that a Lagrangian giving rise to such a system of
first-order differential equations is linear in the velocities.
The singular character of such Lagrangians is referred to
explicitly in some recent books of classical mechanics (see,
for example, Sudarshan and Mukunda'). Nevertheless, the
studies of these Lagrangians® are usually done without using
the tools of modern differential geometry.?
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We aim in this paper to apply the tools of the geometry
of presymplectic systems to deal with the Lagrangians linear
in velocities. So in Sec. II we develop the geometric approach
for a system described by a Lagrangian L=/ + h, with
neA' (Q), heC= (Q), and study the different possibilities
according to the rank of du and the relation between g and 4.
In this approach we will make use of the difference between
dynamical and SODE constraints, and these methods are
applied to some examples. In Sec. III we establish the rela-
tion of the Lagrangian to the Hamiltonian formalism. The
explicit relations between the constraint functions arising in
both formulations are given using the X operator introduced
by Batlle et al.,* the geometric version of which was recently
discussed.® The theory so developed is not only an academic
subject, but the results obtained for Lagrangians linear in the
velocities will be used in Sec. IV, where the inverse problem
is reviewed from a new perspective. We deal in a more geo-
metric way with an approach developed by several authors,
where second-order systems are studied through first-order
systems obtained by doubling the number of degrees of free-
dom as dynamical systems defined in 7(7Q). The existence
of a Lagrangian LeC> [T(TQ)] is always asserted, and an
answer to the inverse problem for a SODE is obtained with
this new optics. When studying the case in which it is defined
by a Lagrangian LeC= (7Q), the well-known Helmholtz
conditions are recovered in the geometric version of Cram-
pin.® Finally, in Sec. V, we give a new application of the
theory. We prove, given the Hamiltonian dynamical system
(TQ,w, ,dE, ) defined by a regular Lagrangian, that this
system’s infinitesimal symmetries, not given by complete
lifts of vector fields in the base and, consequently, not seen as
gauge symmetries of L (recently characterized by Marmo
and Mukunda’), are such that their complete lifts are gauge
symmetries for L and so are more easily exhibited in this
approach. As a simple example, the two-dimensional iso-
tropic harmonic oscillator is given.

1. DYNAMICS: THE CONSTRAINT ALGORITHM

We consider a Lagrangian dynamical system with an n-
dimensional configuration manifold Q, and whose Lagran-
gian function LeC* (TQ) is assumed to take the form

L=p+h, (2.1)

where 4 is the pullback through the tangent projection 7, :
TQ - Q of a function 2eC= (@), and ieC> (TQ) denotes a
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function linear on the fibers associated with the one-form
neA'(Q), defined by

A(g) = (ug,v).
In local coordinates {g",v} (i = 1,...,n) adapted to the bun-
dle, the Lagrangian takes the form

L=m;(q)v’ + h(q) (2.2)

when the one-form ueA'(Q) is given by u = m; (g)dq’, so
that (2.1) represents a Lagrangian linear in the velocities
and, therefore, singular. The coefficients m; are often writ-
ten in the form” m;, = m; (q)q’, the functions m; being in
most cases independent of g.

The dynamics associated with a Lagrangian
LeC* (TQ) is given, in the geometric approach, by the vec-
tor fields Xe £° (TQ), solutions of the equation®

i(X)w, —dE, =0, (2.3)

where E; =A(L)—L is the energy function and
w; = — d(dLoS) is the presymplectic form associated with
the Lagrangian. Here A denotes the Liouville vector field
and S is the vertical endomorphism.®

The expression of w; in local coordinates is

3L ,,; -5 A ,
w; =———dg'\Ndg’ + ———dqg'\dv’, (2.4a)
o aq’ 77 av' v’ 7
and the matrix representation is given by
4 -
w, = [W OW], (2.4b)
where
2 2
aq' dv’ ' dq’
2
=L (2.5b)
' v’

When w; is symplectic, it follows that there is a unique
solution I'; eZ°(TQ) of Eq. (2.3) that is a second-order
differential equation (SODE) vector field, i.e., verifying®
S(I', ) = A, but forsingular Lagrangians this is not the case,
and Eq. (2.3) is not equivalent to the Euler-Lagrange equa-
tions unless this SODE condition S(X) = A is additionally
imposed. Two other properties of singular dynamical sys-
tems should be noted.

(i) Nonexistence of a global dynamics: The dynamics is
restricted to a submanifold M of TQ where Eq. (2.3) can be
consistently solved. The submanifold M is determined by the
so-called dynamical constraint functions obtained through a
geometric algorithm.® When the SODE conditions are also
imposed some additional constraints appear, determining a
smaller submanifold N.'*"!

(ii) Ambiguity of the dynamics: The solution of (2.3) on
M or N is not unique, the ambiguity of the solution being
given by ker o, NTM and V(kerw; YNTN on M and N,
respectively, where ker @, is the characteristic distribution
of the Lagrangian two-form w; and V(ker w; ) denotes its
vertical part.

For the singular Lagrangian (2.1) we find that
E, = —handw, = — 3,72% where 2'17; denotes the pullback
to TQ of the two-form du defined in the base space
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dueA?(Q). The Hessian matrix W is null in all the points of
TQ and thus the distribution ker @, contains at least all the
vertical fields [sections of ¥(TQ)] and verifies the property

dim ker w; <2 dim[V(kerw,)],

which is a dimensional restriction characterizing the La-
grangians of type IIL."?

A. The constraint algorithm

The first step in the constraint algorithm is to consider
the submanifold M, of TQ determined by the constraints

(dE . kerw,) =0, (2.6)
in which Eq. (2.3) can be solved.

We recall the general result (dE; ,V(ker w; )) =0, so
that Eq. (2.6) reduces in our case to

(dhkerdu) =0, 2.7

which give restrictions on the base Q but not on the fibers.
The systematic procedure for the search of constraint
functions consists of (i) determination of the elements {cR"
such that W& = 0; (ii) choice of the elements £ in the kernel
of Wsuch that (§',4§ ) =0, V£ 'eker W; and then (iii) the
dynamical constraint functions are (£,a) = 0, with
dL ., J°L
Q== — U e,
aq’ v’ dg
for those £ satisfying (ii).
The £’s of (i) determine the elements

§"—QfeV(kerw,_) ,
a'

and those of (ii) correspond to those which are the image
under S of an element of ker w, . Finally, the a; are the com-
ponents of the semibasic one-form i(D)w, — dE,, with D
being an arbitrary SODE.
In the particular case we are studying, du is given in
local coordinates by
du=14,dqg'Ndg’ (i,j=1,.,n),
with
dm; Jm,
A ij =—— = .
aq' dg’
The first step above is trivial, and the second amounts to

looking for the null eigenvectors of the matrix A. If n° de-
notes its rank, and

{z,=(),} (a=1,.,n—n%
is a basis of ker A4, then Eq. (2.7) turns out to be
oh

$.=(z), —==0 (a=1..,n—n%. (2.8)
aq'
The general solution of (2.3) on M, is
X={r+i1} 242, (2.9)
aq I
with 7’ being a particular solution of
a4, =21 (2.10)
dq'

and A°, f* being arbitrary functions on T'Q.
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An interesting case occurs when (Q,du ) is a symplectic
manifold (for which » must be even-dimensional) because
then 4; is regular, ker o, = V(ker w, ), and there will be
no dynamical constraints. In this case the solution is globally
defined,

3 3
X=9—+f"—,
K aq 4 &'
and the 7 /’s are uniquely determined by
= — a2
dq’

In the general case, secondary constraints may appear
when the consistency conditions (the solution X has to be
tangent to M,, determining M, and so on) are taken into
account. For the Lagrangian (2.1) some of the unknown
functions A¢ of'the expression (2.9) are determined, but all
the f**s will remain arbitrary. In fact, all the constraints
restrict only the basis Q and can be obtained by applying the
constraint algorithm to the generalized Hamiltonian system
(Q.du, — dh). Denoting by Q' the final constraint submani-
fold of this system and by F the set of consistent solutions of
(2.3) on Q’, the final constraint submanifold of the system
(1Q.4di, — dh) turns out to be

M=T,Q' = {veTQ |1y (v)eQ'},

and every consistent solution X projects pointwise onto an
element of F.

B. The second-order condition

The matrix form of the dynamical equation reduces in
this case to

[5 ollo]=-1"a"]:

where ¢/ and b/ are the components of the vector field X,
ie.,

x=a9 159
aq a'
In order to find a solution of SODE type and, conse-
quently, to have a solution with a’ = v/, we must impose as

additional constraints

(£,2;) =0, Vieker W, (2.11)
or, in local coordinates,
=4, v"+—‘?ﬁ.=0. (2.12)
aq'

These constraints are considered as equations of motion in
the traditional formulation."? In the geometric formulation
the constraints (2.8) and (2.11) are both obtained from"’

(i(Tow, —dE. V(TQ)') =0, (2.13)
with I, being an arbitrary SODE and
V(TQ)* = {ZeTTQ |0, (Z,V) =0, VVeV(TQ)} .

In the submanifold N, determined by (2.11), the gen-
eral SODE solution is

9 9
r=v—+f"—,
dq' s '
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with the £ still being arbitrary functions.

In the particular case of (Q,du) being a symplectic
manifold, only the primary constraints (2.12) appear, and
the consistency condition will determine all the unknown
functions f* by

a

vl_(AJk vk +g§;) +f‘Aj, =0, (2.14)

aq'

so that the restriction of the consistent solution I'' = Iy is
unique. In fact, if Y, is the unique solution of
i(Yo)du + dh = 0, the submanifold N, = Nis N = Y,(Q),
where we consider Y, as a map Y,: @— 7Q, and the relation
Loy = Y g holds for the complete lift Y of Y. The pull-
back of @, on N defines a symplectic structure (N,@y ) iso-
morphic to (Q,du).

In the more general case, only #° of the unknown func-
tions f are determined from (2.14), and the system will
admit a family T of solutions depending of n — n° indeter-
minate functions, all of them tangent to M,. In this case, as
secondary constraints may appear, the process must be con-
tinued by looking for the submanifold A, and so on. Once
the final constraint submanifold has been found, the reduc-
tion process for obtaining a symplectic manifold must be
carried out.

C. Examples

Farias!* studies the first-order equations associated
with the Lagrangian

L= é(ql +q3)Ul — iquZ + ;(q“ _ql)v3 _ %q3v4
+{-¢" —1(g* - 1(gH7}.

The matrix A is given by

(2.15)

0 -1 0 0
A_1 0 0 0
“lo o o -1}’

0 0 1 0

and it is not singular. Thus, in this case, ker w; is precisely
the four-dimensional distribution composed by all the verti-
cal vectors.

According to what we have previously studied there are
no dynamical constraints and, consequently, this system ad-
mits a global dynamics. This means that there exists a family
of fields T that are solutions of Eq. (2.3) defined in all the
tangent bundles 7Q= T R.* In coordinates, I takes the form

. g ) J
= ’+/1‘_. ! Wil——»
(v )aq' +/(qv) pw

where the A coefficients are to be determined by

. . Oyh
A4;(V+ ) +——=0.

dq
For (2.15) we obtain
A= —vl g, Al= —1?—¢g",
/{3=_v3+q4, /{4=_v4_q2’
so that I is given by
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)
aq' 7

3
6q2+q454—5_q

29

I'=

g2
+f (go)—-
(2.16)

The dynamics is globally defined, but it depends on the func-
tions f* (¢,v) that remain totally undeterminate.

Let us suppose that we are interested in the SODE solu-
tions. Then the dynamics will be limited to the four-dimen-
sional submanifold NCTR® defined by &,(qv)=0
(i=1,...,4), where

¢ =v+0°, $,=v'—¢’,

$=0'—v'+@+¢, =0 —g"°.
When imposing .% (¢;) =0 (i = 1,...,4), where I is now
of the form

; d ; a
F =U’——'+ ’( ,U)—,,
dq' Al a'
we will obtain for the £ (¢,v) functions the values
f1=v3 f2=—U4, f3=U4, f4=—-l)2,
for which finally we get

d .3 .3 .9
— — — — v ——
a T Tt

This field represents the only dynamics described by a
SODE field tangent to the submanifold V.

Jakubiec's presents an example of finite-dimensional
classical mechanics analogous to the Dirac equation. The
Lagrangian under consideration is a function LeC* (7C)
given by

. a
'=v — = 2.17
v v X ( )

L = (i/2)(z*2 — 2*z) — z*z, (2.18a)
or, in real coordinates z = (1/42) (x + iy),
L =3k —xp — x> —p?). (2.18b)

This is in the form L=/ + 4, with ueA'(R?) and
heC= (R?) given by u=1i(ydx-xdy) and h= —}(x*
+ 7).

The two-form du with matrix representation

0 -1
A= [1 0
is obviously symplectic, and thus there exists a global solu-
tion I defined in all TQ= T R2. The SODE vector field solu-

tion of the Euler-Lagrange equations is given, in the sub-
manifold NC T R? defined by N = (x,p,x = y,y = — x), by

d ;9 49 _,9. (2.19)

which corresponds to the complete lift X §y of the field
Xe#’ (R?), X =y d /3x — x 3 /3y, defined in the base space
and solution of i(X)du = dh.

In the same way as the former system can be simplified
to a Hamiltonian system (R?dy Adx,h), Dirac theory ad-
mits an analogous simplification.

IIl. HAMILTONIAN FORMULATION

Let us now study the relationship between the Lagran-
gian formulation in 77Q and the Hamiltonian formulation in
T *Q. In fact, the singular character of the Lagrangian (2.1)
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manifests itself in that the associated Legendre map
FL: TQ— T *Q is not a local diffeomorphism. Moreover, in
this case the momenta in the image are given as functions of
only the base coordinates,

pi=mi(q) (j=1,.,n), (3.1)
while the n primary constraints,
®,(¢.p)=p; —m;(q) =0, (3.2)

determine a submanifold P, = F, (TQ) of T*Q given by
P, =pu(Q). (Here u is considered as a map u: 90— 7*Q.)
Every fiber 7,0 =17, '(q) is mapped onto a unique point
#(g)eT*,Q, and the Hamiltonian on P, is the function
H= — h(q). The Poisson brackets of the primary con-
straints are given by

{(pj,q)k} =Ajk (j,k: 1,...,”) ’ (3'3)

with the matrix 4 defined in (2.5a). If n° denotes its rank,
n — n° first-class constraints can be found by linear combi-
nations of the ®;. Specifically, if {Z,, a=1,...n —n°}isa
basis of ker 4, then

¢, =(0z),® (@=1,.,n—n°% (3.4)

are the first-class primary constraints because
{®,,®,;},, = 0. Applying the constraint algorithm to (P,
w0, =j,*(wy),dH), the same constraints as with
(Q,du, — dh) are obtained because the map u: Q- P, de-
fines an isomorphism of presymplectic systems, i.e.,
p*(w,)) =duand u*(H) = — h.

When du is symplectic, the rank of the matrix 4 is
maximum, and all the primary constraints in the Hamilto-
nian formulation are second class so that the submanifold
(P,w,) is symplectic and there are no secondary con-
straints.

The Gotay theory'®'" relating the n-ary Hamiltonian
constraints with the (» — 1)-ary (dynamical) Lagrangian
constraints by FL pullback has recently been expanded by
Batlle ez al.? to include the SODE non-FL-projectable con-
straint functions. Essentially, the method is based on the
introduction of an operator KX mapping C* (T*Q) into
C> (TQ), where the operator’s expression in local coordi-
nates is

f If JL ar
A2, ) (),
@ 99"/ (FL(qw)) 39’/ (g \Ap' /) (FLiqv))
(3.5)

The image under X of an #-ary first-class Hamiltonian
constraint is an n-ary FL-projectable (i.e., dynamical) La-
grangian constraint, while the image under X of an n-ary
second-class Hamiltonian constraint is an n-ary non-FL-
projectable SODE condition. A geometric approach to these
results can be found in Ref. 5.

In the case of Lagrangian (2.2), X is of the form

K=v‘—a—.+(vja—’rl{+i)-a—.,
aq dq' 94’/ dpf

and relates the first-class primary Hamiltonian constraints
®,eC> (T*Q)in (3.4) withthedynamical Lagrangian con-
straints ¢,€C* (TQ) given by (2.8), and all the primary
Hamiltonian constraints ®;eC* (T*Q) of (3.2) withall the

(3.6)
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Lagrangian ones ¢,€C= (TQ) of (2.12). In coordinates we
have

K(q)]) =A,_, vl+_€’i=¢j (3.7)
dq’
and
; , oh .
K(®,) =v'4;(), +3q—;(2')., =4, . (3.8)

On the other hand, the secondary Hamiltonian con-
straints ¥, obtained from the consistency condition take the
same coordinate expression as the primary dynamical La-
grangian constraints ¢, so that the additional SODE condi-
tions are not recovered by FL pullback. In the same way, n-
ary Lagrangian constraints can be recovered by applying the
operator X' to the n-ary Hamiltonian constraints. Note that
while all the n-ary Hamiltonian constraints (for n> 1) de-
pend only on base coordinates, their associated Lagrangian
constraints are velocity dependent (because of the first term
of K). As only a part of the velocities have been solved as
functions of the ¢’s, not all the n-ary Lagrangian constraints
are weakly FL-projectable, which means that not all the n-
ary Hamiltonian constraints are first class.

iV. THE INVERSE PROBLEM FOR FIRST- AND SECOND-
ORDER SYSTEMS

It is well known that a system of n second-order differ-
ential equations can be replaced by one of 2n first-order
equations by doubling the number of degrees of freedom.'®!”
In this section we will study the geometric approach to this
problem and, in particular, we will focus our attention on the
Lagrangian character of these equations. In this way we will
relate the inverse problem in TQ to the inverse problem in
T(TQ) by using Lagrangians of the form (2.1).

We have seen in Sec. II that when the two-form du is
symplectic there are no dynamical constraints, and the asso-
ciated SODE conditions turn out to be the set of n first-order
differential equations corresponding to the Euler-Lagrange
equations obtained directly from the Lagrangian linear in
the velocities.

The inverse problem for first-order systems consists of
finding a Lagrangian of type (2.1) whose Euler-Lagrange
equations are a given set of first-order differential equations.
We will only be interested in the case of an even number of
equations.

Geometrically, we can consider an even-dimensional
manifold M and a vector field Xe %’ (M) given by

X=f"(X)——°2;,

X

whose integral curves obey a set of first-order differential
equations

i=fi(x). (4.1)

Proposition I: If a one-form ueA' (M) is such that (i) du
is symplectic, and (ii) the Lie derivative .% ,u is closed,
then there exists a local Lagrangian LeC~ (TM) of type
(2.1) that is a solution of the inverse problem for (4.1).

Proof: By hypothesis (ii) there exists a locally defined
function g such that ., u = dg, and therefore
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i(X)dp = Lxp —d(i(X)u)=d(g—puX)). (42)

The Lagrangian L = + A, with A =g — u(X), then
gives a solution as a consequence of the results in the preced-
ing section.

In local coordinates the problem consists of finding a
skew-symmetric matrix 4; of the form

ax' ox’

and a function A(x) for which the equations

J— _ 9
45 S ax!
hold. Then the Lagrangian takes the form L = m v/ + h. It
is remarkable that there always exists such a solution and
that it is not unique. Two different solutions (4 L4 ') and
(A4 ,h %) may giverise to two different Lagrangians L, and L,,
not necessarily gauge equivalent. Remember that two La-
grangians are said to be gauge equivalent when they differ by
the total time derivative of a function or, in local coordi-
nates, by a term

(4.3)

with feC= (M). In geometric terms, this means that both
Lagrangians differ through a basic closed one-form.

Definition 1: Two Lagrangians L, and L, of type (2.1)
are said to be equivalent when their final constraint subman-
ifolds and their consistent solutions on them coincide. '®

The next proposition allows us to find a family of equiv-
alent Lagrangians from a given particular solution L of the
inverse problem, which does not cover all the possible equiv-
alent Lagrangians but is more general than the gauge equiv-
alence.

Proposition 2: For every BeA'(M) such that Xeker dB
and d{(u + B) is symplectic, the Lagrangian L=L + S is
equivalent to L.

Proof: i(X)d(u + B) = i(X)du + i(X)dB = dh.

Gauge-equivalent Lagrangians are a particular case of
the former ones when £ is chosen to be closed. In this case all
the Lagrangians

L= vf(m,. + —‘91.) +h(x),
ox’
with / an arbitrary function /leC* (M), are gauge equivalent
to L.

The inverse problem of Lagrangian dynamics is to give
necessary and sufficient conditions for a system of second-
order differential equations to be that of the Euler—Lagrange
equations of some regular Lagrangian function. Geometri-
cally, we consider a configuration manifold @ and a SODE
field Te £’ (TQ), given by

; 0 ; a
F=v—+f(gVv)—.
dq' /e a'
On the basis of the integral curves on the projection, the set
of second-order equations holds:
i=fqq . (4.4)

It is not at all clear whether or not there exists a regular
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Lagrangian function LeC= (TQ) such that the vector field
I is just the one determined by the equation i{(T")w, =dE,,
but apparently not. Then the inverse problem for second-
order systems cannot always be solved. However, we can
consider I' as a first-order system on 7Q, and then it is al-
ways possible to find a Lagrangian function LeC~ [T(TQ)]
of type (2.1) with a SODE field solution [jy on the final
constraint submanifold N (which can be identified with I').
On the other hand, for every regular Lagrangian
LeC> (TQ) there exists an associated Lagrangian
L(L)eC* [T(TQ)] of type (2.1) equivalent to L in a sense
to be more accurately established in the corollary of the next
proposition.

Proposition 3: Let us consider an exact symplectic mani-
fold (M, — df) and a Hamiltonian HeC*> (M), and denote
Y as the vector field solution of i(¥)d6@ = — dH. Then the
singular Lagrangian LeC>~ (TM) defined by L = 6+ His
such that its solution vector field is Yin, where N = Y(M).

Proof: It is enough to use the results of Sec. II.

Corollary 1: Given a regular Lagrangian LeC> (7Q),
the Lagrangian L(L)eC~ [T(7Q)] defined by L(L)

= @, — E, has the same solution as L.

Proof: For a regular Lagrangian L, the dynamical equa-
tions of the system (7TQ, — d6, ,E, ) are equivalent to the
Euler-Lagrange equations for L. The statement of Proposi-
tion 3 completes the proof.

In local coordinates,'? L(L) is given by
aL ,;

axi+n(x -

where x* = ¢’ and x*+" = v’

Using the former results, the inverse problem for sec-
ond-order systems can be attacked in two steps.

(i) Given a SODE I'e#°(TQ), choose a Lagrangian
LeC> [T(TQ)] of type (2.1), the solution of the inverse
problem for T" as a first-order system.

(ii) Search for a Lagrangian L’ equivalent to L and gen-
erated from a regular Lagrangian LeC> (TQ) as in Corol-
lary 1.

If you find such a L', the Lagrangian L is a solution of the
inverse problem for I as a second-order system.

The next theorem gives a useful characterization of La-
grangians LeC~ [T(TQ)] of type (2.1) generated from La-
grangians on TQ. First, we include a lemma whose statement
is used in the proof of the theorem.

Lemma 1: For every semibasic one-form ueA'(7Q)
and every SODE De &% (TQ), these two identities hold:

where A is the dilation vector field.

Prooft It is based on the fact that there exists a
veA(TQ) such that u=S*(v) and the property®
S([D,V]) = — V forevery vertical vector field V. Then, for
every Xe#(TQ),

[S*(ZLpu)]1(X)
= Zpp(SX)) — p([D,SX 1)
— (S*v)([D,SX]) =v(SX) =u(X),
because SX is a vertical vector field, and

L(L) = X+ + L,
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#([A,D]) = (S*v)([A,D]) =v(A) =v(SD)
because S([A,D]) = A
Theorem 1: Given a Lagrangian LeC~ [T(TQ) ] of type

(2.1) (L = + h) that is a solution of the inverse problem
for a SODE Le £ (TQ) [i.e., with du symplectic and

i(T9)oy Ircrgy =dE|rao 1
there exists a regular Lagrangian LeC~ (TQ) for which
L = L(L) if and only if the one-form x is semibasic.

Proof: For every Lagrangian LeC> (7Q), the Poin-
caré—Cartan form 6, is semibasic by definition:
6, = S*(dL). On the other hand, consider a Lagrangian of
type (2.1) (L = + A), with ueA'(TQ) semibasic and du
symplectic, that is a solution of the inverse problem for I'. As
we can see from Proposition 3, the equation

=p(D),

i(rc)wL lr(TQ) =dE, |l"(TQ)
is equivalent to i(I")du = dh, recalling from Sec. II that
6, =pand E;, = — h.TheLagrangianL = i(T")u + & has
the properties

0, =S*(dL) =S*(&L rpu— i(T)du + dh)
=S¥ Lru) =
E, =%,L-L
=u([AT] D)+ (Lap)(D)+ Lyh—h
=du(AT) +dh(A) —h= —h,
so that
L(L)=8, —E, =p+h=L.

In local coordinates, suppose we have a particular solu-
tion of the inverse problem for

d a

—+fq, -

o T
as a first-order system. That is, suppose we have a 2nX2n
matrix 4, (ab= 1,...,2n) and a function #(q,v) such that

oh
Aab gb =

r=v—

pot (4.5)
where
xi _ qi, xi+ n_ vi,
and
g=v, gt "=f" (i=1,.,n=dimQ),
the matrix 4,, being of the form
_dm, Jdm,
T e xb

If we restrict ourselves to search for Lagrangians gauge
equivalent to L = m, x* + h(x), then the conditions be-
come very simple. This is because in order to find an

L'= (m + d )x + h,
ax°
with
al

m,dx*={m, + —-)dx
( ax”

semibasic, it is necessary and sufficient that
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om;, , _8m,-+,,

- —, (4.6)

axitr Xt

so that if the former conditions hold, then
_ al

m;,,= _axi+",
and the Lagrangian on TQ is given by

L =(m,- +i)v‘+h.

dq'

Of course, the conditions (4.6) are sufficient but not
necessary, because not all the Lagrangians equivalent to L
are gauge equivalent.

In the last part of this section we are going to show how
the former treatment of the inverse problem reproduces the
known Helmholtz conditions. In recent years, these condi-
tions have been rewritten in a geometric language®; a given
SODE I'e £ ( TQ) is Lagrangian if and only if there exists a
two-form weA?(TQ) with the properties

(i) w is symplectic (closed and nondegenerate), (4.7a)
(iii) w(V,V,) =0, VYV, V, vertical. (4.7¢)

On the other hand, according to the results of this sec-
tion, there exists a local Lagrangian for I if and only if there
exists a one-form pueA'(TQ) such that

(i) du is symplectic, (4.8a)
(ii) L p is closed, (4.8b)
(iii) p is horizontal. (4.8¢)

Conditions (4.8a) and (4.8b) are necessary and suffi-
cient to find a solution LeC= [T(TQ)] of the inverse prob-
lem for T as a first-order system, while, when condition
(4.8¢) holds as well, the Lagrangian L is generated from a
regular Lagrangian LeC* (TQ), L = L(L), in the form de-
fined in Corollary 1.

Inasmuch as we are looking for the local existence of a
Lagrangian, closed forms can be identified with exact ones.
Then it is a straightforward matter to prove the equivalence
between conditions (4.7a),(4.7b) and (4.8a),(4.8b), re-
spectively, when du and o are identified. Moreover, condi-
tion (4.8¢) implies (4.7c) because, if 1 is semibasic, then, for
every pair of vertical vector fields ¥, V),
du(V,V,) = Vilu(Vy)) = Volu (V) — p(lV,72]1) =0.
Conversely, suppose that condition (4.7c) holds. This

means that the restriction of u to every fiber is exact, and
there will exist a function F such that

dF |y 1o = plwro -
The one-form u’ = y — dF still preserves conditions (4.8a),
(4.8b) and is semibasic by definition.

V. SYMMETRIES AND CONSTANTS OF THE MOTION

Well-known to every physicist is the result of the cele-
brated (first) Noether theorem establishing a relationship
between infinitesimal point symmetries of the regular La-
grangian L and constants of the motion described by L. But
what has often been overlooked is that this correspondence
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works only for point transformations and is not one-to-one.
The Lagrangian L permits the definition of Hamiltonian dy-
namical system (7Q,w;,E; ). Then the Hamiltonian ver-
sion of Noether’s theorem says that, for any one-parameter
subgroup of canonical transformations generated by X,
Z yo, =0, and leaving E, invariant, there is a constant of
motion, namely the function g, that corresponds to X
through the symplectic form w, . In order for the function g
to be globally defined, the vector field has to be not only
locally Hamiltonian, but globally Hamiltonian as well, for
which .¥ , 8, must be exact. Conversely, given a constant of
motion g, the vector field X corresponding to it by
i(X)w, = dg generates a one-parameter subgroup of ca-
nonical transformations preserving E, . The point now is
that, if X corresponds to point transformations, i.e., if X is
the complete lift of a vector field Y in the basis, then

Lo, =7 ,cop =W ycyy = Oxry s
LyE =L ycE =E,c;, =Exy,,

and therefore the infinitesimal canonical transformations of
a symmetry of E; are simply those transforming L into a
gauge-equivalent Lagrangian. In other words, there will ex-
ist a closed one-form £ in Q such that

A

X(L)y=p.

If B is not only closed but exact (8 =df ), then

Ly 0, =0y =05 =df, _
and the function g is i((X) 9, — f.

If X is not a complete lift of a vector field in the basis,
then the preceding relations do not hold, and either
L0, #0y or L vE; #E,,; results, or (even worse)
both. Correspondingly, the symmetries of the Hamiltonian
system (TQ,w; ,dE; ) have nothing to do with .% 40, = df,
the traditional concept of gauge symmetry for L. In fact, if
we want Noether’s theorem to have a converse, we need to
modify the concept of symmetry in an appropriate way as
indicated by Marmo and Mukunda.” The idea is that we
have to accept the general infinitesimal transformations

8q' = e£'(qp), &' =en'(qu),
corresponding to a vector field

X= § ! —a_ -+ ﬂi i )
dq' av'

without the condition of 7 being the total time derivative of
&. However, this condition will be obtained as a final sub-
product of the theory of the symmetry. More accurately, in
order for X to be an infinitesimal symmetry of the dynamical
field T defined by L, it is necessary that [X,I'] = 0, and this
automatically implies that ' = I"(£'), this last condition
corresponding to the weaker one, S([X,I"}]) =0.

Marmo and Mukunda’ associated any vector field
Xe&# (TQ) and every SODE D with the vector field

X(D)y=X+S(DXD,

which, in coordinates, reads
; 0 a
XD)=¢&"'—+D(&)—.
5 aq' £ av
They have been able to prove that the necessary and suffi-
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cient condition for X = X(I") to be a symmetry of the Ham-
iltonian dynamical system (7Q, w; , dE, ) is that there ex-
ists a function FeC* (TQ) such that £ 4 5, L = £, F for
every SODE D.

This condition characterizing the symmetries of the the-
ory is somewhat academic because it may be difficult to
check the condition for any SODE D. We must look for more
practical criteria.

Our aim in this section is to show that these symmetries
can be looked upon as classical Noether symmetries for the
associated Lagrangian L(L)eC= [T(TQ)] of type (2.1).

Definition 2: A vector field Ye£2”(TQ) is a Noether
symmetry of the Lagrangian L(L) = 8, — E, if there exists
a function FeC* (7Q) such that

L L=dF,

where Y is the complete lift of ¥ to T(TQ).

It is an easy task to prove that the associated constant of
the motion is given by i(( Y€ )@y, — F, whichisa Tro-Pproject-
able function.

Theorem 2: For every regular Lagrangian LeC= (TQ),
there is a one-to-one correspondence between constants of
the motion defined by L and Noether symmetries of the asso-
ciated Lagrangian L(L) according to Definition 2.

Proof: Let T be the SODE solution of i(I')w; =dE; .
For every function GeC* (TQ) such that .2~ G =0, the
vector field X defined by i(X)w, = dG has the property
L xpyL =L pF for every D SODE, with F=i(X)6,

— G. Moreover, . 68, = dF, and then

A ~ N A
fXCL=ch(9L)—ch(EL)=(-Yx gL)=dF’

so that X is a Noether symmetry of L according to Definition
2.

(5.1)

On the other hand, if there exists a vector field
Xe#( TQ) and a function FeC® (TQ) such that
Z cL=dF,then

0=,c(8,—E,)—dF

/\ — *f
=($X9L—df')—(fx L)'

While the first term is linear in the fibers of the vector
bundle 715 : T(TQ) — TQ, the second term is the pullback of
a function on the basis 7Q, so that both terms must vanish
separately. Developing the expressions, we arrive at

i(X)YdE;, =0 and i(X)eo, +d([i(X)0, —F)=0.

Contracting the second equation with I" and taking into
account the first one, we find that .¥ . (i(X)68, — F) =0, so
that G = i(X)8, — F is a constant of the motion.

Finally, as a demonstration of this theorem we can con-

sider the two-dimensional harmonic oscilator with the La-
grangian LeT(R?) given by

L={()*+ ()%= (g,)* — (g)*}.

This system has two “hidden” symmetries corresponding to
non-Noether constants of motion. Specifically, the corre-
sponding constants of the motion are the two energies asso-
ciated with each one of the two degrees of freedom:

E =)(vi+q) (=12). (5.3)
The corresponding vector fields X;€ 2°( T R?) in the version

(5.2)
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of Marmo and Mukunda take the form (no summation is
understood )

; d a .
X'=v,——¢— (@(=12), 5.4)
Yo (
so that the equations
Lyiml=LpF, (i=12) (5.5)

hold for every SODE field D, with functions of F;
eC= (TR?) given by F, =} (v} — ¢7).

On the other hand, the associated Lagrangian of type
(2.1) is in this case

L=L(L)
= x3551 + x4)’c2 - 5{(x|)2 + (x2)2 + (-753)2 + (x4)2} ,
(5.6)
withx, =¢, and x; , =v; (i=12).
The vector fields
Xl =X, i - X, __é_
x, Ox;
and
a a
X =x,— —x,—
¢ ox, ? ax,

are infinitesimal generators of rotations in the planes 1-3 and
2-4. They are point (Noetherian) symmetries of L in the
sense that their complete lifts verify

XL = % o X 4 Xy, (5.7a)
X2“L=%= — XpXy + XXy, (5.7b)

where F,eC* [ T(TR?)] are now pullback of functions de-

fined in the base space TR? and the fields
XeZ[T(TR?)] are given by
a a . 4 . d
X, — — %, — 4+ % — — %, —, 5.8a
: ox, ! Ix, > ox, ! dx, (5.8a)
a . 4 . 4
X=Xy — Xy — F Xy — — Xy —— 5.8b
‘ox, Cox, ‘ox, ax, (5:80)

The associated constants of the motion,
G =i(X6, —F, (i=12),
are projectable functions on the functions E, and E, of TR
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The theory of presymplectic systems is used for the study of mechanical systems described by
singular Lagrangians in order to clarify the geometric meaning of the Euler-Lagrange
equations for such systems. The two different types of primary constraint functions arising in
the Lagrangian formulation are analyzed by means of the relation between the image under the
vertical endomorphism of the kernel of the presymplectic form w, and its vertical part. The
connection with the Hamiltonian Dirac theory is also studied and the theory is illustrated with

several examples.

I. INTRODUCTION

Most textbooks nowadays (e.g., Refs. 1-3) divide their
contents into three main chapters: Newtonian, Lagrangian,
and Hamiltonian mechanics. The main guide for Newtonian
mechanics is the determinism principle, according to which
the knowledge of the positions and velocities of the points of
a mechanical system at a fixed time determines their future
positions and velocities. The idea is then to use second-order
differential equations in normal form % = f(x,x), because
the theorem of existence and uniqueness of the solution of
such systems fits well with the determinism principle.

The introduction of Lagrangian mechanics is based on
the observation that, at least for conservative systems, the
equations of motion may also be seen as the Euler equations
determining the curve solution of a variational problem; the
action § L dt, with L = T — V, is extremal for the actual
path when compared with other fixed end point paths. There
are very many interesting advantages in the use of the Ham-
ilton principle because the extremal principle does not de-
pend on the set of coordinates, and it incorporates the holon-
omic constraints through a particular choice of coordinates,
leading in this way to a considerable simplification.

The problem of what kind of second-order differential
equations can be obtained as the Euler-Lagrange equations
of a Lagrangian function is known as the “inverse problem.”
It has received much attention*® till recent years, when geo-
metric conditions® were given to replace the well-known
Helmholtz conditions.'®

The crucial point here is that in all these cases it is al-
ways explicitly assumed that the Euler-Lagrange equations
can be put in a normal form or, in other words, that the
Lagrangians considered are regular; the matrix W of the co-
efficients of the accelerations is regular.

Finally, the Hamiltonian formulation is introduced by
starting with a regular Lagrangian and defining the Le-
gendre transformation, which is invertible. We arrive in this
way at the Hamilton equations describing the time evolution
of the system. The geometric concept generalizing this ap-
proach has been shown to be that of Hamiltonian dynamical
systems,'"'2 which are but a triplet (M, Q, H), where (M,
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) is a symplectic manifold and H a differentiable function
on M. In fact, the equations determining the integral curves
of the vector field I', defined by i(I") 2 = dH, are Hamilton-
like equations if appropriate coordinates (Darboux coordi-
nates) are chosen. '

On the other hand, given the configuration space of a
system, it does not necessarily admit global coordinates.
Then the Hamilton principle as usually stated is not a geo-
metric concept, because it is the integration of one-forms on
paths, and not that of functions, which is meaningful. There
is, however, a new method of arriving at the Euler-Lagrange
equations for autonomous systems without using the Hamil-
ton principle. It is simply the consideration of the Hamilto-
nian systems (7Qw,,E,) defined by a regular Lagran-
gian.'"'2 On the projection on the basis of the integral curves
of the dynamical vector field, the Euler-Lagrange equations
hold.

This paper aims to analyze some points that arise when a
singular Lagrangian is considered. Then we must decide
between choosing either the Hamilton principle approach or
the presymplectic-system geometric approach'*-'¢ as the ba-
sic principle generalizing the case of regular systems to sin-
gular Lagrangians, both approaches being equivalent in the
former case. Instead of considering the “dogma’” of the
Hamilton principle and the corresponding Euler-Lagrange
equations, we will follow the alternative approach. We will
find that the dynamical equation admits solutions that have
nothing to do with the Euler-Lagrange equations, the latter
arising only when we deal with special kinds of vector fields,
the so-called second-order differential equation fields (here-
after abbreviated SODE).

At first it might seem that the Euler-Lagrange equa-
tions have been well supported by the coincidence of its pre-
dictions with experimental results for a long time. But it is
worth recalling that singular Lagrangians have associated
gauge degrees of freedom that are fictitious, so we have no
reason for insisting that the Euler-Lagrange equations are
the ones describing the evolution of such gauge degrees. On
the contrary, reduction of the presymplectic system is possi-
ble, and we will find in any case a Hamiltonian dynamical
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system describing the reduced system that contains only the
true degrees of freedom.

The paper is organized as follows: Sec. II presents nota-
tion and basic definitions in a brief introduction to the geo-
metric approach. The SODE problem is analyzed in Sec. 111,
and the relation of the Euler-Lagrange equations with the
geometric formulation is explained. In Sec. IV- we study
whether the image of ker w, under the vertical endomor-
phism covers ker FL,, . This property will be used in Sec. V to
explain how additional SODE constraints will arise with re-
spect to the set of conditions derived by application of the
algorithm developed by Gotay et al.!*'* The former con-
straints will be shown to be non-FL-projectable in Sec. VI,
and the connection between Lagrangian and Hamiltonian
constraints is also given, completing some results obtained
very recently.'”'® Finally, Sec. VII contains a group of ex-
amples that are very useful for illustrating the theory.

Il. NOTATION AND BASIC DEFINITIONS

The geometric approach for the Lagrangian description
of an autonomous mechanical system makes use of a differ-
entiable manifold Q as the configuration space and its tan-
gent bundle 7Q as the velocity-phase space. We recall that
such a vector bundle has a canonical (1,1) tensor called the
vertical endomorphism,?® whose coordinate expression is
given by

d i

S pw edq .
Given a function LeC = (7Q), we may define a function
E, = A(L) — L, where Ae#°(TQ) denotes the Liouville
vector field generating dilatations along the fibers of 7Q, and

2.1

an exact two-form w, = — d(dLoS), which in coordinates
of TQ are written
6,=Lag, (2:2)
N
wL = — doL
2 2 )
=—‘9.—L—.dq‘/\dqj— 8‘L _dv'Adg’, 2.3
' dg’ N av’
E =viL _1. (2.4)
a'

If w, is of a constant rank, then L is called the Lagrange
function, E, the energy function, 6, the Euler-Poincaré
one-form, and @, the Lagrange two-form.

The map @, :Z° (TQ) » A ' (T *Q), defined by contrac-
tion, i.e.,

o, (NY=0,(XY),

is represented by the matrix

A A -
=lw ol
where we have used a matrix notation, the elements of the
matrices A and W being
4L 8L
Aij = : T i "
dg'v’ I dg’

VX, YeZ (TQ),

(2.5)

(2.6)

and
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respectively. The particular case of L, where o, is of maxi-
mal rank, i.e., @, isinvertible, is that of regular Lagrangians,
and the Legendre transformation'! is then a local diffeomor-
phism. Taking into account that det @, = (det W )2, we see
that this situation is characterized by det W #0.
We recall the geometric meaning of the Legendre trans-
formation. It is a map, FL: TQ— T *Q, defined by the La-
grangian L, which in coordinates reads

pioFL(v) = ££ 1
a'

2.7

(2.8)

where the natural coordinates of the cotangent bundle are
denoted (¢',p;). It is worthy of mention that the differentia-
ble map FL pulls back the canonical one-form 6, = p, dg’
onto the Euler-Poincaré one-form 8, , and therefore the ca-
nonical symplectic form € in T *Q onto the Legendre two-
form w, . Consequently, FL is a local diffeomorphism if and
only if @, is symplectic. When FL is a global diffeomor-
phism the Lagrangian is said to be hyper-regular, and an
equivalent Hamiltonian formulation is obtained by defining
the Hamiltonian H by H = E, oFL ~".

Ili. THE SODE PROBLEM

If the Lagrangian L is regular, it is easy to see that the
Lagrangian vector field I, , uniquely defined by the dynami-
cal equation

iMoo, =dE, , 3.1)

is a second-order differential equation,”® S(I', ) = A. That
is, I', is written in coordinates as

, 0 , 0
r =v‘——+b‘-——4, (32)
£ aq' o
where the b * satisfy
Av—Wb=V,E, . (3.3)

This is because the equations determining the integral curves
of I', are

A — a VqEL]
= 34
v o1 Bl=[ a4
which split into two subsystems, (3.3) and
Wa—v)=0. (3.5)

Now the regularity of W means that a = v is the only solu-
tion of (3.5), and if M denotes the inverse matrix of W, the
values of b are determined by

d

b'=Mla; —, (3.6)
avl
where a; denotes
2
=L _ . 9L (3.7)
dq’ v’ g~
The integral curves of I', will be determined by
¢=v, =M%, (3.8)

and therefore on the projection on Q of these integral curves
the Euler-Lagrange equations hold. The point to be made
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now is that when L is singular, the system (3.4) may have no
solution on some points. Gotay et al.>'* have developed a
geometric algorithm for the determination of a maximal sub-
manifold, called the final constraint submanifold C, in which
the dynamical equation (3.1) has a consistent solution. The
algorithm generates a decreasing sequence { P, } of submani-
folds (with P, = TQ), and then C is the limit of such a se-
quence (provided it exists). The restricted equation

has solutions tangent to C, but they are not SODE in the
general case. The conditions for the existence of a solution
such that it is the restriction of a SODE will lead to a smaller
submanifold. In fact, in those points in which the dynamics
has a solution, the dynamics presents an ambiguity, where
the general solution is I'y + ker @, , with [ a particular so-
lution. The coordinate expression is

4 9 9
Fr=W+£&)—+b'—,
£ aq' av'
with £ such that W& = 0. Its integral curves will be deter-
mined by the system
4=v+¢ (3.11)

and therefore the Euler-Lagrange equations are no longer
true but become

(3.10)

v=h,

3L . 9L qk_iL_
v dv’ ' dg* dq'
. 3L .
=W, +——¢&7. 312
L] (3.12)
IV. THE SETS ker o, AND ker FL_
We are now interested in the relation between
ker w, = {ZeZ(TQ)|i(Z)w, =0} (4.1)

and ker FL_ . As a consequence of the relation w, = FL *Q,
it is obvious that ker FL, Cker o, . But if we recall the ex-
plicit form of the matrix representing FL,,
I 0
B wl’
with B; = 2L /dv' d¢’, we see that

ker FL, =ker o, N#°'(TQ) = V(kerw, ),
where #°Y(TQ) denotes the subset of the vertical vector
fields, i.e, in coordinates, Ze#°*(TQ) if and only if
Z =b'3d /' with b'eC = (TQ).

Theimage of ker w,; under the vertical endomorphism.S
is in ker FL, because

FL,, = (4.2)

L8 3
X=§ a—qi+17’$ekerw,_

if and only if 4é=Wn and W{=0, and since
S(X) = £'3/3V, we have, taking into account the expres-
sion (4.2) for FL,,, that S(Z) is FL-projectable and
FL,S(Z) =0, VZeker o, .

The particular instance in which the image of ker w,
covers V(ker @, ) = ker FL_ has recently been shown to be
an important case.?! It is then possible to choose on the final
constraint submanifold a solution of the dynamical equation
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that is the restriction of a SODE. The corresponding La-
grangians, when they admit a global dynamics, were called
type II Lagrangians in a recent paper®” where their proper-
ties were studied.

In order to show the relevance of the property
S(ker w; ) = V(ker w, ), we first remark that given a solu-
tion I” of the dynamical equation, another vector field I'” will
also be a solution of (3.1) if and only if the difference I’ — T™’
lies in ker @, . Similarly, if I is a SODE, I'' is a SODE if and
only if the difference I'' — T is a vertical field. Thus the idea
is to modify a given solution I" of (3.1) by adding an element
inker @, in order to obtain a SODE solution of (3.1) also. It
will be possible if the difference S(I') — A is the image under
S of an element in ker @, . In fact, we know that I" must be of
the form

i gn 0 i 9

F=@+¢9) aq,.+b pwE
with W& =0, and therefore S(T') — A =£73/dV' lies in
ker FL, . The point is that if such a difference is in the image
S(X) of an Xeker @, , then I' — X is a SODE solution of the
dynamics as well.

We recall that if 57 is a Hilbert space and T a bounded
operator in such space, the closure of the image of T coin-
cides with the orthogonal of the kernel of its adjoint operator
T (see, for example, Ref. 23, p. 357 or Ref. 24, p. 214). If we
consider the particular case where 7 is a finite-dimensional
Euclidean space and Ta (skew-)symmetric operator, we can
conclude that if T is a (skew-)symmetric matrix, then the
linear system Tx = y has a solution if and only if (z,y) =0,
Vzeker T, where {, ) denotes the Euclidean inner product.
Such a solution is not uniquely determined except up to addi-
tion of an element of ker 7. This fact may be used to prove
the following result.

Theorem 1: Let X =£'3/dv' be a vector field in
ker FL, = V(ker w,). Then there exists Zeker w; such
that S(Z) = X if and only if (£ ',4£ ) = 0, for every £’ such
that W¢' = 0.

Proof: The condition for X to bein ker FL,_ is W =0.
There will exist a Zeker o, suchthatS(Z) = Xifand only if
the system

Wn = A&

has a solution. Then the remark preceding the statement of
Theorem 1 shows that it is equivalent to {(£',4£) =0, V&'
such that W¢' =0.

Corollary 1: The map S, restriction of S to ker w, , is
onto ker FL,_ if and only if (£',4£) =0, V£,£’ such that
WE' = WE=0.

V. THE LAGRANGIAN CONSTRAINTS

In this section we will analyze the compatibility condi-
tions for the existence of solutions of the dynamical equa-
tions. The system to be considered is

Aa— Wb=V,E,
Wa—v)=0,
which is the local expression of (3.1) with ' =a'd/d¢’
+ b’ 3 /0v’. The general solution of the second system is

(5.1)
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a = v + &, with £ such that W¢ = 0, and therefore the first
subsystem becomes

Wb=a+AE, (5.2)
where
2
a,~=£14— a.L,vf. (5.3)
dg N'aq

We first analyze the existence of a SODE solution of
(3.1), i.e., a solution of (5.2) with £ = 0. We know that the
subsystem

Wb=a (5.4)
has a solution if and only if
(£, @) =0, VYésuchthat WE=0. (5.5)

Then (5.5) are the constraint functions selecting the sub-
manifold S of 7Q where Eq. (3.1) has a SODE solution (but
it may not be tangent to .S).

Had we just looked for a solution of (3.1), not a SODE
but a general vector field, we would have had tosearch fora &
such that WE = 0in such a way that there exists a solution of
(5.2). Let us choose a basis [£, ] of the kernel of . Then
any &eker W can be written as a linear combination
£ =/1#§”, with m = 1,...,R = dim ker W. The conditions
for the existence of a solution are now

EWD) =0=(£,,a) + A, (£,4E,), Vi=1,.R.

(5.6)

In the particular case in which (£,,, A, ) = 0 for any pair of
indices, we will again find (5.5) as the constraint functions
(£ remains absolutely undetermined in ker W). But when
the rank 7of the R X R matrix (£, ,4£, ) is greater than zero,
there will be R — r linearly independent combinations

b, (§y,A§v) =0 (3.7)
From these we will find the constraint functions
b,, (g’u,a) =0, Vr=1,.,R—r, (5.8)

while 7 of the values of the parameters A are determined by
(5.6) in terms of the remaining R — r values. The freedom
in the choice of the basis of ker @, allows us to redefine a new
basis, in which the R — rfirst elements are the combinations

¥y =b b, T=1..R—r, (5.9)

in such a way that the dynamical constraints are just the
R — r functions

(y.,@) =0, ¥Yr=1,.,R—r. (5.10)

The adjective “dynamical” indicates that constraints have
nothing to do with the SODE condition but only with the
existence of a solution for (3.1).

It is noteworthy that the new basis is such that
(¥,, A€, ) =0, for any index x4, and therefore the vector
field 9. d/dv’ is such that there exists a Zeker @, with
S(Z) = y. d/3v". So we have essentially proved the follow-
ing result.

Theorem 2: Let L be a singular Lagrangian. Then there
exists a basis {y,,£,} (with r=1,.,R—r and p=R
— r+ 1,...,R) ofker Wsuch that (i) the dynamical Lagran-
gian constraints are given by

(v,,a) =0, Vr=1,.,R—r; (5.11)

1146 J. Math. Phys., Vol. 29, No. 5, May 1988

and (ii) the constraints for the existence of a SODE solution
of the dynamics are (5.11) together with

(£,2)=0, Yu=R-—r+1,.,R. (5.12)

Note, however, that in some cases the constraints may be
reduced to identities.
In order to understand better the meaning of the con-
straint functions, we remark that if Zeker w, is written as
;9
+ 7’ Ewk
then (§,a) = — Z(E;). In fact,

, oL )
v/ ——L
+7 8vk( o’

Z= §

ZE, = ¢ —(v’a—L-—L)
aq' v’
J 8L ; dL « 0°L
= -V 7 -
dq' v’ aq' A’ vk
and the condition Zeker w, means

v, (5.13)

d*L JdiL ] £x,
't aqf av aq v’
which when substituted into (5.13) leads to
d’L ; 4L
ZE [ v 9Ll - ey,
L=¢" 5 EYIE Y. >
Consequently, the conditions (5.11) are simply
ZE, =0, VZeckerow, . (5.14)
The above expression shows that the conditions ob-
tained for vertical vector fields ZeV (ker @, ) reduce to iden-
tities.”> Moreover, we can give a new expression that holds

not only for dynamical constraints but also for SODE condi-
tions. It is

(i(Ty)w, —dE_ ,Z) =0

(5.15)

with Z any vector field such that S(Z) eV (ker w,) and [,
an arbitrary SODE. This expression becomes (5.14) when Z
is chosen in ker @, as assumed in the derivation of (5.14).

VL. THE CONNECTION WITH THE HAMILTONIAN
FORMULATION

When L is a singular Lagrangian, the Legendre trans-
formation FL: TQ— T *Q is not a local diffeomorphism. We
will only consider here the case in which L is an “almost
regular” Lagrangian, according to the terminology used by
Gotay and Nester'*; FL is a submersion onto its image and
the fibers FL —'{FL(v)} are assumed to be connected. Then
ker FL, is an involutive distribution that generates a folia-
tion # in TQ, and the quotient space 7Q /.¥ is a differentia-
ble manifold that is canonically equivalent to the submani-
fold M,, the primary constraint submanifold in Dirac’s
terminology.?**” If C°(T*Q,M,) denotes the set of con-
straint functions for M, then

FL*C(T*Q,M,)) = C

where C denotes the set of constant functions on 7Q.

The main point is the existence of a correspondence
R(L): & (T*Q) - Z"(TQ), whichis defined in a pointwise
sense by?®

(6.1)
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[RIX )W) =& [remn X ], VXeZ(T*Q), (6.2)

where 7: T*Q - Q is the projection of the cotangent bundle
and £ the vertical lift £ *: T,,, Q- T, (TQ), given by*°

E'(w)f= %{f(v + tw)‘}|,=o, VEC=(v).

The expression in coordinates of R(L)X with X
=a'd/9q'+b'd/'is

[R(L)X () = a"(FL(u))(-?—) . (6.3)
v

'
In particular, if feC=(T*Q) and the vector field X,
eC (T *Q) is defined by

then the vector field R(L)X, is given by
af d
R(LYX,1(v) = (———-) (—-——) . (6.5)
[ 2 P/ pwy \OV' /1o

The point to be stressed here is that when ¢ is a constraint
function for My, R(L)X, lies in ker FL, . In fact, this is a
straightforward consequence of (6.1) because, for any
Ye# (TQ), Y(¢°FL) = 0, and when Y'is taken to be one of
the vertical fields, with Y = 3 /dv', it becomes

‘9 k=0 (5)
0=_—T OFL =FL v \ = m ) — .
pw [¢oFL ] w5 ¢=W; ) e

Then (6.5) with this expression shows that

R(L)X eker FL, . Moreover, not only is
{R(L)X,|¢eC°(T*Q.M,)} Cker FL,,
but both sides coincide, too, as a simple counting of dimen-
sions shows.
Theorem 3: If ¢ and ¢’ are two constraint functions
¢’¢IEC0( T*Q,Mo), then
{¢’¢’}FL(U) = - (§¢»A§¢' Yo =@ ( Y¢:Y¢‘ Yo s
with ¥, a vector field such that
S(Y,) =R(L)X, =& 3/d,
and similarly for ¢'.
Proof: This is just a matter of checking, because

(Eodly ) = (%)puu)

X[ ad°L _ dL ] ( aé )
g’ * v’ ag ). \ dp, FL(u),
and therefore

(£srAEy) = (%)puu) (%)nm

_(3_¢) (Q‘ﬁ_)
aq,. FL(v) an FL(v)

On the other hand, no matter what the choice of arbitrary 7
and 7, if Y, is givenby Y, = £ 3 /3¢’ + n}, /v and sim-
ilarly for Y,, we can check that w,( Y. Y,),
= — (£4464),, because of W&, = WE, =0.

For any constraint function ¢, let Y, be, as in Theorem

(6.7)
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3, a vector field Y,€£2°(TQ) such that S(Y,) = R(L)X,,
with X, as in (6.4). Then the function i(Y,)(i(T'y)w,
— dE, ), whose coordinate expression is {£,;,a), is a con-
straint function in 7Q. Moreover, the vector field ¥, can be
chosen in ker @, if and only if ¢ is of the first class (at the M|,
level), or in other words, X s is tangent to M, as a conse-
quence of Theorems 2 and 3. These last constraint functions
are just the dynamical constraints, while the remaining con-
straint functions, the second-class (at the M, level) primary
constraint functions, will be associated to SODE conditions.

Other results that may be straightforwardly deduced
from the relation (6.7) in Theorem 3 are summed up in the
following theorem.*

Theorem 4; (i) All the primary constraint functions in
T *Q are of the first class (M, called coisotropic) if and only
if there are no SODE conditions, i.e., all the primary con-
straints in the Lagrangian formulation are dynamical ones.

(ii) If all the primary constraints are of the second class
(M, said to be symplectic), then all the primary constraint
functions in the Lagrangian formulation are SODE condi-
tions, and there are no dynamical constraints.

We also remark that in this last situation there will not
exist secondary constraints in the phase-space formulation.
In fact, the comment after formula (5.14) shows that the
energy function is FL-projectable, that is, there exists a func-
tion HeC * (M,) such that HoFL = E; . Let the submani-
fold j: M,— T *Q be symplectic. If X is the vector field solu-
tion of the equation i (X)j*Q} = dH, thenj X is a solution of
7{i(Y)Q} = dH thatis just tangent to M,, and consequent-
ly there are no secondary constraints in the Hamiltonian
formulation.

Besides the aforementioned relationship between the
dynamical or SODE Lagrangian constraints and the first- or
second-class primary constraints, respectively, there exists a
well-known correspondence between the dynamical Lagran-
gian constraints and the secondary Hamiltonian ones, ob-
tained by making use of the pullback FL *. Therefore there is
a local basis'® of FL-projectable Lagrangian constraints de-
fining the submanifold P, of 7Q such that FL(P,) = M,.On
the contrary, if S, is the submanifold defined by both the
dynamical and the SODE Lagrangian constraints, it can be
seen that FL(S,) = FL(P,) = M,. (The proof is similar to
that of Proposition 3 in the paper by Gotay and Nester.'?) It
means that every SODE Lagrangian constraint is not FL-
projectable. Finally, while ker FL, is tangent to P;, we can
only assert the S, tangency for the elements of S(ker ;).
Moreover, if there is no SODE Lagrangian constraint trivial
on P,, then each Zeker FL, — S(ker w,) will be not tan-
gent to S,.

Vil. EXAMPLES

In this section we shall carefully examine, using the
methods developed in this paper, some simple examples that
were discussed in several previous papers. In the first place,
we should mention an example in which there are no SODE
conditions. This will be the case when (£, A ) = 0, for any
pair of vectors in ker W—for instance, if it is one-dimension-
al.
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Example 1: The Lagrangian L is defined in TR? as fol-
lows?:

L(x,v) = v,v5 + §(x,°x3).

The matrix W is given by

0 01
W=|0 0 O0f,
1 0 O

and so ker W is one-dimensional. The only primary con-
straint is a dynamical one, @, = x,x; = 0. The general form
of the dynamical vector field on this manifold is

a d l( 2 3) a a
I'=v,— —+—= — |+ A— -,
. ax,+v3 ax3+ 2 2 av, + 6x2+'u6v2

because ker w, is generated by d /dx, and 3 /dv,. The SODE
condition just fixes the value of the parameter 4 as v,. The
energy function is E; = v,v; — }(x,%x,). In the correspond-
ing Hamiltonian formulation there will arise a primary con-
straint, @, = p,, and a secondary one, @ = x,x;.

A similar case is the one studied by Frenkel,** but a
word of caution is needed because L is not a true Lagrangian
function. The rank of @, is not constant and reduces to zero
on the submanifold v, = 0.

The examples of DiStefano,’'

L=1(v>) +4(x%),
Schafir,?
L=, —x*+w,?),

and Cawley,?®
L=v,w, +(w,%),
look very similar to the preceding case.
Another similar example is that proposed by Christ and

Lee,® which in a slightly modified form has recently been
analyzed by Nardelly and Soldati**:

L=}[P+P(0-2?%]—-V(r) (r#£0),

because ker W is also one-dimensional, and then the pri-
mary constraint arising in this case,

a,=r@—z)=0,

is dynamical. The kernel of @, is now generated by the vec-
tor fields 8 /dz + 3 /36 and 8 /9%, and there are no secondary
constraints in the Lagrangian formulation. In fact, the gen-
eral solution of the dynamics is

.3 . d ; a
Fop=Fr—+60———(r0*+V'(r) —r?)—
w =T VN g
Jd , 4 ] a
al— - + o]
+ [az + a6 s 0z
and I',5(6 —z) =0. Thus there are no secondary con-
straints in this approach. In the Hamiltonian counterpart in
which the momenta are given by
p.=h pe=r(@-2, p,=0,

we will find a primary constraint p, =0 and a secondary
constraint p, = 0, but both of the first class. This last fact
corresponds to the nonexistence of SODE constraints.
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Finally, we note that there exist cases with no SODE
restrictions in which the dimension of ker W is greater than
1. In the following example, one proposed by Sundermeyer>’
but slightly modified in order to remove the inconsistency,
the restriction of 4 onto ker W vanishes:

L= 5(411’22) + 4295 (¢,#0).
There are only dynamical constraints,
a,=v,=0 and a;=¢,9,=0.

Example 2: Let us consider now a case in which there
are no dynamical constraints except SODE conditions. An
example is the one given by Schafir,>?

L=4(v?—x?) + x0,.

The matrix W is now

1 0O
W=|0 0 0},
0 0 O

while the matrix (£, ,4£, ) is regular. Therefore there are no
dynamical constraints except the following SODE restric-
tions:

a,=v,=0 and a;=v,=0,
the kernel of w, being generated by the vector fields 3 /v,
and d /dv;. The general solution of the dynamics is

d a d a
r=o, 2 -x, 2412 +pu2.
. 9x, ol v, v, to v,

The Hamiltonian counterpart has two primary constraints,

g=p, and @, =p;—q,,
which are of the second class at this level. This situation
corresponds to the case studied in (ii) of Theorem 4, and, as
indicated there, neither dynamical primary constraints in
the Lagrangian formulation nor secondary ones in the Ham-
iltonian approach will arise. The same assertion is true for
the analogous case studied by Nesterenko and Chervya-
kov,3¢

L=i(v?) —vyx,.

Example 3: A simple example of mixed type with both
dynamical and SODE restrictions is

L=v’+ gs3v4 + 9" +44°,
in which ker W is three-dimensional. There is a dynamical
constraint,

a,=¢q,=0,
but there are two SODE restrictions as well,

(13=U4=0 and a4=q4=0.
In the Hamiltonian approach, three primary constraints cor-
responding to the three dimensions of ker W,

$1=p.=0, ¢,=p;=0, ¢3=p,—¢,=0,
and just one secondary constraint,

¢4 =¢,=0,
will arise, since there is one dynamical constraint in the La-

grangian formulation. The two SODE restrictions have no
counterpart in the Hamiltonian formulation.
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Symplectic geometry and integrable m-body problems on the line

J. P. Francoise

Bat. de Mathématiques n° 425, Université de Paris-sud, Orsay, 91405 Cedex, France

(Received 19 November 1987; accepted for publication 20 January 1988)
A conjecture of Gallavotti and Marchioro [J. Math. Anal. Appl. 44, 661 (1973)] is proved by

using symplectic techniques.

1. INTRODUCTION

The Hamiltonian of the classical system that we consid-
er here is

H=y 3a+Es

i=1 i#j

for the symplectxc formow = 2, Lodx A dy,- on the manifold
T*W,

W = {XeR"™|x; — x;#0, i#j}.
The corresponding quantum operator is

LA A o R
2:_18x2 a;é)

(x1 - X )2 :;1 x

This m-body model on the line has been studied by Calo-
gero' and Sutherland,? and in the classical case by Adler,?
Calogero,’ Kazhdan, Kostant, and Sternberg,* Moser,’ and
Olshanetsky and Perelomov.®

The classical system is completely integrable in the
Liouville sense. The level hypersurfaces of the Hamiltonian
are compact and so there are invariant tori; we propose to
compute the action-angle coordinates for this model.

In the quantum case the Hamiltonian has a discrete
spectrum which has been determined by Calogero.' Galla-
votti and Marchioro’ then proved that the semigroup gener-
ated by H can be computed by the Feynmann—-Kac formula
and they deduced the limit lim,_, (27A)™ Tr(exp — BH ).
From the expression they found for the integral
§ dx dy(exp — BH), they proposed a conjecture on the clas-
sical system. We use here the Arnol’d formula and the
theorem of convexity of the image of the moment map®°® of a
symplectic action of the torus to prove the conjecture as it
was announced in Ref. 10.

Theorem: There is a global symplectic transformation,
defined on the complement of an analytic set of codimension
2,3,

F: T*W—3-R" XT"

1 /1 Zx,,

—x)z i=1

(x,y) i (71:5}
so that
i Agm(m — 1)
F*H =1 k -,
,-; T+ 2
forg>0.
I. THE LAX PAIR

Hamilton’s equation ¢, = dH defines a vector field
whose flow is a solution of
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. JoH
xi:?a;;—= i
:6H (1)
)= —— =A%, +2
r Ox, _;; ,}
Adler and Moser proved that (1) implies
=[4,L) —A%X and X=[4.X]+L, (2)
with
Ly=y6;+V —1g/(x; —x)(1 = 8,), X;=x,,
) - —
Aij=\/—15yz g i ( ) (gV 1)'
& (x—x) (x; — x;)?
(3)

We define a matrix U(#) (Ref. 5) such that
U=AU and U(0)=Id. (4)

We use Y(1) = U(t)XU(r) ", the conjugate of X, by
the flow of 4.
The Lie formula gives

Y() = U (X — [4XDHUDH ' = ULU ~!

and
Y(6) = UL — [4,L)HU(t) ' = —A2UXU ~".
So we get
Y= —A%1(1), (5)
which gives by integration
Y(t) = Y(O)cos At — (¥(0)/A Jsin At. (6)

Equation (6) determines completely the flow of (1) be-
cause the positions x; are the eigenvalues of the matrix Y(¢).
From (6), we easily deduce that

Y(6)? + (1/A%) ¥(5)* = X(0)> + L(0)*/A?,
and that the matrix P = A 2X 2 4+ L ?is isospectral.
In fact we can check that
= [4,P]. )

We have a Lax pair for the flow. Let us introduce
(Fy,....F,,), the eigenvalues of P,

lil. THE ACTION ANGLES OF THE CALOGERO-MOSER
SYSTEM WITH AN EXTERNAL QUADRATIC FORCE

We follow the presentation of Kazhdan, Kostant, and
Sternberg.* The group G = U(m,C) defines a symplectic ac-
tion on the cotangent bundle of its Lie algebra
T'*g-gog*~ga g equipped with the canonical symplectic
form

© 1988 American Institute of Physics 1150



Q = Tr(dXAdY) = 3 dX; AdY,. (8)
L

This symplectic action has a moment map W:
(X,Y)-[X,Y], where [X,Y] is seen as an element of g*
through the identification g~g*.

Kazdhan, Kostant, and Sternberg build the reduced
space W~'(u)/G,, where p is defined by the matrix
1y =V —1g(1 —6;). Here G,is the isotropy subgroup
of u.

A fundamental result of Ref. 4 is the following lemma.

Lemma (Kazhdan, Kostant, and Sternberg): The ele-
ment X of g can always be diagonalized by a transformation
of G,.

This lemma implies that the reduced space ¥ ~'( #)/G,,
can be parametrized by the couples (X,L)eg X g such that

X;=x6, and [X,L]=p. 9

We find that the nondiagonal terms of L are necessarily
of the form L, =v' — 1g/(x; — x;).

The diagonal terms of L left undetermined by relation
(9) will be denoted y;. The symplectic form is then

o =tr(dXA\dL) = i dx; \dy,, (10)

i=1

and we find the data (3) with the Hamiltonian
H=ITr(A’X*+L?).
We begin now the computation of the action angles by
introducing “matrix polar coordinates.”
By relations (3), we see that v — 1.X and v/ — 1L are

elements of the Lie algebra g. We use the matrices (which are
not in g)

Z=AX++v —1L and Z=AX—+v —1L. (11)

Given a matrix M, we denote by M * the matrix whose ele-
ments are the complex conjugates of the corresponding ele-
ments of M. We find that

Z="Z* (12)
We then show that

P=ZZ+v — . (13)
We introduce the matrix .S

S=ZZ=2Z'Z* (14)

The eigenvalues of S are functions of the eigenvalues of Pand
so they are constants of the motion. This implies that S'is also

a Lax matrix for the flow.
Let g,,...,4,, be the eigenvalues of Z (note that they are

not necessarily real) and Q = diag(q,,...,q,, ). Let o, be the
analytic set of real codimension 2 which is the locus where Z
has multiple eigenvalues. There is a matrix ¥ analytic and
invertible on T*W — o, so that

vzv-'=0Q.

Let us denote p,,....0,, the diagonal elements of VZV ~!; we
have

o =tr(dXNdL) = (1/2AV — )tr(dZAdZ),
te(dZAdZ) =tr(dVZV " 'AdVZV ")

= i dg, \dp,.

i=1
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Let o, be the analytic set defined by g,,...,q,, =det Z=0.
Let us observe that this set is also of real codimension 2.
We introduce on T*W — o, the matrix log(Q)
= diag(log ¢,...,log ¢., ), by choosing a logarithm on C*.
We observe that we have, on T*W — X(2 = o,u0,),

Qv - o= i dlog g, \Nd(p.q;)

i=1

=tr(dlog QAdV SV 1),
2V — 1) = tr(dV ~'log QV A dS).

Now we use the fact that S (v/ — 15 belongs to the Lie
algebra g) can be diagonalized by an element 7" of the unitary
group. Let A,,...,A,, be the eigenvalues of S; we can write

2V ~ 1D)w=t(dTV " 'log QVT ~'AdT ST 1),

2V - 1) = 2 dA; Ndp,,
i=1
where B, = TV ~'log QVT ; ' appears as well-defined and
has a ramification of logarithmic type when the point (x,y)

varies along a loop around o,. We use in the following the
variables &, = 5,/(2v — 11) so that

o=y dA;Nd§;.
i=1

We deduce from (6) that all the orbits of the Calogero—
Moser system with a quadratic external potential are period-
ical of period (not necessarily primitive) 27/A. The equa-
tion of the flow can be written using the variables (A,,£;),

Ai =0, é.‘i = %
hence

£ =4;(0) + 4.
The flow is periodical of period 27/, so we must identify
§;(0) and &;(0) + 7/A.

This shows that the variables «};, = 2A£; are angular
variables. We have now proved the following proposition.

Proposition: Let us introduce 2; = (44) A;; the variables
(2;,9;) define a system of action-angles coordinates for the
completely integrable Hamiltonian that we consider. If we
use the one-form 7 =2 7., (1/24)A; d9; and the classes
7;(c) of the paths {Z; constant, J; (i#j) constant, and
0<d, <27} in the cohomology group H,(F ~'(c),Z) we can
check the Arnol’d formula

> =f 7
J yi(c)

We have that H= (F, + -+ + F,,)/2 and the lemma
gives H= (A, + - + A,,)/2 by invariance of the trace.
Wegetthen H=A(Z, + -+ + X,,).

IV. PROOF OF THE GALLAVOTTI-MARCHIORO
CONJECTURE

The end of the proof of the conjecture is based on an
application of the theorem of the convexity of the moment
map,®*!! both in its local and global part.

We used the fact already proved in Ref. 12 that the Calo-
gero—Moser system with a quadratic external potential is
collective for the symplectic action of the torus. We proceed
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separately in each component of the Weyl chamber. Let us
consider, for instance, the component defined by
X, <Xy < " <X,,. The function H is convex, so it has only
one critical point in this connected component and it is a
minimum. It has been determined by Calogero in Ref. 13 as
the point C,

(ith zero of the Hermite polynomial
of degree m).

The value of H at this pointis H° = Agm(m — 1)/2.

We begin by performing a translation of the action vari-
ables

3,-3 + 3
where =0 is the value of =, at the point C.

After this translation, the point C becomes the origin of
the coordinates 0.

We use then the theorem of Ref. 11 (Sec. 32) which
shows the existence in a neighborhood of 0 of a system of
symplectic coordinates (x,y) so that

0
yi=0, x;=x;

H= % w(xi +yi).
k=1
The u, are necessarily positive since H has a minimum at 0.
In Ref. 13 Calogero determined the eigenvalues of the Hes-
sian of H at the minimum as being 1, = k.

By a local analysis, we see that the actions given by the
proposition are obtained from the local data

N =Xk + Vi
by a transformation J: (7,,...,7,, ) = (£5...,2,, ) Which be-
longs to Sl(m,Z). We deduce from this fact that the local
data have J ~'(Z,,...,.Z,,) as a global extension that we still
denote by (1,,-.-,7,, )- The Arnol’d formula and a change of
basein H,(F ~'(c),Z) allows us to make explicit this transfor-
mation J. Let ¥, -y, be the change of base, so that y;

=2/ ,¥i, and 7' the change of one-form defined by
7 =7n—2",'g2)dd, the actions 7; correspond to
(777

The variables (7,,...,7,, ) can be used instead of the vari-
ables (2,,...,2,, ). The fundamental theorem of Refs. 8 and 9
tells that the image of the moment map is the convex hull of
the critical values if the manifold considered is compact.
There is no general statement known about the noncompact
case. But the convexity theorem is true for systems for which
the stationary phase formula is exact.'* We have shown in
Ref. 12 that the stationary phase formula is exact by an adap-
tation of the Berline-Vergne proof.

We deduce that the range of (7,,....7,,) is a cone of
vertex 0.

The intersection of this cone with a neighborhood U of 0
isequalto R™ NU sincelocally %, = x}; + y;. Consequent-
ly, the cone is R7 and the variables 7, vary independently
fromOto + .

The angular variables £, associated to n, are a priori
multivalued analytic functions on the open dense set com-
plement of the algebraic set of codimension two 2. They vary
between 0 and 27 on this open dense set. The fact that they
may have singularities on a residual set does not prevent
from using them to compute the canonical partition function
of H. This ends the proof of the conjecture of Gallavotti and
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Marchioro.” An important consequence of the solution of
this problem is that the spectrum of the quantum system
computed by Calogero' coincides with the approximation
given by the geometric quantization.

V. CANONICAL PARTITION FUNCTION OF THE
HIGHER-ORDER INTEGRALS OF THE MOTION

The formula of the stationary phase gives an approxima-

tion to the sum Z( 8) = §, exp( — BH)(), where H is a
function defined on a manifold ¥ and € is a volume form on
V. This approximation is exact when Vis symplectic and H is
collective for a Hamiltonian action of the torus on ¥. When
H is collective, there is a collection of m functions
2m =dim V): £.,3,,..,.2,, so that H=3,+ - + X,
and so that the Poisson brackets {2,,2,} vanish and the
Hamiltonian flows of each X, for all { = 1,...,m, are periodic
and there is a common multiple T to the periods of all the
periodic orbits.

Let us consider the higher-order integrals of the motion,
H® =3 4 -+ + 2 . The Hamiltonians H  are no long-
er collective and nevertheless still integrable and we consider
the computation of their corresponding canonical partition
functions

ZO(B) =f exp( — BH ™) Q2
|4

as an important problem of symplectic geometry.

As a corollary of the proof of the Gallavotti-Marchioro
conjecture, we get the following theorem.

Theorem: For the Calogero-Moser with an external
quadratic force, the canonical partition functions of the
higher-order integrals of motion are equal to

Z(s)( B) — (Zﬂ)mf d,”l...f d77m
0 (¢}

Xexp(—ﬂ S Ot + 7 +A2>’).

k=1
This shows the contrasting situation between the simple
expression of Z( ) obtained by the stationary phase for-
mula and the sums corresponding to the higher-order inte-
grals. It suggests that a detailed study of the special functions
which are iterated of error-functions type would be interest-
ing in relation to this problem of symplectic geometry.
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The nonrelativistic propagator is derived by formulating the generalized Aharonov-Bohm
effect, valid for any gauge group in a general multiply connected manifold, as a gauge artifact
in the universal covering space. The loop phase factors and the free homotopy propagators
arise naturally. An explicit expression for the propagator when there are two solenoids present

is given.

I. INTRODUCTION

The Aharonov-Bohm (AB) effect' has long been an
intriguing and much discussed topic in the literature. Partly
based on this effect Wu and Yang® concluded that electro-
magnetism is a gauge-invariant manifestation of the noninte-
grable phase factor; they have furthermore generalized the
effect for the non-Abelian gauge fields. A quantitative de-
scription of this effect involves the computation of a propa-
gator for the incident particles and the result, as explained by
Wu and Yang,® depends only on the loop variable
exp[ — § A, dx*]. This has been elaborated extensively by
Horvathy.? In Ref. 3, a gauge analogous to the U gauge in
monopole theory is chosen so that the Yang-Mills potential
is diagonal in the internal SU(2) group space in order to
facilitate the calculation. It is well-known that because of the
impenetrable solenoid (we use the term ‘“‘solenoid” to indi-
cate the source for the gauge fields, whether Abelian or non-
Abelian), the propagator can be expressed as a sum of the
free homotopy propagators weighted by the nonintegrable
phase factors corresponding to homotopically distinct
paths.*® The purpose of this paper is to generalize the work
of Refs. 4 and 5 to the non-Abelian case and provide a com-
plementary approach to that of Ref. 3. We also obtain an
explicit expression for the propagator when there are two
solenoids present.

In an idealized setup involving only a single solenoid,
the incident test particles are confined to a gauge curvature-
free region M, which can be taken as a punctured plane

— {0} and is multiply connected. Inside the infinitely
long solenoid located at the origin there resides a strong non-
Abelian gauge field strength F,, =d,4, —3d, 4,

+ [4,,A4, ]. The multiple connectedness of M is necessary
for observing the AB effect since every flat connection (that
is, with null curvature) defined on a simply connected mani-
fold is trivial.® In other words, on a nonsimply connected
space a nontrivial gauge field may exist with a vanishing field
strength. One can deal with a multiply connected space M
through its covering space, in particular the universal cover-
ing space M.**> One has M = M /T, where T is a discrete
group of diffeomorphisms of M and has no fixed point. Sin-
gle-valued functions on M can then be lifted to functions
constant on fibers in M. By lifting paths on M to M, we shall
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see that the lift of a nontrivial connection on M is trivial on
M.

It should be noted that a gauge transformation U(%) of
A (X) = Oon the universal covering space M can descend to
M in three different ways.

(i) The first way is when U(%) is constant on the fibers
and can therefore be projectable to be a well-defined single-
valued gauge transformation on M. This corresponds to no
AB effect.

(i1) The second way is when ‘(7(x) is not pro_]ectable, but
nevertheless gives rise to a projectable gauge field A (x)

=U 6 U ~'. An example is that U(%) is quasnpenodlc on
the ﬁbers This may result in the AB effect on M. Conversely,
a gauge field producing the AB effect on M can be lifted to a
trivial gauge field A =U c? U ', but with a nonproject-
able U. The fact that the gauge transformatlon U(%) in the
universal covering space M is not constant on its fibers re-
sults in a nontrivial phase factor connecting any two differ-
ent points of any single fiber, which is necessary for observ-
ing the AB effect.

(iii) The third way is when U(%) is a nonprojectable
gauge transformation and the resulting pure gauge A

=U 8 U ! is also not projectable.

Il. PATH-INDEPENDENT PHASE FACTORS IN THE
COVERING SPACE

In the region M outside the solenoid, the gauge field
potential is well defined and locally can be written in the
pure gauge form

A4,=Ud,U —t (n
since in M, F,, = 0. Expression (1) implies that the gauge
transformation U(x) can be written as a non-Abelian phase
factor

U(x) = exp( —f A, dx"), 2)

Xref

where the path ordering is always understood and x, is a
fixed reference point. For the AB effect there is a strong flux
through the origin of M and, consequently, it is not true that
along any closed loop c,
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P’ (x): fiber over x

Xret

FIG. 1. This figure is used to establish Eq. . (10). Here X' and X" are on the
fiber over x and &, i = 1,2,3, are paths in M, whereF =0.
exp—§A,‘ dx* = I(identity). 3)
(4

This prevents us from writing 4,, globally as a pure gauge
form. However, 4,; can still be written as in expression (1)
everywhere on M except along a line extending from the
origin to infinity. In this case, the gauge transformation is
singular along that line. This does not mean that 4,, is singu-
lar on the half-line; instead it just means that 4, cannot be
written as a pure gauge form along the half- 11ne It must be
stressed that 4, is nonsingular everywhere on M.

Since 4, and F,, areregular everywhere on M, they can
be lifted to be universal covering space M of M:

(%) =F,(x) =0, 4)
xX) =4, (x). (&)

Here x is the projection of X, P(%) = x, or X is any pomt on
the fiber over xeM. As M is simply connected and F,
everywhere on M, thelifted gauge field A canbe wntten asa
pure gauge form globally:

4,6 =0®3,0@ ", (6)

with
U(%) =exp(—-[ Z,,(i)diﬂ). (N

By the non-Abelian Stokes theorem, Ux) is path indepen-
dent and single valued on M:

exp(,—ézﬂ d)':“):l, (8)

where ¢ is any closed path in M.

Note that Z (X) is constant on the fiber over any xeff{
that is, it is prOJectable to a single-valued potential 4,, (x) on
M although U(x), which is defined only on M, needs not be
constant on the fiber. Indeed, for any two preimage points,
#,%"eP (%), U(®'),and U(X") havea simple relation. On
M and using Fig. 1, it is easy to see that
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FIG. 2. Thederivation of Eq. (14) is illustrated. The location of the point %7
on thefiber over x, determines the homotopy class [c] of the closed pathcin
i’ ~
) -exp ( —_ A, dx*
)

M.
Xret g, )

exp(—J. Z,‘ dx*
X
) 9

= exp ( — J A, di#
Fret
The particular paths ¢; are not important since Eq. (8) is
satisfied on M. From Eq. (7), it follows that

. ) (10)

SinceX’, X"€P ~!(x), itis clear that P(,) isaclosed path cin
M, although &, is not closed in M. As A (X) =A4,(x), we
can write

exp(—f Zﬂ di")=exp(—§A# dx“),
X c

which depends only on the homotopy class [¢] of the path c,
where [c] is an element of the fundamental group 7, (M) of
M. Note that 7, (M) is isomorphic to the discrete group I of
diffeomorphisms of M.

U T (%) =exp(—J: A, ax

(11)

lil. THE PROPAGATOR

We proceed to calculate the nonrelatmstlc propagator
K(x,,t,;x,,t,), for the AB effect in M:

$oxat) = [ KGatixut ) pix,)dx, (12)
Consider a partial propagator for an arbitrary path a on M:
K, (x,,t;;x,,t,). The path a can be decomposed as B-c,
where B is a reference path in M and c is a closed path.
Assigning a particular preimage X, to x,, there is a unique
lifted path® @ = B-¢ from %, to X,. The partial propagator K,
on M can then be lifted to the covering space such that

K, (Xptyx 1)) = Ky (R ty3,8). (13)

Since 4 . as given by Eq. (6) is a gauge transform of A =0
on M, K, is simply the gauge transform of the free propaga-
tor K % and may be evaluated with the help of Fig. 2. One has
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Ky (Gpptysty) = U(%)K S (:'cz,tz;fc,,t,)'t?-

= ’exp(

Aol L)

[ -]l
-

Y

The point %7 in M is on the fiber over x, and its location on
the fiber determines the homotopy class [¢]. Writing the
nonintegrable phase factor along the reference path S as B,
we obtain, from Egs. (13) and (14),

K(x,,tx,,t) = K, (xt5x 1))
[clem, (M) a= B¢
cc(c)
=B ¥y Y [exp(—-§A“ dx")]
[cler (M) a=B'c <
cefc]

XK Q (Xputyxsty). (15)

The first summation over paths a is performed by summing
over all closed paths ¢ within a homotopy class [c]; this is
then followed by the summation over all homotopy classes of
7,(M). The loop variable exp( — § .4, dx*) depends only
on the homotopy class [c]. Factoring out the free propaga-
tor K9 along the reference path B, the final result is

K(x,,t;x,,t,) =B’ z [exp( ~¢ 4, dx“)]
[clem (M) (€]

Kg(xzyfz;xptx)’ (16)

cele]

where B’ is the product of B and the free propagator along
the reference path S. Note that in the above discussion M
needs not be R 2 — {0}, as indicated in Fig. 2; the result (16)
is in fact valid for any multiply connected space M; and
(M) may be non-Abelian. For the single solenoid, 7, (M)
is Abelian, its elements are labeled by integer n, and Eq. (16)
can be rewritten as

K(xpt5%,1;) = B' Y ®"K§ (x,13%,,11), amn
where we have defined
K?:(xzytz}xltl) = Kg(xz»tz;xpt]) (18)

celn)
and @ denotes the closed loop phase factor when n = 1.
Equation (17) is same as that given by Refs. 3-5. The loop
variables exp( — § .4, dx*) are elements of the holonomy
group from 7, (M) to the gauge group.

In summary, the partial propagator along a path in the
multiply connected space M is lifted to the universal cover-
ing space M, where it can be regarded as a gauge transform of
a free partial propagator. The phase factor in M is path inde-
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A dx“)] K (%515%,t,) [exp(

= [exp f A, dx* ) [exp(—§A,‘ dx“)]K‘;(xz,tz;xl,tl).
B/ c

)

K3 (Xp,t5:%,,1,)

)] K2 Sty ty)

(14)

pendent since the field strength va vanishes everywhere and
M is simply connected. An open path (chain) in M with two
end points on the same fiber is projected to M as a closed path
(cycle). Thus the loop variable exp( — $4,, dx*) emerges
naturally in expression (16). Because this loop variable as-
sumes different values for different homotopy classes due to
the multiple connectedness of M, we have the AB effect. We
note from Egs. (10) and (11) that there will be no AB effect
precisely when Ux") =UF ), that is, if (%) is constant
on fibers and hence projectable.

IV. TWO OR MORE SOLENOIDS

The result (16) is valid for any multiply connected
space M and any gauge group G, although, in our derivation,
we have made use of Fig. 2, which tends to suggest that M is
R? — {0} and , (M) is Abelian. We now consider the case
of k solenoids; M is then equivalent topologically to a plane
with k disks removed. For the case k = 2, M is equivalent to
a figure eight. The fundamental group 7, (M) is non-Abe-
lian and is the free product of Z *Z *- - - *Z of k copies of the
infinite cyclic group.® As an illustration for the non-Abelian
(M), we discuss the two-solenoid case. Every closed loop
in M is homotopic to the combination ¢f ¢} or ¢} -c7', where
¢, and c, are closed loops going once around the solenoids 1
and 2, respectively. Thus from Eq. (16) we obtain

2 n
K(xptyxt)=B'Y % [exp( - A, dx“)]
nmij=1 [e]

i#j

X[exp( A,‘dx") ]
{¢)

Y KS(xptxty).

re[cfq"]

(19)

Note that knowledge of the fundamental group 7, (M) is
needed in order to write down the more explicit propagator
(19) from Eq. (16).

V. COMMENTS

We now proceed to make a few remarks.

(i) On substituting Eq. (16) into Eq. (12), we immedi-
ately have

Oh, So0, and Lai 1156



¢(X2,t2) = B ! [exp( bt §A” dxﬂ)]'p?c](xZ,tz),
[clem (M)
(20)
where
W (x2ty) EJ Y Ko tyx it )(x3,8)dx,. (21)
celc}

Expressiorls (20) and (21) can also be written in the cover-
ing space M. Expression (20) has appeared in the literature
before® and indicates that the wave function at the detector
in the generalized AB experiment is the sum of *““partial am-
plitudes” weighted by different nonintegrable phase factors.

(1i) Surveying the literature, we found that Eq. (16) has
also been discussed in Ref. 10. However, the starting point of
Ref. 10 is to assume that the propagator is given by

x2(1;) .
K(xy.p55%,t1) = f (exp fA, dx’

x(£y)

)CXP[iS(F)],
r

where S(I') is the free action, whereas in our approach we
start by lifting a partial propagator along a path to the uni-
versal covering space.

(iii) The Wong equation'! describes the motion of a
particle with an internal non-Abelian charge interacting
with an external Yang-Mills field

dx*
(G,1 +ad(4,)1) = =0, (22)

where I is the non-Abelian charge vector. On the space M,
one can solve Eq. (22) by parallel transport:

I(x) = ad[exp( —_ f‘Aﬂ dx# )]I(xo), (23)

X0

where I(x) is dependent on the path from x, to x. For paths
a, and @, such that @; 'a, is a closed path in M, the internal
vector I transported along paths ¢, and «, differ by the Wu-
Yang factor, a fact used in Refs. 3 and 12 to discuss the non-
Abelian AB effect. Equation (23) can also be obtained in the
universal covering space M. On M the gauge field is a pure
gauge everywhere, A = '05“ U ', and the Wong equation
becomes
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3,1+U03,U-'D ‘2—"“:0. (24)

r
Equation (24) can be simplified to

3,(U'I(%)) =0,
giving

1(%) = ad(U(%) U~ (%))1(%,),
which is the same as Eq. (23).

(iv) From expression (16), we confirm the viewpoint of
Ref. 2 that the classes of nonintegrable phase factor provide
a complete description of the physical situation. Consider
two gauge fields 4, and 4 in M, with the corresponding
lifts A, =U J,U"" and 4, =U'd,U'"" in M; the
ﬁe1<j§ are gauge transformable to each other in M iff g(X)
= U'(%)U ~(X) is projectable. One can verify, using Eqgs.
(10) and (11), that this happens if the nonintegrable phase
factors exp( — $4, dx*) and exp( — $4/, dx*) belong to
the same conjugate class. Hence no experiment in M can
differentiate between the two nonintegrable phase factors.
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Suppose that the state of a system of N n-level atoms is given by a tensor product of N identical
density matrices. The exact formulas are presented that describe the probability that such a
system may be found in a pure state with a given symmetry with respect to permutations of
atoms. The asymptotic form of these probabilities valid for large  is also derived.

I. INTRODUCTION

The origin of the problem solved in the present paper
may be found in the theory of collective phenomena in quan-
tum optics like superradiance,’~* subradiance,> and limit-
ed thermalization.’ In the simplest mean-field model used in
this theory the interaction of the system of N n-level atoms
with an electromagnetic field is invariant with respect to per-
mutation of atoms. On the other hand the N-atomic states
span the whole N-fold tensor product Hilbert space because
the spatially separated atoms are treated as distinguishable
objects.! Hence in principle the states with arbitrary symme-
try with respect to permutation of atoms may occur.>* As a
consequence the probability that the atomic system may be
found in a state with a given symmetry with respect to per-
mutations is a constant of motion. This is a very strong re-
striction on the time evolution of the system. One can use
this property to estimate the energy emitted in a superra-
diance pulse for different initial conditions* and to describe
the form of the corresponding final states (subradiance and
limited thermalization*?) in terms of the probabilities men-
tioned above. We shall show in the present paper that these
probabilities may be exactly calculated for the initial states
being tensor products of N identical density matrices. Such
states are often proposed as initial states of the atomic sys-
tem.>* The obtained formulas are rather complicated and
therefore the asymptotic expressions valid for N— «o will be
derived also. One should mention that the discussed problem
was formulated and partially solved in Ref. 4 for the case of
two-level atoms.

Il. MAIN RESULTS

The Hilbert space for a single atom is denoted by
& = (" while the Hilbert space of the N-atom system is
FM = g F =C"". By p™ we denote a state of the
atomic system given by a tensor product

pM =98 p. (2.1)
N

We choose in & an orthonormal basis {|k }; k = 1,2,...,n}
which diagonalizes the density matrix p,

p=élpk|k><k|.

Now, we recall some standard definitions and results of the
group theory.>®
By AY”Y we denote the set of Young frames

(2.2)
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A=Apend,), A =015 434, ; Zi_ A, =N. For
any standard Young tableau T {* (a labels different stan-
dard tableaux associated with 1) we have an idempotent
operator e(T$¥) projecting on the subspace
L™ =e(T{)7™ of the “tensors of a given symmetry
type.” Here {L {®} are carrier spaces for the irreducible rep-
resentations of GL(n), U(n), SU(n), which are equivalent
for a fixed A. Because L {*, L {? are generally not orthogo-
nal one may replace them by the orthogonal subspaces
7@, which remain the carrier spaces for GL(n), etc.

Our problem is to find the probabilities tr(p‘¥VQ {*),
tr(p VP ™), tr(p™ P, ) where Q {*, P{®, P, are orthogo-
nal projectors on L (¥, Z{®, and & ,#{*, respectively.
Due to the invariance of a trace to a similarity transforma-
tion one obtains

tr(p™Q () = tr(p™MP ) = 4 (1)~ tr(p™VP,),
(2.3)

where .#"(A) is a number of standard tableaux for a fixed A
and is given by (see Ref. 7, p. 191, Ref. 8, p. 123)
W) = NI (v, — ;) ’

vilvlow, !

vi=A;+n—j. (2.4)
Assume first that p is not strictly positive and hence say
Pri1 =Pry2="""=p,=0 for a fixed r, O<r<n—1.
Therefore the searched probabilities may be different from 0
only if A = (4,,...,4,,0;...,0). Moreover the nonzero contri-
bution comes from the vectors of the type

hn

|¢> = z Ck, ,,,,, kN|k1,---,k1v> (2.5)
k=1
with the coefficients satisfying the condition C,_, =0 if

any k, =r+ 1,r+2,...,n, s= 1,2,.. ,N. It follows that the
problem can be reduced to the lower-dimensional case with
#° = € and hence we assume always that

P >0, k=12,.,n (2.6)

For a given set of eigenvalues p,,0,,...,0,, we define the se-
quence of natural numbers p,1,,...,.44,,. Let p, be a degener-
ated eigenvalue with the multiplicity d, and let the value of

P appear w, times in the sequence p,,0,,...,0,. Then we set
M =d —wy . 2.7

Now we are able to formulate the first theorem.
Theorem 1: With the notation and asumptions as above
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(1) tr( ®p Qﬁ"’) = tr( ®p Pﬁ“’) =det A/detT (2.8) (ii) tr( @p pi) — N(A)det A/det T, (2.9)
N
and is independent from ¢, | where A = (A,), T = (T'y), kI=1.2,..,n,
" for u, =0,
Ay = {p’ N i (2.10)
V(v — 1) (v —py + Dpypr—*, for 4, >0,
P for u;, =0,
P = [pl i o 2.11)
(n—k)Y(n—k—1)(n—k—pu, + 1)p; ¢ for p,>0.
[
Remark: For the density matrix p with nondegenerated 1 n=1 p g
eigenvalues A,, = p}** "~ * and det T is the so-called Van- Xexp[ ) k,lz= Au J’kJ’t] , (2.16)

dermonde determinant equal to

n

detT' = Hz(p,.—pj).

i<j=

(2.12)

Here & (A) = tr( ® yp P, ) defines a probability distribu-
tion on the set A* of Young tableaux. The formula (2.9) is
rather complicated and not very transparent. Therefore it is
worthwhile to derive a simpler asymptotic formula valid for
N- .

We introduce the following notation: (i) p,>p,>** >p,
is the reordered set of the eigenvalues p,,0,,...,0,,;

Ay — Np,

, k=12,..,n—1,
(Npi (1 —pi ))”2

(2.13)

(ii) £V =

denote n — 1 standardized random variables on A", (iii)
the degeneration of p,,p,,...,p, is taken into account by intro-
ducing {5, } and {d,, }, @ = 1,2,...,5<n, such that

=P ='"=DPpg,

Pr=Pu+1=""=Pa a5

. (2.14)
Ds =Pd vdot - d_ 17 T P

and (iv) D, is a subset of consecutive natural numbers,
D, ={12,.4d,},
D,={(d +d,+ - +d,_, +1),.,
(dy+dy+ - +d,)},

fora =2,3,...,s.
Theorem 2: Let F M (x,,x,,...,x, _, ) denote the prob-
ability that

(2.15)

%) 9! (V)
17€x, £V KX 1 KXy -
Then

lim F™ (x,,X50%, _ 1)

N— o
=-/Vf d}ﬁf dh"'f i dy, _,

XXa P1Y2seVn 1) H II i —y)?

a=1 I<i<j<n
ijeD,
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where (a) yq (*) is a characteristic function of the following
subset of R* !

0= [(}’l’bv' “Ya_1)ER; yeR if py<pi

or ) <yy_, if pp =px_, for k=2,...,n,

n—1 (1 —=p)\2
and y, = — 2 Vi (M_) };

i=1 pn(l —'pn)
(b)Ayy = B + 7 ' Pup) ) = p ) (1= p)'7?,
kil=12,.,n—1; (2.17)
(c) A = (2m) ="~ D*(det ')~ 'p,?
n—1
X[ (1 =p) " [ Ba—Ba)"
k=1 a<B
X[ (1 =B ™", (2.18)

Remarks: The heuristic meaning of Theorem 2 is the
following: For large N and in the case of nondegenerated
eigenvalues { pk} the probability distribution & (1) has a
sharp maximum roughly corresponding to A= (Np,,
Np,,...,Np,, ), which lies in the interior of A* and the Gaus-
sian shape with a width proportional to N '/2. For degenerat-
ed eigenvalues the point A lies on the boundary of A", the
maximum of Z (A) is shifted into the interior at the distance
proportional to N /2, and the shape of 2 (1) is modified by
the presence of the polynomial term.

lil. PROOFS OF THE THEOREMS

We use the definitions and notation introduced in the
previous section.

It follows from (2.3) that it is enough to calculate
tr( ® yp Q () for arbitrary a, say @ = 1. The subspace L {"’
may be constructed as follows. Let %§" denote a set of
standard sequences K = (k,k,,...,ky) such that
k; = 1,2,...,n are distributed in the Young frame in nonde-
creasing order in every row from left to right and in increas-
ing order in every column from top to bottom and the indices
of {k,} form the standard tableau T'{". The subspace L {'’ is
spanned by the linearly independent vectors of the form®*

e(Tc(xl))lkka,---’kN)- 3.1)
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The vector |k,,k,,....k ) corresponds to a standard sequence
K = (ki kg sk YEF (Y . For any Ke ¥ (" we define a se-
quence of natural numbers N (¥, N{®,.. N such that
N % describes how many times the number k; = r appears
in the sequence K = (k,k,,....ky ).

The subspace L { may be decomposed into an orthogo-
nal sum of subspaces

L= o
(NN uN,)

I N =N
where L i’ (N,,N,,...,N, ) is spanned by the vectors given

L{Y(N,,N,,...,N,), (3.2)

by Eq. (3.1) with N =N, Obviously for
lg YeL §¥ (N,,Ny..N,),
eplp) =pl'pp"lp) . (3.3)

Lemma: Let p be a Hermitian matrix on C" with nonde-
generated eigenvalues 0 <p, <1, k = 1,2,...,n. Then

tr( ®pQ“’) =det A/det T, (3.4)

with A, I given by (2.10), (2.11), respectively, and u, =0
for k =1,2,..,n.

Proof: The proof will be done by induction with respect
to n. For n =1 the formula (3.4) is obviously valid. We
assume the validity of (3.4) for dim #°<n. Then for the
dimension of #° equal to n + 1 (3.2)-(3.4) imply

tr(®p oM

N(K) N(K) N;li)]
= Y P Pe" Prit
Ke‘y(l)
Ay — Ay Ay — Ay Ag=2dusiy N‘K ) N:x')
SRR I (A
X =0 x:=0 x, =0 \Kew¥

Ap i+ X+ o+ X,

Xp::-;—l

Equation (3.5) is explained by the following tableau with
the numbers 1,2,...,n,n - 1 distributed in a standard way.
The number 7 + 1 may appear only in the distinguished part
of the tableau. Here %" is a set of sequences (K {,....k i)
with k] = 1,2,...,n, which can be distributed in the Young
frame A’ = (4, — x;,A, — X5,...,4, — X, ) in the standard

way
el ﬂ///%?//
A M///%//,

l‘v

(3.5)

(3.6)

Ap 1+ Xt x,
41 >

et _..A" "“(detA’)
det T’

Xy =0
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where A’, T are given by (2.10) and (2.11), respectively,
withu; =0, k= 1,2,.,n, and

sz(llk—xk)"{"n—k
=4 +m+1D)—k—0x+1)
—(x; + ). (3.8)

Using the definition of a determinant one can rewrite the rhs
of (3.7) as

=

n+l

l«-l X
Prii vi—1 ’“(Pu»«-l)’}
R {” o 2 G
={detf‘ﬁ

X Z € H (P;J(n pp(ﬂpn+1!“)
peSy j=1

Using now (2.12) one can transform the rhs of (3.10) into

A

-1
pn+1)} Pn".:f

(3.9)

(detT) " 'detO, (3.10)
where
pU = PR Tl — PP 0
- _p1n+tpn+ Vn-[»l" ’P P:n“Pn.H o 0
Pt Pt puii
(3.11)
We multiply now the (n + 1)th row of © by p,", """ ** and

add it to the ath row. Then we multiply the nth row by
P17 ™ and add it to the (n — 1)th row. Repeating this
procedure n times we transform the matrix © into the matrix
A without changing the determinant. This completes the
proof of the Lemma. L]

Proof of Theorem 1: The statement (i) of Theorem 1 for
the general case of possible degenerated eigenvalues of p may
be easily obtained from the Lemma using the continuity
of tr(® yp Q5") with respect to p,,0,,...,0, and applying
I’ Hopital's rule for the expression det A/det T, Statement
(ii) follows from (2.3), (2.4), and (i). n

We present now the sketch of the proof of Theorem 2.
First, we consider the case of nondegenerated eigenvalues,
i.e.,p1>p,> " >p,. Theset of relevant Young frames AV’
may be identified with a subset Q*’ of the (n — 1)-dimen-
sional lattice Z" ~ ! by the following relation:

A(N)BAH‘VEQ(M)C:Z"HI,
vi=A, +n—k, k=12..n-1,
M=N+n(n—1)/2

Hence

(3.12)

M
QM = {v; V= (V,VayeeosVp 1 )s

n—1
VI>V> >V, >M— Z vk].

k=1

The probability measure Z V(1) = tr(® yp P,) on AV
defines a probability measure on Z” ~ *, which may be written
as
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W™ (y), for veQ™,
o, for v ™,

where by Theorem 1, (2.12) and the definition of a determi-
nant

PM(y) = [ (3.13)

WM (y) = ;QG‘M’(V) WM (v), (3.14)
with
Gy =M_rn D/ 7 VY (3.15)
M! k<j=2 Pr —P;
M! vy vy A

Wi = ittt et Pan " Patn

a1 (3.16)
1/,, =M"" 2 Vk .

k=1

Theorem 2 is formulated in terms of the limit of distribution
function for the standarized variable £V =¢ ™ (1)
(2.13). The convergence of the distribution function follows
from the pointwise convergence of the characteristic func-
tion

PM(n) = T eHTDFWMY, (3.17)
/{&A(N)
with
n—1
t=(tytyest,_JER"™Y, =3 4.
k=1
We present the idea of the proof that
lim & (¢) = ®y(r), for all reR"~!, (3.18)
N-ow

where ®,(1) is a characteristic function of the Gaussian
probability distribution defined in Theorem 2 (for the non-
degenerated case).

We introduce a new variable 7™ such that

M = (v — Mp)/(Mpe (1 = p))'",

k=1,2,.,n— 1. (3.19)
Because £ V) = 9™ 4 g(N ~'/2) then
lim ¥ (¢) = lim ¥*(z) (3.20)
Now M- oo
with
Y ()= F DG (y), (3.21)

ﬁn(M)

Any term in (3.21) is dominated by the polynomial proba-
bility distribution W {*’(v). According to the central limit
theorem (cf. Ref. 9, Theorem 6.13.1) W {*(v) has a sharp
maximum corresponding to V%M =(Mp_,,,Mp,),..,
Mp,,. _ ,) and the width proportional to M '/2. Hence only
for the trivial permutation ¢ = e [e(k) = k] the point +v{=*’
belongs to ™ and moreover all points v'** are placed at
the distances from the boundary of Q™ proportional to M.
As a consequence we obtain

(3.22)

Mo

lim ; |G (v)|W ™ (v) =0,
wnM\ gimn
with

1161 J. Math. Phys., Vol. 28, No. 5, May 1988

n—1

140 = [v; veZ'" v >0, ¥ vk.<M}Dﬂ(M’
k=1
and

lim 3 |GMW)|WP() =0, for geS,, g+e.

M-x \E‘I(M’
(3.23)
1t follows that
Al‘im WM () = A}im WM (1) (3.24)
with
\I’((,M)(I) —_ z gt G(M)(V)( M! i .p:u) .
“E"(M’) Vt!' * 'V"!

(3.25)

The function ¥§*’(¢) may be easily calculated by differenti-
ation of the characteristic function for the polynomial distri-
bution. From (3.25) we have

M) =G (V) T e

velltM

M v
x (——,-——, o -p;') , (3.26)
oy
where
G0 gy = M= ntn—1)/2)
M!
X H (Px "Pj)_'(vk -V,
k<=2
V, = —itMp(1 —pk>)"2§+Mpk, (3.27)
k
k=12,..,n—1,
n—1
V,=M-YV,.

k=1

Then using the explicit expressions on the characteristic
function for the polynomial distribution® and next using the
explicit expression on the limit of this function (see Ref. 9,
Theorem 6.13.1) one can calculate a pointwise limit
lim,,_. . W™ (1), which is equal to ®,(¢) [see Eq. (3.18)].
This completes the proof of Theorem 2 for the case of nonde-
generated eigenvalues of p. Its extension to the case of degen-
erated eigenvalues is not difficult. The main difference is that
the maximum of the relevant polynomial distribution lies on
the boundary of Q* for M— «. Hence the standardized
variables {£ {*’} corresponding to degenerated { p, ,keD,}
remain ordered in the limit M — . The formula (3.14) is
also modified. After straightforward but lengthy calcula-
tions one obtains the leading term given by

(M—n(n—1)/2) 1YY 5~ dalda— 12
detT . o
M (et D711 P
x I -1 kH (v, —v) WM ().

I<i<jkn a=1 <1
kJjeD,,

(3.28)
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Then applying similar methods as before one may calculate
the suitable distribution function (2.16). Strictly speaking
one obtains the limit theorem first for the probability distri-
bution symmetrized with respect to {£,, kD, } for all
a = 1,2,...,s and one recovers the restrictions on £, introduc-
ing the function y,, (*). ]
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The analogy between the representations of SU(1,1/1) and SU(2,2/1) is explained and used
to suggest the latter as a spectrum supergroup of superconformal relativistic quantum

mechanics for systems with rotational degrees of freedom.

I. INTRODUCTION

When “supersymmetric quantum mechanics” came
into being’ it was not immediately clear that this would lead
to a straightforward extension of the idea of the spectrum
generating group? (SGG). This emerged only when a fusion
of conformal quantum mechanics® and supersymmetry was
attempted.* This led to the introduction of a pair of spinor
operators S and S !, which—in the same way as the original
spinor operators Q and Q ' were the square roots of the Ham-
iltonian—are square roots of the conformal generator &,

10" =96 HSSI=% (1.1)

Here, ©, &, and their commutator & are the generators of
SO(2,1) fulfilling the commutation relations (CR)

[£,21=i9, [8,Z]= —iR [98]=2F.

SO(2,1) was the first example of a group that describes the
whole spectrum of a physical system? and was originally dis-
covered as the SGG for the collective vibrations of a nucleus.
Later it became clear that SO(2,1) did not only apply to the
harmonic oscillator but was a more general feature of the
radial motion.’

(1.2)

J

The remaining, nonvanishing anticommutators of the
spinor operators

HosSN=i2 —%, Ho'St=—iZ2 -9, (13)

introduce the generator % ( = B /2 — f/2 in the notation of
Ref. 4) of a U(1) subgroup which commutes with SO(2,1).
These four fermionic and four bosonic operators generate
the supergroup Osp(2,2) ~SU(1,1/1); all its defining rela-
tions are given below in Eq. (3.3).

Nonrelativistic supersymmetric quantum mechanics
has usually been formulated in terms of this Osp(2,2) or its
subsupergroup Osp(1,2). Osp(2,2) DOsp(1,2) has been
used as the spectrum generating supergroup (also called a
“spectrum supersymmetry”) for the one-dimensional oscil-
lator with spin,® for the fermion-monopole system,’ for the
noncanonical two-particle oscillator,® and for other nonrela-
tivistic systems. In the same way as the bosonic part SO(2,1)
is not specific for one particular interaction but a general
feature of the radial motion,’ Osp(2,2) can also be realized
in many different ways in terms of the radial distance and
momentum operators and the Pauli matrices.

We shall use the superconformal quantum mechanics*
based on

SU( l’l/l)Q,S,@,R,_@,@ Dosp(1,2) Dso(zyl).ﬁ,ﬁ_@ 380(2)(]/2)(.64.3!)

U
U(1)y XSO(2,D ¢ 0.2

as our point of departure. Qur ultimate goal is a relativistic
supersymmetric quantum mechanics. For the latter we sug-
gest SU(2,2/1) in place of SU(1,1/1). But SU(2,2/1) in a
different physical interpretation than ours may also be useful
for nonrelativistic systems with rotational degrees of free-
dom® like, e.g., the Coulomb and dyon systems which use
SO(4,2) as spectrum symmetry. The analogy between
SU(1,1/1) and SU(2,2/1) becomes already apparent when
one writes their defining relations next to each other as done
in Eq. (3.3).

The generators of a group with physical interpretation
are observables with a definite physical meaning. Therefore,
even if two groups are isomorphic they may be physically
different. The statement that SU(1,1/1) is a subsupergroup
of SU(2,2/1) is therefore of little help if one does not say
which SU(1,1/1) is meant. To characterize the physical
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(14)

r

meaning of a group (or supergroup) we shall often write the
generators of the group as subscripts on the symbol for the
group as, e.g., done for the subgroup chain (1.4).

We will deal here exclusively with star representations,
not grade-star representations,'’ of superalgebras because of
the general belief that algebras of observables in quantum
mechanics are star algebras.'” This requires infinite dimen-
sional representations. For Lie algebras and Lie groups the
connection between the representations of the algebra and
the unitary representations of the group is well known. It is
remarkable that in physics—also for spectrum generating
algebras, which are not connected with transformations of a
symmetry group—only those representations of Lie algebras
occur that integrate to representations of the group. For su-
peralgebras the notion of integrability has been defined re-
cently.”® We will only discuss representations of superalge-
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bras that integrate to representations of the supergroup, in
the sense of Ref. 13. For these, every irreducible representa-
tion (irrep) of a superalgebra is a finite direct sum of its
(noncompact) even subalgebra. The infiniteness of the rep-
resentation space is not worse than for the noncompact Lie
subgroup and the irrep space can be put together from a
finite number (two in the case we treat here) of irrep spaces
of the even subgroup.

In Sec. II we review the properties of SU(1,1/1)
DO0sp(1,2) and describe the class of representations that are
important for supersymmetric quantum mechanics. In Sec.
I1I we explain the transition from SU(1,1/1) to SU(2,2/1).
In Sec. IV the so-called “massless” positive energy represen-
tations of SU(2,2/1) are described and the parity operator is
defined. In Sec. V, the coupling of these SU(2,2/1) represen-
tations to the Poincaré group is described.

Il INFINITE DIMENSIONAL NONTYPICAL IRREPS OF
su(1,1/1)

The irreps of Osp(1,2) CSU(1,1/1) are obtained as the
direct sum of two irreps of SO(2,1) from the discrete series
D, (g),"

DORID (go)=== D, (40) @D, (4o + - 2n

They are characterized by one number g, which can take the
following values:

Go = %’1’%929--- . (22)
The basis vectors in the irrep space $P"» are denoted by

90:gH)s 9=4dodo+% H=99+ Lg+2,... (2.3)

The label u is the eigenvalue of I'y, the compact generator of
S0(2,1) given by

To=1(5+8). (2.4)

Here g(g — 1) is the eigenvalue of ¥ (SO(2,1)) where
¢(S0(2,1)) =T% — i{B,,B_} is the Casimir operator of
SO(2,1) and

B, = -1($—-8F22D)

are the bosonic excitation operators,

(2.5)

B, lqugu) =VJup +1) —g(g— 1) |gogp + 1).

(2.6)

Osp(1,2) has the bosonic generators B, , ', and the fer-
mionic generators

F, =(/2)(/2)ST -85 F(Q+0M). (2.7

The fermionic excitation operators F/, change the eigenval-
ues g of I'; by one half unit and also change the value of ¢,

F, |90q = gty = (W \2)u + gol903q

F 169 =qo + bt} = (W/2WE F (g — 1) 9039
= gott £+ 1)

With Eqgs. (2.6) [for SO(2,1)] and (2.8) the represen-
tation D(g,) of Osp(1,2) is completely determined. To illus-
trate the properties of the irreps of supergroups one uses, as
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in the case of noncompact groups, the weight diagram. The
weight diagram displays which irreps of the (maximal)
compact subgroup, in our case SO(2) ., occur in an irrep of
the supergroup. Figure 1 shows the weight diagram of D(q,)
of Osp(1,2). Each dot represents a value of u that occurs in
D(q,). The reduction property (2.1) is displayed by the two
columns of dots, each column representing the weight dia-
gram of theirrep D, (g) of SO(2,1). The action of the gener-
ators (2.6) and (2.8) is also depicted in the weight diagram.

The representations of Osp(2,2) =SU(1,
/D) 05'QNE, P that we are interested in here are the
nontypical representations’> which remain irreducible when
restricted to the subsupergroup Osp(1,2) F BT, For each
value of g, there are two irreps of Osp(2,2) which we denote
by Do { + g,). Wewill consider only D ( + ¢,); their reduc-
tion with respect to the subgroup chain

SU(1,1/1) DSO(2,1) 5 r,

XU(1)y DSO(2)r, XU(1) g 2.9)
is given by
Ds(ge)==D, (g =g0) X (y=g,)
8D, (g=g+PDX=g+}), (2.10)

where (y) denotes the one-dimensional representation of
U(1)s . From (2.10) one sees that for these nontypical ir-
reps y is not an independent quantum number but is already
fixed by the value of ¢ which characterizes the irrep D (q)
of the SO(2,1) subgroup. With this, the weight diagram in
Fig. 1 becomes identical with Fig. 2 of Ref. 4 (wherey = B/
2—£/2).

In the physical applications, the dots of the mathemat-
ical weight diagram represent physical states. For example,
if8O(2,1) isinterpreted as the spectrum generating group of
the oscillator™ then 2 becomes—except for an additive con-
stant—the vibrational quantum number and each column of
dots represents the equidistant energy levels of a harmonic
oscillator. The weight diagram of Fig. 1 then becomes the
energy diagram of the radial part of the harmonic oscillator
with spin.® The same representation can be used for the fer-
mion-monopole system.’

4= gigenvalue To
9ot 2 D.(q.+ &
1 Qu* 5)
-5(3-K-2iD)=8 :\ vee

(5*-5*Q=0")

i
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+ +
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y=eigenv. ¥
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FIG. 1. Weight diagram of Osp(1,2) which is also the weight diagram of the
irrep Dg(g,) of Osp(2,2) or Su(1,1/1) showing the actions of the genera-
tors.
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lll. FROM SU(1,1/1) TO SU(2,2/1)

A vibrator in three dimensions has in addition to the
SO(2,1) dynamical group of the radial motion an SO(3) s,
symmetry group (i,j = 1,2,3, S;; = €,45; ) describing the
rotational degrees of freedom. The SO(2,1) and SU(1,1/1)
must therefore be enlarged. The minimal choice for the bo-

J

SU(2,2/1) DS0(4,2)
SU(1,1/1) DSO(2,1) g 55 XU(1)5 D

XU(1)5 D80(3)s, XSO(2)r, X U(1)
SO(2)r, XU(1).

sonic part, which would contain SO(2,1) as the spectrum
generating group and SO(3) 5,, 8 a symmetry group, is
80(4,2) DSO(2,1)g,0,0 XSO(3)5, . 3.1

The immediate minimal choice for the superalgebra is then
SU(2,2/1) because of the following similarity:

(3.2)

The analogy between the enlarged and the original subgroup chains becomes even more obvious when one juxtaposes their

defining relations as done in Egs. (3.3),'¢

[¥8.]=[YR,]=[Y.D]=[VsS,,] =0,
{00} =2¢B,, {55}=2/%,,
{5,0} = 2iD + 0*'S,,

SU(2,2/1)
2 [SusSp0 ] =iMpSus + MuoSyp — NupSo — MoSup )
b [sB,u’S ] = 1(77#‘,%0 - ﬂyas’Bp),
c [‘Q#’Spa] = i("upﬁo - ”MURP)’
d [DS.1=0 [B.B.]=0 [R.8]=0,
e [PB.D] =IS'B#’
f [R.D]=—mR,,
g [%;U‘Qv] = 2i(17va - Syv)’
h [0S,,]=10,.0 [SS.]=140.S
i [QD]=14iQ, [SD]= —1Iis,
j [Qﬂsp ] =0, [S,S’B,‘ ] =% Q’
k [Q!‘Qy ] = 7;4‘5" [S’RI‘ ] =0,
1 [QY]= —8yQ [SY]=3iysS,
m
n
(o]

— 2iysY,

The operators Q and S in the defining CR (3.3) of SU(2,2/
1) are two Majorana spinors,

1)) Sy
o\ oi |-G s st |-G
- 01 —5i

(3.4)

and 0, and S, for SU(1,1/1) are linear combinations of the
Q, 01, S, Stin Eq. (1.1). These linear combinations are

0,=(AD(Q+@Y 0= — (i/2)(Q~Q";
S, =GAND(ST=8); S,= — UA2)(ST+S).
(3.5)
The relations (3a)—(3g) are the defining relations of the
subgroup SO(4,2) ==SU(2,2). There is another standard no-

tation for the basis of the Lie algebra of SO(4,2) that is more
useful for our purposes. One defines

Sus =3B, — &), =L, =4(B, + &),
S, (u,v=0,123).

The S, (a,b=0,1,2,3,5,6) fulfill as a consequence of (3.3)
the commutation relations

3.6)

- "Msad)
3.7

[Sab’scd] = - i(ﬂacsbd + nbdsac - ”adsbc
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SU(1,1/1)

[9.9]1=i9,
[8,2]= —iR,
[H,8] =22,
[Q,,,.@] = (ixz)jza, [S*,,,.@J = — (i/)8,,
[Qas®] =0, [Sa,®] = +iC.,
[0a®] = — B, [Su®] =0,
[Qa’@] = - (’/2)€aﬂQﬁs [sa’??/] = (l/z)eaﬂsﬁy
(2,51 = (9.8 = (9,9 =
{Qa’ ﬁ} Z‘Saﬂ'ﬁ’ {S ’Sﬁ}=26aﬂﬁa
(5,05} = — 26,59 —26,,%.
[
with 7, =(+1,-1,—-1,—-1,-1,4+1) for a=b

=0,1,2,3,5,6.

With the superalgebra SU(2,2/1) chosen, the first at-
tempt to generalize the subgroup chain (3.1) to a supersub-
group chain would be to extend SO(2 1) ”, .p toanSU(1,1/
1) by adjoining the Q,, Qa, S, .S' and to extend
S0(4,2)y %,5,.,p 10 an SU(2,2/1) by adpmmg the two Ma-
jorana spinors g, S,

S0(42)g050 O SO(21)gesXSOB);,
1 adjoin Q.S adjoin Q,.,S,
SU2,2/1) SU(L1/1)g, 0,05, XSO(3)s, -

(3.8)

Unfortunately this cannot be done in such a way that
SU(L1/1)gepps i8S a subsuperalgebra of SU(2,
2/1)g a5, p0s- In other words one cannot find a linear
combination of the four spinor operators 0.» Sa ,a=12,in
terms of the eight components Q,,, @4, 5., S* (a,& = 1,2)
of the Majorana spinor such that 0, §,, together with P,
R, and D fulfill the commutator-anticommutator relation
of Osp(2,1) CSU(1,1/1). SU(1,1/1) is a subsupergroup of
SU(2,2/1) but the generators of this SU(1,1/1) $RDD,5,
subsupergroup of SU(2,2/1)g ¢ 5 pos are not P, K, D,
and linear combinations of @,,, 0%, S,,, S %

One can find such an SU(1,1/1) subsupergroup, which
is, e.g., generated by
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‘6‘_"5(%0'*'%3)’ ®=£(~Qo—@3),
9 =£(D+So3); @=£(S12+ Y),
and

0, =4Q+ 02D O = — (i/2)(Q, - 0}),
S, =(i/2)(S} = 8,), S;=4S}+S,),

where the Q,, @1, and S,, S are the components of the
Majorana spinor (3.4). This SU(1,1/1) gives, however, oth-
er troubles.

When one extends the dynamical group chain SO(2,1)

DS0(2)r, to include rotations, the physical states, labeled
by 1 and y (or ¢) and represented by the « in Fig. 1, will have
to be labeled in addition by the angular momentum j where
J(Jj+ 1) = eigenvalue of (15;;S; ;). Thisis not possible if one
chooses the SU(1,1/1 Yo 203, with the generators (3.9)
because this SU(1,1/1) does not commute with SO(3), .
Therefore one must give up the requirement that the
SU(2,2/1) have an SU(1,1/1) XSO(3)SU as a subsuper-
group.

But this requirement is not necessary if one wants to
extend the spectrum described by the diagram in Fig. 1 toa
spectrum that includes angular momentum. All that one
needs is a representation of SU(2,2/1) that reduces with
respect to the subgroup chain

SU(2,2/1)250(4.2)5. XU(1) 4
O80(2,1)s,s,.s,, XSO)s,
DS0(2)r, XSO(3)s, (3.10)

such that it contains the representations D (¢ = ¢,) and
D,(qg=go+1) of SO(21)g 5.5, =S0(2,1)g e, p depict-
ed by the two towers (columns of dots) in Fig. 1. Each tower
is to be labeled in addition by a definite value of angular
momentum j coming from the SO(3), and preferably there
are not to be any other labels of the states besides 12 (radial
quantum number), j (angular momentum quantum num-
ber), and (its component) j;. Representations of SU(2,2/
1) with these properties do indeed exist and are contained in
the list of representations classified in Ref. 17. Their specific
properties that we need follow immediately from their re-
duction with respect to the bosonic subgroup
S0(4,2) XU(1) and we present them in the following sec-
tion.

IV. THE SO-CALLED “MASSLESS” “POSITIVE
ENERGY” REPRESENTATIONS OF SU(2,2/1)

These representations get their name from the fact that
in their representation spaces the operators have the follow-
ing properties:

B.B* =0, spectrum P,>0= spectrum I[,>0.

4.1)

In place of (1.4) we have now the subsupergroup chain
SU(2,2/1) D0sp(1,4)s, 1,0 280(2,3)s, r,
380(2)r, XSO(3)s,,
4.2)

where the Majorana spinor operator @, is given in terms of
the operators (3.4) by

(3.9a)

vl

(3.9b)
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0, =3Q2+9. (4.3)

All representations of SU(2,2/1), Osp(1,4), SU(2,2),
or SO(3,2) with spectrum I'; > 0 (or <0) are characterized
by their lowest weight.!”'® The weights of a representation
are the sets of numbers which characterize the irreps of the
maximal compact subgroup K. The weight of SO(3,2)
C Osp(1,4) is the pair of numbers (i, j) where i character-
izesthe SO(2), irrepand jtheirrep of SO(3). Theirreps of
SO(3,2) and Osp(1,4) are thus denoted by D(u° j°) and
Dy (1% °), respectively, where (u° j°) is the “lowest” of
the pairs (u,j). The weight of SU(2,2) is the triplet of
numbers (g; j ", j @), wherep is as above and j ¥, j @ char-
acterize the irreps of SO(4). [The maximal compact sub-
group of SU(2,2) is SO(2), XSO(4) S5 ,s,_/_.]The irreps of
SU(2,2) are thus denoted by D(u%j " @), where
1% % @0 ig the lowest weight.'® The representations that
fulfill (4.1) are all of the kind D(s + 1;5,0) or D(s + 1;0,s),
where s is an integer or half-integer s =Ooriorlorjor--- .

The “massless” “positive energy” representations of the
supergroups SU(2,2/1) and Osp(1,4) have been obtained in

,aseries of papers. 17 They are characterized by one number s,

which is an integer or half-integer. There are two classes of
irreps and two (inequivalent) irreps for each value s, We
first restrict ourselves to the irreps denoted by
Dy (sp + 1;50,0;8, + 1). There reduction to the bosonic sub-
group SU(2’2)S,,,, XU(1),is

Dy (5o + 1,850,055, + 1)

=== D(s, + 1;50,0) X [55 + 1]
S0O(4,2) X U(1)

® D(so + %50 + 4,0) X [so — 41, (4.4)

where [s, + 1], [s, — 1] denotes the U(1) y character. Like
in the reduction of the nontypical irreps of SU(1,1/1) with
respect to Osp(1,2), these irreps of SU(2,2/1) also remain
irreducible when restricted to the subsupergroup Osp(1,4).
The Osp(1,4) representations are therefore also character-
ized by the same number s, and are denoted by
Dg (5o + 1,55). Their reduction with respect to the bosonic
subgroup SO(3,2) is given by

Dg(so + l,so);;)D(sO + 1,55) @ D(s¢ + 3,50 + 1)
' (4.5)

In the special class of representations D(s + 1;5,0)—
and therefore also in Dg (s + 1;5,,0;5, + 1)—the following
relation holds:

Eab = — {Sacyscb} - nab%ScdSCd = 0 (46)

[ E,» generate an ideal of the enveloping algebra of SO(4,2)
which is the kernel that defines the massless representations;
all properties of this representation of SO(4,2) can be de-
rived from the relation (4.6).'°] A consequence of (4.6) is
the following relation between the Casimir operators of the
subgroups SO(2,1) and SO(3):

ZS0(21))= — 83 — 83 + T}
=15,,8 =% (S0(3)). 4.7

For the eigenvalues of these two Casimir operators this rela-
tion means
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gla—1)=j(j+1) or g=j+]1. 47)

Thus in Dg (s, + 1;50,0;5, + 1) the representations of the
subgroups SO(2,1) and SO(3) are related to each other.
Each tower of radial excitations D (¢) has a definite value
of angular momentum j, namely j = ¢ — 1.

According to (4.5) and (4.4), the weight diagram of the
supergroup is a combination of two weight diagrams for its
bosonic subgroup. Equation (4.4) is the analog of (2.10)
and Eq. (4.5) is the analog of (2.1).

Figure 2 shows the weight diagram for the special case
So=1,

D5 (3:4,0:3)=—= D(3;},0) ® D(2;1,0). (4.8)
S0(4,2)

The diagram in Fig. 2 displays the reduction of Ds(3;4,0;3)
with respect to the subgroup chain (4.2). Here u is plotted
versus j and each dot stands for an irrep space of SO(2)
XS0(3) s, representing states with definite angular mo-
mentum j and radial excitation z. Each column of dots with
a given value jstands for an irrep D (¢) of SO(2,1)r 5, s..
with ¢ =j + 1 representing all radial excitations with the
same angular momentum j. The bosonic generators of
S0(2,1), B, =S8ps + iSs¢ = — (B — & F 2iD), again
transform along the vertical changing the value of ¢ (radial
excitation number) by one unit without changing the value
of j.

The fermionic generators that change ¢ by one-half unit
are now given by the components of the Majorana spinor Q,
of (4.3). They also change the value of j by one-half unit.
The two columns leftmost in the weight diagram (or any two
adjacent columns) of Fig. 2 are thus identical to the weight
diagram of Fig. 1 with g, = 5, + 1 = }. The bosonic genera-
tors B, transform between the states like the corresponding
generators in Fig. 1. In addition there are now the bosonic
generators I'; and S;; which transform along the diagonal
and change u and j by one unit (except for s = 0 they also

S,
'—2'- a A a0 a
u Sis  Sse
B [ ) [ ] ® [ ]
S56 505
8l aSos| =& A A
2
[ ] [ ] *
.;.L A A A
. oS
Sis
ir— A— 4
2
Soi
[ T Y Soir T
3
E" A
T T
2 3 2 2 2

—fiie
FIG. 2. Weight diagram of the irrep Dg (s + 1;5,0;5 + 1) of SU(2,2/1) for
the special case s = 1. The actions of the generators and the reduction

Ds(i;i,o;i)soﬁz)D(g;bo) & D(2,1,0)

are also shown.
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transform along the vertical). And there are the bosonic gen-
erators S;; which transform along the horizontal changing j
by one unit and keeping  fixed. The S5 together with the S;;
generate the SO(4) 5, s, - The finite number of dots along the
horizontal 4 = const stand for anirrep of SO(4) and display
its reduction with respect to SO(3)5, . The weight diagram
of Fig. 2 is thus an extension of the weight diagram of Fig. 1
from two towers of radial excitations to an infinite number of
towers of radial excitations, one for each half-integer and
integer value of j.

We will now discuss the basis vectors of the representa-
tion space of Dy (s, + 1;50,0;5, + 1). Each dot in Fig. 2 cor-
responds to an irrep space of SO(2), XSO(3), which we
will denote by $*(j) where the radial quantum number u
and j = ¢ — 1 are fixed and correspond to the position of the
dot in the weight diagram of Fig. 2. The basis vectors, which
consist of eigenvectors of 'y, S%, S|,, are denoted by

s Jo Jss + 50),  — <3< (4.9)
The direct sum over all $#(j) with (u, ) being a dot at
integer values in Fig. 2 is the bosonic space of states

o 9*(J),

$t'= 3

pu=s+1s+2,.

where s = integer.

(4.10)

The direct sum of all $“(j), where (u, j) is the triangle at
half-integer values in Fig. 2, is the fermionic space,
= 3

where s = half-integer.

& H°(j),

(4.11)

These are irreducible representation spaces of SO(4,2) char-
acterized by the value s. The space

©+S(,___$s=soe©s=s‘,+l/2 (412)

is the irrep space of SU(2,2/1). (If s, = 1,3,..., 9% = $_ and
H°tV2 =9, and if s, = 1,2,3,..., $* =, and >+
=$_.) The spinor operators Q, and Q'=iys(Q—S)
transform between £, and $_, the bosonic operators S,
transform within an §$_ or §_.

The vectors (4.9) are in general not eigenvectors of the
parity operator U, [and the $*( ) are in general not eigen-
spaces of Up ]. In order to obtain parity eigenstates we have
to discuss also the other class of massless, positive energy
representations of SU(2,2/1). These representations are de-
noted by Dy (s, + 1;0,50; — 5o — 1) and their reduction with
respect to SU(2,2) X U(1) is given by'’

Dy (5o + 1,050, — 55— 1)

=——= D(s,+ 5;0,5) X [ — 50— 1]
50(4,2) X U(1)

® D(sp + $0,50) X [ — 50 + 1] (4.4")
The reduction of these representations with respect to
Osp(1,4) and SO(3,2) is the same as the reduction of
Dg(so+ 1;50,0;50 + 1), i.e, they contain the irrep
Dg(s5+ 1,5,) of Osp(1,4), which reproduces with respect
to its bosonic part according to (4.5). They differ, however,
by the U(1), content and by the SO(4) content.
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Toexplain this we consider the two Casimir operators of
SO(4)s, s,

¢'"(SO(4))=1S,,5® (af summed over 1,2,3,5),

¢ ?P(S0(4))=SsS; (i summed over 1,2,3).
(4.13)

From relation (4.6), it follows after some calculations that
they can take the following values:

VS04 =T+ —1=p>+5—1, (4.14)

CNSO(4))= +sTy= +su (4.15a)
or

CSO(4)) = —sTy= — su. (4.15b)

The sign of the eigenvalue of € ®(SO(4))is an invariant
of the representations. It distinguishes between the two rep-
resentations characterized by the same value of s. Equation
(4.15a) holds in D(s+ 1;50) and therefore in
Dg(sy+ 1;50,0;5, + 1), and (4.15b) holds in D(s + 1,0;s)
and therefore in Dg (s, + 1;0,50; — 5o — 1).2°

Equation (4.15) gives us the meaning of the quantum
number s which will lead to its physical interpretation: s is,
according to (4.13), the component of angular momentum
S; along S;s 'y '. In the one irrep this component is positive,
in the other it is negative.

There are now two possibilities for the extension of
SU(2,2/1) by the parity operator. We will assume that S,
has the usual parity property of Lorentz generators U, S;; U,

=8:» U, 80U, = — Sy and T, is a Lorentz vector
U, T, U, =€eu)l,;
( )_[+1, for p =0,
=11, for pu=i=123

These two possibilities are the following.
Case (1): S;5 is a vector, Sys a scalar,
(4.16a)

and the Majorana spinors @, S and the U(1) generator ¥
have the following transformation properties:

D =S¢ a scalar,

U,QU, =749, U,SU,=74S, U, YU,= —Y.
(4.16b)

Case (2): S, is a pseudovector, S5 a pseudoscalar,
Sss a pseudoscalar, (4.17a)

and @, S, and Y have the following properties:
U,QU, =n'4s, USU,=7"*4Q, U, YU,=Y.
(4.17b)
Here 77 and 7’ are phase factors and A is the standard matrix
with the property Ay, 4 ~' = y1.

In the interpretation where 8, = S5 + I, are the mo-
menta, only case (1) is possible. In the usual four-dimen-
sional representation with S,=T,=1y,, S

= (i/4)7,7s Ss¢ = ¥s only case (2) is possible. As we will
use neither of these representations, both cases are still possi-
ble.

We will denote the spaces for the representations
Dy (5o + 1;0,55; — 5o — 1) and their basis vectors by symbols
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analogous to (4.9)-(4.12) with + s, now replaced by — So
and +sby —s.

In case (1), U, transforms from $ * * to § ~ * and from
$ 7 to O 7 the vectors |y, jjs, + 5,) and |u, jj, — 5,) are
not parity eigenvectors. An irrep space of SU(2,2/1) ex-
tended by parity is given by the direct sum

HreeH =

and parity eigenvectors are given by the linear combinations

oo s £ ) = (WY s o s + 8) £ |t o sy — 5)).
(4.18)
One can arrange arbitrary phase factors (intrinsic parity and
1) such that

Ul odo )=+ (= DWW, jjs + ), (4.19)

where [ j] = largest integer equal to or smaller than j.

In this case (parity doubling) the vector operator S5/
I', specifies a direction inside the extended object (with non-
commuting components) and s (or — s) is the component
of the angular momentum S; along this direction. One has a
situation very similar to that of a quantum mechanical
dumbbell with a flywheel on its axis (Ref. 12, p. 198) only
that now the operator which specifies this axis, S, has non-
commuting components. Physical states can be either parity
eigenstates (hadron resonances as vibrational and rotational
excitations of an extended object) or eigenstates of S,
(charged particle in the field of a dyon with electric charge
and magnetic charge s/e).'°

In case (2), U, does not transform out of the space § *
or § ~*and the |yj j; 5,) can be made parity eigenstates with
parity

Uyl jisso) = (— D™= D|u jjsiso). (4.20)
In this case the spaces £*(J) can represent hadron reso-
nances without having to resort to parity doubling, except
that the interpretation of the now axial vector S5 is not as
straightforward as in case (1).

The physical meaning of the quantum number s [ which
can take the two values s, and s, + § in an irrep of SU(2,2/
1) ] depends upon the realization of the SU(2,2/1) represen-
tations. If the generators of SU(2,2) represent the observa-
bles of a dyon system then s/e is the magnetic charge.'® For
this realization only case (1) is possible. If the generators of
SU(2,2/1) represent the observables for the intrinsic motion
of a relativistic oscillator,?’ then s represents the total spin of
the constituents. Applying this relativistic oscillator to the
hadrons would therefore require that s = 1 (for baryons with
the sum of the quark spin {) and s = 1 (for the mesons with
the sum of the quark spins equal 1), which means that we
have to choose the irrep with s, = 4. This irrep can therefore
be used to explain the equality of the slope for the meson and
baryon trajectories®” by combining them into an infinite su-
permuitiplet of vibrational and rotational excitations.

In order to apply the SU(2,2/1) to hadrons whose cen-
ter of mass (c.m.) motion is described by the Poincaré group
Z one has to couple the SU(2,2/1) describing the intrinsic
motion with the & describing the motion of the hadron as a
whole (c.m. motion). This coupling is done using con-
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strained Hamiltonian quantum mechanics as we shall dis-
cuss now.

V. COUPLING SU(2,2/1) TO THE POINCARE GROUP

The representations discussed in the previous sections
provide the frame for physical models, they do not yet fix the
theory completely.

In nonrelativistic quantum mechanics one specifies the
model by the choice of the Hamiltonian. For example, one
obtains the harmonic oscillator® if one chooses in §°%¢-?
for the Hamiltonian

[ intrinsic _ kT'y + const

= (k/4){0,Q0"} + {S,S'}) + const  (5.1)

[the second equality in (5.1) follows from the defining rela-
tions (3.3) of Osp(2,2) ]. In the nonrelativistic case the cen-
ter of mass (c.m.) motion is usually ignored but the total
Hamiltonian is actually the c.m. Hamiltonian P?/2m plus
the intrinsic Hamiltonian H intrinsic

H=P/2m + kT,

and the space of physical states is § = H°™ X
which is spanned by |p) @ |g,;q,12), where |p) are the gener-
alized eigenvectors of P (plane wave of the c.m.) and
|go;@,1) are the basis vectors of (2.3). For each p one has the
same algebra SU(1,1/1)r 5, os-

In the relativistic case the combination of ¢.m. and in-
trinsic motion is not trivial. The specific model is again de-
fined by the choice of the Hamiltonian. If one wants to con-
sider the relativistic supersymmetric oscillator one chooses
the relativistic Hamiltonian as

a=e, P"“'E 5 ({Qﬁ,Qﬁ})

(5.2)
'60sp(l,2),

+{5,.5:hH +M?,)

=P, P* — (1/a')P,T* — m3) (5.3)
[the second equality in (5.3) follows from the defining rela-
tions (3.3) of SU(2,2/1)].

In (5.3) P, is the c.m. momentum, P =P,M" ! where
M?*=P P* and v is the Lagrange mulupher of constraint
Hamiltonian mechanics which becomes — (1/2M) when
the evolution parameter is the proper time of the center of
mass. .

The Q, and S, in (5.3) are the components of the Ma-
jorana spinor of an SU(2,2/1) defined by (3.3). This
SU(2,2/1) describes—like the Su(1,1/1) for the nonrelativ-
istic case—the intrinsic motion. The c.m. motion is now de-
scribed by the Poincaré group 7 4, 5031, . Unlike the
nonrelativistic case the combination of c.m. motion and in-
trinsic motion is not given by the direct product of spaces.
Therefore one does not have any more one and the same
algebra SU(2,2/1) for each momentum P,. However, one
can construct a representation space such that for every
eigenvalue (P,/m) = P of the operator P =P,M" one
has an SU(2, 2/ 13 V,- 35,05, where the generators l",,, Qa,

etc., depend upon P B In particular the operators that ap-
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pear in (5.3) are defined in terms of the original generators
of the SU(2,2/1)¢ r s, o5, in the rest frame by
v SF a

0.=0,P=U"YL)QUL)=D(P) Q0  (54)
and similar expressions for the other generators, e.g.,
ToP) = U~ '(L)TOU(L) = LOT* =B, T* (54

Here L% =L ’;(?’) denotes the operator matrix for the in-
verse boost,

A

L(TD)#—( P o ?’" )
"I\ _Pm sm_PmP . (1+P)~)
uv=0123, mn=123, (5.5)
which has the property
L(P)“P* = y1.

The D(ﬁ) is the 4X 4 matrix that represents the Lorentz
transformation L (P) in the spinor representation

D) =VI72(T +5o) (1 + B,.¥4°). (5.6)
The basis vectors that span the representation space are now
|mspist, Jy Jus) = U(L “YB))(|m,p; =0)
® |#aj’j3’s>)) (57)
where |u,j, j;s) are the basis vectors of (4.9) and
|m,p; = 0) are the Wigner basis vectors at rest for the repre-
sentation (m, j = 0) of the Poincaré group. One can show
that the |m,p, s Jr J335) are eigenvectors of P I,
W= — w, = L€,vp0 Pryre ) with eigenvalue and
Ji+ 1), respectlvely, and that they transform under a Lor-
entz transformation U(A) like the Wigner basis vectors,

U(A)|m3p,pa jjsis)

= 2 Im(AP) s j. 55)D () (),
J3
where Z is the Wigner rotation # = L(Ap)AL ~ '(p). The
0.,S,, [;, etc., act onthe |m;p,,u, j, j»;5) in the same way as
the Q,,, S,, IT';, etc., act on the |k, j, j3;s).

A representation space for which (5.7) are the basis
vectors can be constructed for every value of m? = eigen-
value P, P*> 0 leading to the space of off-mass-shell states.
One can then put this relativistic system on the oscillator
mass shell by applying the constraint®*

H/v=0.

For the relativistic harmonic oscillator defined by the Ham-
iltonian (5.3) this means

(5.8)

P,.P*— (1/a)P,T* — mi =0 (5.9)
or
m?:=mi + (1/a ). (5.9

The mass thus becomes a function of the internal quantum
numbers i, j,s; for the particular case of (5.3) its dependence
upon jand sis trivial and it only depends upon the vibration-
al quantum number u.

To each level (y, j) in Fig. 2 there corresponds now an
irreducible representation space £*(m,j) of the Poincaré
group where m> = m*(y, j.s), e.g., as given by (5.9’). In
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place of (4.12) with (4.10) and (4.11) we have now (for
so=14)
©+1/2 = EY 1/2,p(m;j)
n=372,5/2,..
J=1/23/2,.u—1

® ! & O~ " (m;)). (5.10)

#=2734,..
Ji=123,..u—1

The first term describes the baryon resonances that lic on a
Regge trajectory (states with g =j + 1in Fig. 2) and their
daughters (u >j + 1). The second term in (5.10) describes
the meson resonances.

The mass formula (5.9") predicts then the equality of
the slope for the meson and baryon Regge trajectories.?? It
does not yet give the correct mass formula, which, however,
can be easily obtained if one adds to the Hamiltonian (5.3) a
term whose eigenvalue is (1/a’)s’. There are many candi-
dates for such a term, e.g., the second-order Casimir opera-
tor of the SO(3,2) subgroup, or the square of S.S;;I'; '
(component of angular momentum along the “direction”
Sis)-

The choice of the Hamiltonian (5.3) is as arbitrary as
the choice of (5.1) or the choice of any Hamiltonian. The
real question is whether there is a physical system which is—
at least approximately—described by the chosen Hamilto-
nian. So we are free to modify (5.3) according to the needs of
the experiments to get relativistic vib-rotors, etc. That the
system described with the Hamiltonian (5.3) was called a
harmonic oscillator can only be justified by correspon-
dence.?' A nonrelativistic limit gives, for s = 0, the isotropic
oscillator in three dimensions.
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Two-cluster-two-cluster scattering amplitudes are studied for ¥-body quantum systems with
potentials that are both dilation analytic and exponentially decaying. It is proved that under
quite broad assumptions these amplitudes can be meromorphically continued in the energy,
with square root or logarithmic branch points at the two-cluster thresholds.

I. INTRODUCTION

Two-cluster-two-cluster scattering amplitudes are
usually easier to study than other kinds of many-body scat-
tering amplitudes. In Ref. 1, we studied their analytic prop-
erties below the lowest three-cluster threshold. We proved
there that if the potentials decay exponentially then the two-
cluster-two-cluster scattering amplitudes can be in this en-
ergy range continued meromorphically with square root or
logarithmic branch points at the two-cluster thresholds. In
this paper we study analogous properties of those amplitudes
in the whole energy range.

To our knowledge, there are two distinct approaches
that have been used in the study of analytic properties of
scattering amplitudes. The approach that can be found in
Refs. 1 and 2 is based on some special resolvent equation.
The other approach?~ relies on the dilation analyticity tech-
nique. By this technique one can prove the following. Sup-
pose that the potentials both decay exponentially and are
dilation analytic, and the channel eigenvectors have a suffi-
cient decay. Then the two-cluster-two-cluster scattering
amplitudes can be continued meromorphically in a neigh-
borhood of the real axis outside of the threshold (see espe-
cially Refs. 5 and 8).

In our paper we join those two approaches. We make the
same assumptions as in the second approach. We prove that
the two-cluster—two-cluster scattering amplitudes can be
continued meromorphically around all the two-cluster
thresholds that are not simultaneously more-than-two-clus-
ter thresholds. At those thresholds we obtain square root
branch points if the dimension is odd and logarithmic
branch points if the dimension is even, which is the same
behavior as in the two-body case.'”’

1. NOTATION

In this paper we use the notation from Ref. 1. For the
reader’s convenience, we will give a short summary of this
notation.

We study a many-body Schrédinger operator acting on
L2(R%) defined by

N oA, N
H= — z —+ 2 Vilx; —x;).
i=1 2m,- ij=1
i<j
In a standard way we remove the center of mass motion,
introduce the concepts of a cluster decomposition D, a clus-

ter Hamiltonian H,, etc.>* !
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The variables x? stand for intracluster degrees of free-
dom and the x, denote intercluster degrees of freedom. If we
represent the original Hilbert space as the tensor product
L?(x?) ® L*(x,) we can write our cluster Hamiltonian as

HD=HD®1+1®TDy

where T, is the kinetic energy of the c.m. motion of the
clusters.

If D is an i-cluster decomposition with 1 </ <A, then
eigenvalues of H ? are called i-cluster thresholds. The point
zero is the only N-cluster threshold. The elements of
L2(XP) that are eigenvectors of H® we denote by ¢, and
call channels. We denote the threshold corresponding to the
channel ¢, by w,, and the corresponding cluster decomposi-
tion by D{a). If D(«a) is a two-cluster decomposition then
the corresponding reduced mass of the intercluster motion
we denote by u, and v, (z) will stand for (2u,(z — @,)
)!/2. The generalized eigenvector of H,,,,, corresponding to
the channel ¢, with the intercluster momentun k we denote
by ¢, (k), explicitly:

. (K)(x) =¢, (xD‘“))exp(ikxD(a) ).
We define also
Ta = @, + TD(Q} = wa —_— AD(a)/z.lua'

The scattering amplitude for the @-8 scattering at ener-
gy A is given by the formula

tag (k1ky) = (Bg (K1), (V — Vipay Y05 (K2))
+ lim (@, (), (¥ — Vo)

XR(A + i€)(V ~ Vi )g (ky)),

whereT, ¢, (k,) = A, (k,),Tpdg (k) = Adg(k,),and (*)
denotes the scalar product.>"*

We denote by P, the orthogonal projection onto the
point spectrum of H °. Also |x| means some fixed Euclidean
norm of the vector x. The symbols p® p”% and p,°
will denote the operators of multiplication by
exp( — b(|x]?+ 1)V3),  exp(—b(x°]2+ 1)*?), and
exp( — b(|xp|* + 1)/?), respectively.

In contrast to Ref. 1, in this paper we will use the dila-
tion analyticity technique. So we have to introduce a family
of unitary operators on L?*(R?) defined by (I'(8) f)(x)

= exp(d0 /2) flexp(0)x).

© 1988 American institute of Physics 1171



lll. MAIN RESULTS

The assumption that we impose on the potentials is a
kind of unification of the dilation analyticity condition'>'*
and of the condition of an exponential decay. It appeared
before in a similar situation.*>®

Assumption 3.1: The potentials ¥; can be factored into
W{PW® such that for some €>0 and >0,
C(O)W T (— 6)(p%*) ~'(1 — A¥)~ /2 extends to analyt-
ic families in |Im @ | < ¥ with values in compact operators.

For simplicity we will conduct parts of our reasoning
under a stronger assumption.

Assumption 3.2: For some ¢>0 and y>0,
L)V, ( — 6)(p"*)~" extends to an analytic family in
|Im €| < ¥ with values in L ~.

It is easy to extend our proof to cover singular potentials
satisfying Assumption 3.1 by following the ideas of Sec. V of
Ref. 1.

Now we state the main theorem of this section.

Theorem 3.3: Suppose Assumption 3.1 holds. Fix two
unit vectors &, and &, and two channels ¢, and ¢, that corre-
spond to two-cluster decompositions D(a) and D(f), re-
spectively. Assume that the threshold energies @, and wg
corresponding to these channels do not coincide with thresh-
olds of H,,,, and H 4, , respectively. Then the following is
true.

(a) The scattering amplitude 7,5 [V, (2)8,,v5(2)é,]
exists and can be extended to a meromorphic function of zin
a neighborhood of the real axis outside the thresholds of H.

(b) If w is a two-cluster threshold that does not coincide
with- a more-than-two-cluster threshold and d is odd then
tap[Va (2)2,v5(2)8,] can be extended to a meromorphic
function of z in a neighborhood of ® on the Riemann surface
of (z — w)'/2. If d is even then the same is true except that
log(z — w) replaces (z — w)'/%

Remark 3.4: (a) The result (a) has been known before
(see Refs. 5 and 8).

(b) If we are interested just in the existence of the two-
cluster—two-cluster amplitude we do not need to assume ei-
ther the dilation analyticity or the exponential decay of the
potentials. Instead we can apply the results of Ref. 15 and get
the existence for a much wider class of potentials.

Now we present the main facts used in the proof of
Theorem 3.3. Unless stated otherwise we will suppose As-
sumption 3.1 to be true.

Theorem 3.5: (Balslev and Combes'*'*) The expression
'()H,I'( — ) defined for real 8 can be extended to an
analytic family for {Im 8| < y. Let us denote this family by
H;,(8). The continuous spectrum of H,, (8) is equal to

Uw,; + exp(20)R .,

where w, runs over the set of all the threshold of H,.

By R(6,2), ¢,(6), etc., we will denote the unique ana-
lytic continuation of T'(8)R(z)T'( — 8), T'(8)¢,,, etc.

Lemma 3.6: Suppose that @, is not a threshold of
H P Then for some a >0and ¢’ > 0 the vector (p”**) !
X &, (8) belongs to L  uniformly for [Im 6| < 7.

Proof: See Theorem X11.41 of Refs. 14 and 16. Q.E.D.
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The next Lemma follows easily by the standard dilation
analyticity techniques.'>'

Lemma 3.7: Suppose 0 <Im € < 7. Let w be a two-clus-
ter threshold that does not coincide with a more-than-two-
cluster threshold. Then (a) @ is isolated in the set of the
thresholds of H; and (b) the following functions are analytic
in z in a neighborhood of w: R, (6,2)(1 — P, (8)) for a two-
cluster decomposition D, and R, (6,z) for a more-than-two-
cluster decomposition D.

Lemma 3.8: Under the same assumption as above, if
b>0, dis odd, and D is a two-cluster decomposition, then
the operator-valued function p”°R , (6,2) P, (8)p™* defined
for all z in a neighborhood of @, except maybe for the cut
o + exp(26) R, , can be extended analytically onto a neigh-
borhood of @ on the Riemann surface of the function
(z—w)"V2% If d is even the same is true except that
log(z — w) replaces (z — w)"/%

Proof: Note that

Rp(62)P, ()= T P,(0)

D(a) =D

®(z —w, —exp(20)Tp)" ",

where P, is the projection corresponding to a channel @ and
w, is its respective threshold. In the above sum all the terms
with o, # o are analytic around w. The terms with 0, = @
are treated as in the Appendix to §XI.6 of Ref. 9. Q.E.D.

Proof of Theorem 3.3: We are only going to outline the
argument since its basic ingredients are already given in de-
tail in Refs. 1 and 5.

We use the formula for 7, and Eq. (3.8) of Ref. 1 and
obtain

taﬁ(kka) = ((I)a (kl)’( V- VD(a) )q)B(kZ))
+ lirg(p_l( V= Vp )Pa(ky),

plAA + i) (1 — M(A + i€))'B(A + ie)

+ C(A + ie) ]PP_I( V— VD(B) )q)ﬂ(kz) ).

The first term on the right-hand side is easy to handle; we
will concentrate on the second one. We fix € > 0. The func-
tion
0— (p_l(e)(V(G) — Vo ()2, (6,k,),
p(O)[A(OA + ie)(1 — M(B,A + i€))™'B(B,A + i€)

+ C(6,4 + i€) 1p(8)p~ 1 (8)(V(0)

- VD(B) (9))(1)3 (B:kz))

does not depend on @ for O real and is analyticfor [Im 8 | < 7;
consequently it does not depend on @ at all. Now fix 6 with
[Im 6| <. Suppose for simplicity that Assumption 3.2
holds. By Lemmas 3.6-3.8 and methods from Secs. III and
IV of Ref. 1,

P~ HUOV(O) — Vo) (D), (6,k)),

p(OYA(BA + i), M(OA + ie),

B(OA +ie)p(6), p(8)C(O,A + i€)p(D),
and

P—l(e)(V(o) — Vo (0))Pg(6,k,)
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can be extended to analytic functions on a neighborhood of
 on the Riemann surface of either (z — @) ~'orlog(z — @).
Now we apply the analytic Fredholm theorem to the term
(1 — M(8,A + ie))~", which completes our proof. Q.E.D.
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The scattering-into-cones theorem for impurity scattering in a periodically stratified potential

in three dimensions is given.

I. INTRODUCTION

A simple and intuitive way of looking at the scattering of
particles is to relate their motion in configuration space (at
t= + o) to their momenta. Dollard’s scattering-into-
cones theorem’ asserts the following intuitive fact: for a nor-
malized free particle state W(x,t) (with the Hamiltonian

—4)

tim [ WP dsx= [ [@opd,
= JC (o .
where C is an infinite cone with apex at the origin and W (k)
is the Fourier transform of W. That is, the probability that in
the infinite future the particle will be found in C is equal to
the probability that its momentum lies in the same cone. The
theorem remains true for interacting cases (with a natural
modification of the right-hand side) and it was generalized
to cases with more general free Hamiltonians.?> Also, the
theorem forms a justification for the usual relation between
the scattering amplitude and the differential cross section.>*

We generalize the scattering-into-cones theorem to the
impurity scattering in a periodically stratified potential in
three dimensions, i.e., to the scattering for the pair
(Hy= — A+ V,, H=H,+ V) where ¥, is a periodic po-
tential (period 1) depending only on the first coordinate x,
and Vis a short range potential.

it. SCATTERING-INTO-CONES

The impurity scattering under the assumption that
V,eL =(R) and VeL '(R)NL *(R*) was studied in Ref. 5.
First, we recall that there exists a generalized Fourier trans-
form which is a spectral representation for H, (see Proper-
ties II. 3 and 4 of Ref. 5).

Lemma I: The unitary operator U: L*(R2)—L?*(R})
given by

. 1 -
(UH (k) =Lim. Wfﬁ(xbkl)
Xexp( — ik, -x, )fix)d’x, feL*(R})
has the property UH,U ~' = M,,,, and
! J.ﬁ(xplﬂ)

(21,.)3/2

Xexp(ik, -x,)g(k)d>k, gel,(R}).

Here B(x,,k,) is a suitably normalized Bloch solution of
Hill’s equation, i.e.,

(U~ 'g)(x) =lim.
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_B”(xl’kl) + Vp(xi)ﬁ(xl’kl) =Z’l(kl)18(xbkl)y
1

f |B(xp.k) P dx, =1,

0

and

B(x,k,) = exp(ik,x, )y (x,,k,)
for some periodic (in x,) function y. Here M, ,, is the maxi-
mal multiplication operator (in the quasimomentum space)
by the energy function A(k) = A,(k,) + k2.

Notation: We write (Uf) (k) = f(k).

As given in Ref. 5, as |x|—> w0, Gy(x,y:E + i0) (the
Green’s function for the Lippmann-Schwinger equation)
have dominant contributions only from those & ’s on the con-
stant energy surface 2, whose group velocities are parallel
to the direction of observation, and we can expect an analog
of the ordinary theorem of scattering into cones.

First we establish such a property for freely developing
states (under H;).

Property 1: Let C be a circular cone with apex at the
origin, i.e., C = {xeR*: x-n;a!xl} where »n is a unit vector
and 0 <a<1. Then, for any ®eL 2(R)3,

lim [ [®(x0[2d% = f YA K2 d %k,
f— o0 fod
@.n

where ®(x,t) = (e ~"*®)(x) and y is the characteristic
function of C.

Proof: 1t is easy to see that Eq. (2.1) is equivalent to the
existence of the limit of a family of bounded operators in the
weak operator topology. Thus it is sufficient to prove Eq.
(2.1) on a dense subset of L 2(R>), which we choose as

U~'C5(6) = {PeL X (R*); $eC(G)}
where

G=R{k: k;,=0,+m +2m, .. or A(k,) =0}

(See part II of Ref. 5 for special natures of the points
k, = nm.) Since U is a spectral representation of Hj,

B(x,t) = (e D) (x)
= (277)'3’2fe"”“"’@(k)‘ll(x,k)d%.
Note  W(x,k) =e**y(x,,k,), where y(x;+ L,k;)
= y(x,,k,) and y is piecewise smooth in k,. For simplicity

write ®(x,2) = ©,(x). Setting & = x/t and defining ¥, (#)
= ¢ (Jt,t), we have
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W, (8) = (2m)~3/2 f ®(k)

Xexp(ilk'3 — A(k)))y(3,t,k,)d k.

Since ®eC & (G) and the functions involved are sn}\ooth ina
sufficiently small neighborhood of the support of ®, we can
apply the standard stationary phase method (see Bleinstein—
Handelsman® for instance). Then,

—3/2
¥, =15 | Senit 2 - 20k

Xq)(k]-)X(‘L?lt, i1 )
Xexp (4misgn(d 7 (k) |A 7 (k; )|—l/2]

+0(t =%, (2.2)

where V. A(k) |, _ x, = ¥ and the estimate of the remainder
is uniform with respect to J (since disof compact support).
For each 4, there are only finitely many k;’s. Note that the
stationary points can differ only in the first coordinates. Cor-
responding to the given cone C, let C’ = {keR>: VA (k)eC}
and define

OE(Ht) = (2m) —mf ®(k)exp(itk-3 — A(k))D)
-

Xy (9,6k,)d*k=VE(S).

Let ¢ be a fixed positive number and consider

(2.3)

F.(3,n)= d3x|dE(x)|?

C,|x]< Bt

= d*3 3| W) 2.

(AL AP S

From Eq. (2.2),as t—
Fo(9,0) =f d39

Cl8|<d

Z exp(ilk; & — A(k;))t)
7

A~ 2
X® (k) y(d4,k, )Y (k) + O(¢ —h

(2.4)
where

G (k) =1|A 7 (ky) |~ "> exp [4misgn(d [ (k)]

Observe that each k; () is real analytic in 2 if ¢ is in a region
where k; #nw, A 7(k;)#0. Since y(x,k,) is periodic
and C'in x,, we can expand y (x,,k,) in the uniformly con-
vergent Fourier series

y(xpky) = z a,(k))exp(2mwnx,i).

In view of the uniform continuity of a,, (k) in the sup-
port of @, when we put this series into (2.4), we can do the
integration term by term. Now we want the nonvanishing
contribution to F (4,¢) as t— oo. In the integral

Fe@n=3 [ ao{(explitléthy)
9T Joio1<3

m,n

—&(k)) + 27(n — m)z?,l])
X(@y (K Y (k11 YD (k) D(K,)
X (k)Z (k))}+00u™h,
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where £(k;) = k;*3 — A(k;), the nonvanishing contribu-
tions are only from the cases where the exponents are identi-
cally zero, because for the other cases we can use either the
Riemann-Lebesgue lemma or the method of stationary
phase depending on whether the J-gradient of the exponent
can or cannot vanish. Thus we have

lim Fo(5,0) = z

t— oo C,|¢ <P

><|<I>(kj)| ®|a, (ky)|*d>d

=3 |% (k) 1Dk |2 d 9,

Clo|<d

|Z (k) |?

since
1
Zlan(kjl”z:J- |X1(xnkj|)l2 dx, =1
n 0
(see Lemma 1). Now
1 ak;
stk = L s =s(%)
|F (k)| 4 |47 (k)| 30
and k; (#)’s have disjoint images locally. As a result,

lim F.(3,) _f | (k) |2 d %k, (2.5)
c'®

t— oo

where C'(§) = {keR* VAeC and |VA |<F}. Writing
1.(3) =f 1@k Pak,
Cc'(%)
we have

Ie=I(w) =f |B(k)|2d >k
C'(w)

- fc 1Bk d2k>1 (D).
By the Parseval identity for U, Eq. (2.3) implies
I. = J |DE(x) | d>x.
Based on these, we claim

lim |<I>C(x)|2dx I.

t—

Clearly

o</, —Jle(x)|2d3x
C

=(Ic — Ic (D) + (Ic(F) — Fc(9,0))

- |BE(x) |2 d>x.

C|x|> 8t

Given € > 0, choose a sufficiently large & such that
0<Ic — I (9) <€/3
and choose T so that for > T,
[Ic(8) — Fo(S,t)| <€/3 [see Eq. (2.5)].
Also choose T, such that for 1> T,
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lim |0S(x) > dPx <.
—w Je 9158 3
Thus for t3>max(T,,T;),

I —f |®E(x)|? d3x| <€,
C

and we have proved the claim.
From this we also obtain the following properties.
(i) If C and C are disjoint cases, then

t— o

lim | |®C(x)|?d3c=0.
C

(ii) If CCC, then

t— o0

lim [ [®2()[?d%% = lim f D)2 d%x = I.
c t-w Jc

Property (i) is clear from the claim above (since the
integrand is positive)_. For (ii), write C= C+ C. Then,
®E(x) = PE(x) + (x) and

f |<1>F|2d3x=f |<l>ﬂ2d3x+J B2 dx
C C C
+2ReI ®C ®F d>x.
C

As t— o, the second term vanishes by (i) above and the
third one also vanishes by the Schwarz inequality.
Therefore,

I, = lim |¢f(x)|2d3x=1ixnf @, (x)[2 dx
t—o JC t—ow JC
by (ii). That is,
QED.

t— o0

lim |<l>,(x)|2d3x=f B2 d k.
C [ond

Now we prove a similar property for fully developing
states. Note that the wave operators §) , exist and are com-
plete under the assumption VeL '(R*)NL2(R?) (see Ref.
5). We follow Ref. 3. Given a cone C, define two projection
operators F and G in L >(R?) by

(Fcg) (%) = xc(x)g(x),
(Geg) " (k) = ¥c(VAURR(K).

Then we know, by property 1,

lim || Fee = |2 = ||G-®||>, forany ®eL*(R?).

o (2.6)
Property 2: Let geL 2(R?) with ||g}| = 1. Then,

lim||[Fee™ “#Q _g||?> = ||GSg||%
t— oo
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i.e., the probability that the scattered state (or state of abso-
lute continuity) will be found in the cone Cas t— oo is given
by

fxc(vfl(k))l (Sg) (k) |2 d 3.

Here S is the S-operator %, ) _.
Proof* By the definition of the wave operator £,

lim e~ "He— )% ) _g=0Q_0*% Q_g,

t—

SO

lim|e~ “"Sg —e~"™Q _g|| =0

t— o0

sinceS=0* Q_and O, Q* = E, (H). In particular,

lim| [|Fe™""Sg || — || Fce™ "0 _g]| |
<lim|le~ “HSg — e~ ") _gj|, since ||F¢||<1
t— o

= lim|e ~"He~"H:Sg — O _g|| = ||Q.Sg — Q_g|

t— o
=0, 0% Q2 ¢g—-0 ¢g|=|2_g—-0_¢g|=0.
Thus
lim||Fce ™ ""Q_g||* = lim |Fce ™ "™Sg)* = |G Sg|%,
t— 1 00

by Eq. (2.6). QE.D.
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The topology of the solutions derived in Part I [J. Math. Phys. 28, 1118 (1987)] is discussed
in detail using suitable topological embeddings. It is found that these solutions are
homeomorphic to S* X R, R*, or $2X R Singularities and boundaries in these manifolds are
examined within a global framework. One of these boundaries (mentioned but not examined in
Part II [J. Math. Phys. 29, 945 (1988)]) is regular (though unphysical), and is associated
with an “asymptotically de Sitter” behavior characterized by an exponential form of the
Hubble scale factor. Solutions with S? X R? topology lack a center of symmetry [fixed point of
SO(3)] and present a null boundary at an infinite affine parameter distance along
hypersurfaces orthogonal to the four-velocity. This boundary, which in some cases is singular,
can be identified as a null .# surface arising as an asymptotical null limit of timelike
hypersurfaces. Solutions with this topology, matched to a Schwarzschild or Reissner—
Nordstrem region, describe collapsing fluid spheres whose “surface” (as seen by observers in
the vacuum region) has finite proper radius, but whose “interior” is a fluid region of
cosmological proportions. In the case when the null boundary of the fluid region is singular, it
behaves as a sort of “white hole.” Uniform density solutions which are not conformally flat are
all homeomorphic to §? X R% Conformally flat solutions are also examined in detail. Their
global structure has common features with those of FRW and de Sitter solutions. The static
limits of all nonstatic solutions are discussed. In particular, under suitable parameter
restrictions, some of these static solutions, together with the nonstatic conformally flat
subclass, are the less physically objectionable of all solutions. Hence, it is suggested that kinetic
theory models could be applied to them. Possible cosmological applications are discussed. The
global structure of Wyman’s and McVittie’s solutions is examined in the Appendices.

i. INTRODUCTION

In most papers dealing with particular cases of ChKQ
solutions (category “b” in the Introduction of Part I, see
Ref. 1), these solutions are used as models of bounded col-
lapsing spheres matched to Reissner-Nordstrem (or
Schwarzschild) space-time (see Sec. X1 of Part II). Besides
previous work by Cook” and Krasinski® on conformally flat
solutions, by Mashhoon and Partovi® on charged configura-
tions, and by these latter authors® and Collins® on the Wy-
man solution,’ the global structure of ChKQ solutions (in
the general case when they describe unbounded configura-
tions) has been barely examined. Hence, by filling this gap in
the literature, this paper aims to continue the study of this
large class of solutions initiated in the preceding paper (Part
IL, see Ref. 1). Asin Part II, the approach is extensive rather
than intensive, that is, looking at general properties common
to large subclasses instead of studying individual solutions in
great detail. Subclasses of ChKQ solutions skipped in Part
I, such as solutions with two time-dependent parameters (z-
parameters, see Sec. V of Part II), uniform density, and con-
formally flat and static solutions, will be examined here. A
brief description of the contents of each section is given be-
low.

In Sec. II the topology (i.e., homeomorphic class of
equivalence) of the hypersurfaces of constant coordinate

® Present address: Racah Institute of Physics, Hebrew University, Jerusa-
lem 91904, Israel.
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time (i.e., the surfaces 3, ), everywhere orthogonal to the
four-velocity field, is studied. Knowing the topology of these
three-surfaces, together with the information on the confor-
mal structure of the inextendible boundaries and complete-
ness of causal curves in these manifolds, allows one to de-
duce the topology of the latter. For this purpose, and
remaining at the level of homeomorphic invariance, it is use-
ful to perform suitable topological (but not isometric) em-
beddings of the hypersurfaces =, and the space-time mani-
fold .# (as foliated by the 3 ;) into Euclidean spaces of one
extra dimension. Such embeddings, which are introduced
and discussed qualitatively in Secs. IT and ITI, show how the
topology of the space-time manifold depends on the number
of regular centers, or world lines of fixed points of SO(3)
(see Sec. VIII of Part IT), which each solution admits. Solu-
tions admitting two regular centers are homeomorphic to
S?X R, while those solutions admitting one or zero regular
centers are homeomorphic to R* and S X R?, respectively.
In some cases, these features are readily found from the coor-
dinate representation, but other cases require a closer exami-
nation in terms of invariant quantities such as the affine pa-
rameter of geodesics along the 2, and the proper radius of
the orbits of SO(3).

Section IV examines a boundary marked by finite coor-
dinate values which was mentioned (but not studied ) in Part
II [T = 0, Eq. II(50) ]. [Equation II(50) denotes Eq. (50)
of Part II. All reference to equations of Parts I and I will be
made in this form.] As comoving observers approach this
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boundary, their proper time 7 diverges, and so timelike geo-
desics (whose affine parameter is necessarily longer than 7)
are complete. Since the Hubble scale factor H diverges as
I1 - 0 taking an asymptotically exponential form in terms of
7, the boundary IT = 0 can be associated with a sort of “‘as-
ymptotically de Sitter” behavior of comoving observers in
their infinite past/future (i.e., a sort of “inflationary
phase”). As R, the radius of the orbits of SO(3), also di-
ary can be identified with a (future/past) null infinity sur-
face &, (“scri” plus/minus), which in some cases will be
spacelike, like the # surface of de Sitter space-time,”
though, depending on the parameters of the solutions, I1 = 0
could be timelike, null, or without a globally defined confor-
mal structure. In the representation of the topological em-
beddings of Sec. III, the space-time manifolds look like hy-
perboloidal shapes near IT=0. Hence the change of
topology in the X, can be associated to the fact that these
spacelike slices “stretch” all the way to [T = 0 in the infinite
past/future of comoving observers. As reported by Cook?
and Krasinski,? this effect occurs also in conformally flat
solutions which are examined in Sec. IX. The Wyman solu-
tion®>~” (see Appendix A) also exhibits this “asymptotically
de Sitter” behavior.

Section V examines ChKQ solutions in which the locus
r = 0 does not mark the world line of a regular center. It is
found that such a locus marks in these solutions a null
boundary at infinite affine parameter distance along geode-
sics in the slices = ;. This boundary, which can be identified
as a null .# surface, is in some cases singular. Some of these
solutions have a regular center at r =, or at r = 0, and so
are homeomorphic to R*. However, those solutions lacking a
regular center have slices = with a “wormhole” S*XR to-
pology and the space-time manifold is then homeomorphic
to S 2 X R2 The well-known McVittie solution,” which is ex-
amined in Appendix B, belongs to the subclass of solutions
discussed in this section.

The collapse of fluid spheres formed when a solution
without a regular center is matched to a Schwarzschild or
Reissner-Nordstrem space-time is examined in Sec. VI
From the point of view of the evolution of the “surface” of
the sphere in the vacuum region, the collapse picture is simi-
lar to that discussed in Sec. XI of Part II, with the surface of
the sphere terminating its evolution in the “finite-density”
(FD) singularity [solutions of type (ii) ], or collapsing into
a null “localized” (L) singularity [solutions of type (iv)].
However, the lack of a center in the fluid region means that
the latter does not describe a stellar model and so, cannot be
properly called an “interior” region. In fact the “inside” of
this fluid sphere is a space-time region of cosmological di-
mensions, with its own # surface at r = 0. Hence in type
(iv) solutions, one has the realization of the “science fic-
tion” idea of “another universe” inside of a black hole, as
observers inside of the collapsing sphere not only avoid the L
singularity but have complete world lines and receive pho-
tons from infinity (the null #). In the cases in which the
null £ is singular, light rays from this boundary can be re-
ceived in the Schwarzschild or Reissner—Nordstrgm region,
as if it were as a sort of white hole. These unusual features
have been overlooked by authors, such as McVittie,'® Knut-
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sen,'! Mashhoon and Partovi'? (their Sec. VI), and Glass, "
who have investigated the collapse of this type of spheres.

Section VII deals with ChKQ solutions with ¥ ,, #0
(i.e., not conformally flat) having two time-dependent pa-
rameters. It is shown that the extra z-parameter leads to a
metric coefficient g,, and a Raychaudhuri equation involv-
ing an elliptic integral of the second kind. Since a detailed
study of the properties of these solutions would require nu-
merical work or series approximations of these integrals, it is
not attempted. Instead, it is argued, using a simple particular
example, that some features of the singularity structure of
these solutions might change in comparison with the case in
which L is constant (W-type solutions, see Sec. IV of Part
II). However, the topology of the solutions does not seem to
be affected by the existence of the extra ¢-parameter.

Section VIII examines uniform density solutions with
¥ ,, #0 (UD solutions), all of which are particular cases of
the solutions discussed in Sec. V, and are homeomorphic to
52X R?. The case in which these solutions describe a neutral
fluid in the presence of a source-free electric field is exam-
ined. Since this electric field is orthogonal to 47, it is suggest-
ed that the wormhole topology of the slices 2 prevents the
field lines converging into “sinks” or “sources,” and so the
neutral fluid behaves as a dielectric material with uniform
polarization. Particular cases of UD solutions with such an
electric field were examined in Sec. VI of Mashhoon and
Partovi, ' however, these authors did not suggest any expla-
nation for the apparent lack of electric field sources. Neutral
UD solutions have been discussed by Glass'® and by Eisen-
staedt,'¥ but they ignored their singularity structure and glo-
bal properties.

Conformally flat solutions (CF solutions) are studied in
detail in Sec. IX, complementing the work of Cook? and
Krasinski.> Depending on their parameters, these solutions
might present the FD singularity or a standard big-bang
qualitatively similar to that of FRW solutions. The occur-
rence of the latter singularity was overlooked by these auth-
ors. The global structure of CF solutions is examined in con-
nection with the topology of the slices =, and with the help
of the topological embeddings of Secs. II and III. These solu-
tions share common global features with de Sitter or FRW
solutions, and in particular, those solutions in which the
boundary II = 0 and the FD singularity do not arise have
global features similar to a closed (i.e., $°>XR) FRW cos-
mology. The latter case constitutes those ChKQ solutions
which are less physically objectionable from a local and glo-
bal point of view.

The static limits of all nonstatic ChKQ solutions are
examined in Sec. X. In particular, it is found that the static
limit of UD solutions is the Reissner-Nordstrem (or
Schwarzschild) solution with the parameter L as a cosmolo-
gical constant, while CF solutions reduce to de Sitter solu-
tion or to the “interior” Schwarzschild solution. Other non-
static ChKQ solutions reduce to well-defined static
solutions, some of which are already known (Buchdahl’s
relativistic generalization of polytropic spheres of index 5,
see Refs. 12, 15, and 16). In Sec. XI, the possibility of a
kinetic theory approach is suggested for some ChKQ solu-
tions in connection with the discussion in Sec. VI of Part II.
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It is argued that kinetic theory configurations describing
gasses with “detailed balance” collisions could be modeled
on some static solutions (for example, Buchdahl’s solution
mentioned above). On the other hand, these static solutions
and suitable nonstatic CF solutions could be used as models
of collisionless gas mixtures, following previous work on this
subject.'’%°

In Sec. XII, the applicability of ChKQ solutions as cos-
mological models is discussed. In particular, it is argued that
cosmological configurations proposed by Eisenstaedt'* by
matching CF and UD solutions are theoretically interesting
but physically unacceptable from a local and global point of
view. Since most ChKQ solutions either have privileged ob-
servers (i.e., observers comoving along a regular center) or
have unphysical local and global features, it is suggested that
the most suitable cosmological application would be to use
the above-mentioned kinetic theory configurations as “Swiss
cheese” models of local inhomogeneities in a FRW back-
ground.

The global structure of the Wyman solution’ is exam-
ined in detail in Appendix A, as a continuation of Appendix
A of Part I, and complementing the work of Collins® and of
Mashhoon and Partovi® on this solution. Appendix B shows
the global structure of McVittie’s pioneering solution,’
which has been suggested as describing a model of a “point
particle” immersed in a cosmological fluid.>-> It is found
that the global features of this solution are inconsistent with
such a model. In Appendix C it is proven that different val-
ues of the parameter & in Egs. II(2) correspond to the same
solution if p = p(T) (UD and CF solutions).

Il. THE SURFACES =,

As mentioned in Sec. IT of Part II, the time coordinate in
the metric II(1) [in whatever form II(31), II(32), or
I1(33)] denotes spacelike hypersurfaces, the surfaces Z,,
invariantly characterized by being everywhere orthogonal to
the four-velocity field »“. Since these hypersurfaces are ach-
ronal sets, so that the time coordinate labeling them is a
global time function, ChKQ solutions (and in general, SSSF
solutions) are stably causal space-times.?*?* In particular,
the choice given by I1(33), having the metric coefficient H
fully determined as a function of the coordinates (7,r), is
better suited to examine these solutions globally, and so un-
less stated otherwise, it will be adopted henceforth.

Let .# denote generically any given ChKQ solution [a
spherically symmetric space-time manifold with metric
II(1)], the set of surfaces =, denoted as {2 -}, constitutes a
foliation of .#. Hence each 2, (T = T) is a three-dimen-
sional (3-D) Riemannian submanifold of .#, “without
edge,” characterized by the induced metric

do® = H*(Tor) [dr + f7(r)(d6* +sin” 0dg?)], (1)

where H is any of the forms given in Part I with T = T, fixed
and f(r) is given by the three choices of Eqs. II(2):

r, k=0,
fir)y=A4sinr, k=1,
sinhr, k= —1,

so that the surfaces 3, are manifestly conformal to three-
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surfaces of constant curvature. The latter type of three-sur-
faces are characterized by an induced metric like (1) with
conformal factor H = H,, = const and 3-D Ricci tensor and
scalar given by

(3)'@'] — 5” (3)%’ (Za)
P =k /H,, (2b)

where 2, and 2 are not the four-dimensional Ricci
tensor and scalar, % ; and %, restricted to hypersurfaces of
constant time, but the Ricci tensor and scalar computed with
the three-metric g; [ (1) with H = H,]. In three-surfaces of
constant curvature the values £ = 0, 4- 1 mark whether this
curvature is zero, negative, or positive, and so whether these
hypersurfaces are isometric to the three-sphere S (k = 1),
to Euclidean space R* (k =0), or to the 3-D “pseudo-
sphere” H® (k= —1).

However, the comparison between X, [in which
H = H(r)] and three-surfaces of constant curvature might
be misleading, as two conformally related manifolds might
have very different local and global properties. For example,
the form of the Ricci tensor and scalar given by Egs. (2) is
associated with well-known group invariance properties of
three-surfaces of constant curvature. Such properties char-
acterize globally these three-surfaces, but do not hold in gen-
eral for surfaces 2 of ChKQ solutions (even in the case of
uniform density solutions where ‘% is constant, see Sec.
VIII). For the surfaces £ with H = H(r), the Ricci scalar
is in general the function of r given by II(18) [with
®© = O(T,) const], and thus might change sign locally [if
247 p(T,,r) = ©*(T,)] without conveying any information
on the global structure of the slices X,. Therefore, other
intrinsic invariant quantities, besides %, must be consid-
ered.

Being spherically symmetric submanifolds, the surfaces
2 can be described globally as warped products of the form
S?Xz % (i.e., three-surfaces of revolution?®), with € an
open, semi-open or closed subset of R, depending on whether
2, contains zero, one, or two centers [fixed points of
SO(3)], respectively. The fibers of S°X, € are then two-
spheres [orbits of SO(3)], labeled by the coordinate r,
whose proper area 47R ?(r) and proper radius R = fH are
given in terms of the warping function R, which vanishes at a
center. The leaves € are the set of “radial” curves with an-
gular coordinates & and ¢ fixed. Since the coordinate 7 para-
metrizing % has no geometric meaning besides providing a
label of the orbits of SO(3), it is necessary to define an invar-
iant measure of spacelike separation between the fibers S 2.
Such an invariant measure can be the proper “arc length” of
the leaves of § X % . Since the leaves in a warped product
are totally geodesic submanifolds,?® the above-mentioned
radial curves are geodesics of 2, (though not geodesics of
), and their proper length is an affine parameter length
along 2 ;. defined as a smooth (atleast C'!) function £:% —R
by

" —_ = " E(TyP) -
= HT,rdr=fhr =@ 47, 3)
60 f Tondr=) "D a,m (
where the generic form of H of I1(43) has been used. Know-
ing the behavior of the invariants R and £ along =, is suffi-
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cient information to deduce its homeomorphic class of
equivalence (i.e., its topology). However, it is important to
know also if .# is regular (in the sense of Sec. VIII of Part
II) along a given 3. Since the singular boundaries H =0
and Q = 0 (or other boundaries, such as IT = 0, see Sec. IV)
do not coincide (in general) with any =, (see Table I of Part
II), some of the 2, in any given .# do not “reach” these
boundaries and so extend for all the regular range of 7. How-
ever, there are always 3, in .# “reaching” either one (or
two) of the boundaries, and so will not cover all the regular
range of r.

A usual way to “visualize” three-surfaces like 2 is to
embed them in R*, preferentially performing an isometric
embedding by demanding that the induced metric of 2 in
R* coincides with (1). However, an isometric embedding of
3, in R*is not always possible, and if it is, it requires using R
as radial coordinate in (1) (see Sec. 23.8 in Ref. 20), and so
R(T,r) must be inverted as (R, T) which, for the forms of H
obtained in Part I, cannot be done explicitly in general.
Though, in order to appreciate the structure of 2, at the
level of topology, the geometric meaning of R can be used to
perform a topological (though not isometric) embedding in
which R (r) generates a surface of revolution in R*. Such an
embedding is given by the map

%: 3.-RY,

(r999¢) ""(r)R (r):9,¢)
where R* has the metric element
ds* =dr* + dR* + R*(d6? + sin” 0 d¢?),

so that the surface of revolution % (X ;) is homeomorphic to
3. A 2-D representation of X under the embedding (4)
will be displayed further ahead for various forms of 2. It
will be assumed in this and the following section that {2}
foliate M- or W-type solutions (see Sec. IV of Part II) for
which conditions II(45) hold at r=0, |[II(7,7)| >0, and
p’'#0. The cases excluded here will be examined in Secs. IV-
VIII, the cases k = 1 and k = 0, — 1in Eq. (1) will be treat-
ed separately.

(4)

A.Case k=1

In this case the 2, not reaching the boundaries extend
along the range 0<r<# [T = T in Figs. 1(a) and 1(b)].

T T
A |
QL) =0
Htn) =0
T=T, T=T,
T=T,
2 TaT,
T=T, T=T,

-
| B

r=0 r=n rev r=0 ren r=x
| \
) )
type (ii) type (iv)
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Since R(T3,0)=R(T;m)=0 and R(T;r)>0 for
O<r<m, and so ¢ =[0,7], 2 contains two regular
centers [fixed points of SO(3)]. Thus X, is in this case ho-
meomorphic to S ? and it can be embedded in R* through the
map (4) as a sort of “deformed” spheroidal shape in which
r =0 and r = 7 mark the two “antipodal” centers. A 2-D
representation of % (2 ) is shown in Fig. 2(a). Since 2 is
compact, it is also geodesically complete.*®

If 3, reaches the FD singularity Q = 0, at say, r = r,,
3, extends along the range O<r<r, [see T=T, in Fig.
1(a)]. Thusone has R(7,0) =0, R(T,r) >0forO<r<r,,
and r, marks a two-sphere of radius R(T,r,) = 4 /( foh,)
[A is aroot of Qin I(24a)] at which .# is singular. Hence
3 - is in this case homeomorphic to R?, and it can be visua-
lized as a sort of “opened” or *“‘cracked” surface of revolu-
tion in the embedding diagram of Fig. 2(b). If £, reaches
the AD big bang H = 0 at r,, extending along 0<7 < r, [see
T=T,inFig. 1(b)], then one has R(7T,,r) >0forO<r<r,
and R(T,,0) = R(T,,r;) =0, but r = r, marks a singular
point (curvature scalars of .# diverge even if causal curves
are complete) and so it is not contained in X ,.. Hence 2 is
also homeomorphic to R?, looking in the embedding dia-
gram of Fig. 2(c) like a sort of a surface of revolution “punc-
tured” at r = r,. A third possibility arises if 3. reaches both
singular boundaries, so that the regular range of r is
r,<r<r, withr,>0and r, <7 [see Fig. 1(c)]. In this case
3 is homeomorphic to.S ? X R with the embedding diagram
shown in Fig. 2(d). Since H is finite as »— 7, and/or r—r,
whenever 2 ;. reaches a singular boundary, § evaluated from
(3) is finite and so 2 - is geodesically incomplete in the cases
illustrated by Figs. 2(b)-2(d).

B. Solutions with k=0,-1

In this case one has R(7,0) =0, and if £, does not
reach a boundary, the range of ris 0<r < « [T = T, in Figs.
3(a) and 3(b)]. However, R(T,,r) might vanish as r— o,
and infinite values of » might be at a finite affine parameter
distance. Hence, for R(T,,r) >0 (0 <7< o), one has the
following four possibilities as 7— oo :

R0, £ finite, (5a)
R finite, ¢ finite, (5b)
R finite, (- o0, (5¢)

FIG. 1. Domain of regularity of solu-
tions with k = 1. Various surfaces =,
and =, are represented as dotted hori-
zontal and vertical lines. Solutions with
k =0, — 1 belonging to the case given
by Eq. 5(a) have similar domains of re-
gularity, with 7 = 7 replaced by r = 0.
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(a)

©

=1

r=r

@

FIG. 2. Representation of the embedding of surfaces X in the case k = 1. A 2-D representation of % (2, ), as surfaces of revolution in R® with profile R(r),
canbe obtained by setting 6 = 7/2in Eq. (4). (a) represents a complete surface Z . homeomorphicto.S? [ 7= T;in Figs. 1(a) and 1(b)]. (b) and (c) depict
the incomplete surfaces 7= T, homeomorphic to R* of Figs. 1(a) and 1(b). (d) corresponds to T = T, homeomorphic to $2XR, in Fig. 1(c).

Row, {—ow. (5d)
In the case (5a), T = T, is homeomorphic to S with 7 = oo
denoting an “antipodal” center [fixed point of SO(3)] anal-
ogous to r = 7 in the case k =1 {i.e., T'= T; in Figs. 1(a)
and 1(b)]. Therefore, the same arguments as in the case
k = 1apply (see Figs. 1 and 2), and there is always a suitable
relabeling 7=7(r) so that 7(w) is finite and
% = [0,7( 0 ) ]. In the case (5b), r = « marks the end of a
coordinate patch and so the topology of T'= T, cannot be
known unless the coordinate 7 is analytically extended [see
Fig. 4(a)]. In cases (5¢) and (5d), T'= T, is geodesically
complete and since ¥ = [0, « ), it is clearly homeomorphic

A T u
H(tr)=0
=0
_r
v -
—
r=0 T=T, =0 T=1,
’ = rl " = '1
type (ii) type (iv)
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to R®. The embedding diagram for these cases is shown in
Figs. 4(b) and 4(c).

In cases (5c) and (5d) above, surfaces 2 ;- reaching the
singular boundaries Q = 0 or H = 0, or both, might be ho-
meomorphic to R* [T = T, in Figs. 3(a) and 3(b)] or to
S?XR [T =T, in Figs. 3(a) and 3(b), and T = T, in Fig.
3(c)]. However, these surfaces [see Figs. 4(d)—4(f)] are
geodesically incomplete, since H(r;) [and thus {(7,)] is fi-
nite for r = r, labeling the singular limit of the range of r
along these X .

In W-type solutions, and in general if L 0, the func-
tions I1 and = in Eq. (3) are of the same order in 7 as r—
[see Eqs. 1(28), I(30),1(32),1(45),and I(47)]. Hence, as

FIG. 3. Domain of regularity of solu-
tions with £ =0, — 1. This figure is the

-\w—o

r equivalent of Fig. 1 when 7 can take infi-

nite values. Asin Fig. 1, various surfaces
3, and 2, are displayed as dotted hori-
zontal and vertical lines. However, if &
(the affine parameter along the = ;) be-
haves asin Eq. (5a), the domain of regu-
larity would be as in Fig. 1 with r = oo

replaced by r = 7.
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FIG. 4. Representation of the embedding of surfaces 2, in the case k = 0, — 1. This figure provides a 2-D representation of % (£,) (as in Fig. 2) for various
surfaces 2, shownin Fig. 3. (a) represents the case described by Eq. (5b), in which » must be extended in order to find out if X ;. is homeomorphic to S *or R>.
(b) and (c¢) correspond to the cases of Egs. (5¢) and (5d) describing complete surfaces X, homeomorphic to R* { T = T, in Figs. 3(a) and 3(b)]. (d) and
(e) correspond to incomplete surfaces T = T, homeomorphic to.S? X R, of Fig. 3. For the case described by Eq. (5a), the embedding diagrams of the X ;. are

as those of Fig. 2, with » = 7 replaced by 7 = 0.

r— o0, one has {~ ( 4 dr and R ~ fh, and thus the topology
of those £, extending towards infinite values of 7, as deter-
mined by the different cases (5a), (5¢), and (5d), follows
from the behavior as r— « of /i and 4 given by Eqgs. I(17)
and I(25). fk = Oand A is given by I(25a) or 1(25d), X, is
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homeomorphic to S* as in case (5a); however, for other
combinations of k = 0, — 1 and k4, one has either one of the
cases (5b), (5¢), or (5d) in which £, is homeomorphic to
R? or the coordinate 7 must be analytically extended. For M-
type solutions, in which the function Il is a constant along
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the X 5, it is difficult to grasp at first hand the behavior of R
and £ as r— o, and so the integral in (3) must be explicitly
evaluated.

fll. THE GLOBAL VIEW

Simply connected spherically symmetric space-times
are globally decomposable into simple topological products
of the form B X .S ?, where B is a 2-D Lorentzian surface or-
thogonal to the orbits of SO(3) (Refs. 27 and 28). Since
space-time manifolds which are not simply connected have
no physical interest,? it will be assumed that ChKQ solu-
tions are either simply connected, or have simply connected
universal coverings. As the coordinate patches (T,7) or
(7,r) [rdefined by Eq. I1(12), 8and ¢ fixed] in Figs. 1 and 3
(and also those used in Part II) are diffeomorphic to B, it
should be possible to deduce the topology of .# from the
information contained in these coordinate patches together
with the knowledge of the topology of the surfaces Z;. In
particular, the change of topology of the £ ;. (entirely due to
the presence of singular boundaries) can be ascribed to the
specific way in which the latter slice the space-time mani-

fold.
A useful global representation of the 2 was obtained in

the previous section through the topological embedding (4)
by using the geometric invariant meaning of the function R.
A similar global representation of .#, which is useful at the
level of topological structure, can be constructed by per-
forming a topological (but, again, not isometric) embedding
of the latter (thought of as the set {2, }) into M°, a 5-D semi-
Riemannian space with signature (—,+,+,+,+ ).
However, the time evolution of .# should be conveyed into
this embedding in an invariant manner, and since T'is merely
a coordinate label, the parametrization of B by the proper

T=T,

(@ ®) Type (i)

time 7 of comoving observers is better suited. If 7 is formally
defined as the function 7: .# —R given explicitly by Eq.
I1(53), together with the function R: .# —R given as
R = fH, a convenient way to appreciate .4 globally is pro-
vided by the following topological embedding:

&: MM
( 7;r76’¢) - (T( 71,7'),R ( 7;’):’.)6;¢)9
where M® has the metric element
dns, = —dr* +dr + dR? + R*(d0* + sin’ 0ds?),
so that & (.#), as a 4-D hypersurface of M>, is homeomor-
phic to.# . The topology of ChKQ solutions follows by qual-
itatively examining the homeomorphic class of equivalence
of & (.#') through suitable 2-D representations of the latter.
As in the former section, this section only considers M- and

W-type solutions in which {IT} > 0 and I1(45) hold at r = 0.
The cases k = 1 and k = 0, — 1 are considered separately.

(6)

A.Case k=1

In these solutions .# is homeomorphic to the “hyper-
cylinder” $> X R, shown as various forms of truncated cone-
like objects in the 2-D representations of & (.#') given in
Figs. 5 and 6. For solutions of type (ii) [see Fig. 1(a}], the
3 reaching the FD singularity Q =0 are incomplete and
homeomorphic to R because they “tilt” in such a way as to
terminate in this singular boundary [T == T in Fig. 5(b)].
In solutions of type (iv) [see Fig. 1(b)], as shown in Fig.
5(c), the “hypercylinder” S * X R becomes an infinitely long
“neck” due to the fact that those 3, reaching the AD big
bang H = 0dosoas 7— o, and thus appear strongly tilted in
the representation of & (.#'). Since the “point at infinity”

{c) Type(iv)

T=T,

142 1)

@ Type®

FIG. 5. Representation of the embedding of .# for solutions with two regular centers. These 3-D representations of & (.#') are obtained by setting 8 = /2
and ¢ = Oin Eq. (6). As shown in (a), vertical curves are the profile 7(R) for fixed r, while horizontal curves give the profile R(r) for fixed 7. Additionally,
for each curve 7(R) (r = 1y, 8 = 7/2, ¢ = 0), one can associate the curve 7(R) corresponding to r = r,, § = /2, and ¢ = 7. These curves are plotted as
“mirror images” of those with ¢ = 0, leading to the objects of (b)—(d). Various surfaces £, are depicted as thick, tilted curves. The complete surfaces
T = T, homeomorphic to S, of Figs. 1 and 2 appear as closed circles. Incomplete surfaces T = T, and T = T, homeomorphic to R? and S2 X R appear as
open curves. In all cases, the space-time manifold .# is homeomorphic to §*XR.
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H=0
7 r=Q
-L.
Iy Singuiarky
T=T, 8- -
H=
T=T,
T=T,
T=T, T=Ty
. r
‘ ru=r, r_"
r=r
r=x
1C)) ()] O]
fr
T=Ty Omn_oo
H=0,
T=T,
T=T,
. r
F=n rag, r=x
r=%x
(d) (¢) )

FIG. 6. Representation of the embedding of .# for solutions with L and FV singularities. Consider a type (iv) solution whose domain of regularity is shown in
(a)and (d).If® (7,) » — o alongr = 77, asshown in (a), the boundary H = O consists of a L singularity and an AD big bang, whileif ®(T,) - — oo along
ro<r<m, asin (d), one has a combination of L and FV singularities and AD big bang. A representation of & (.#), analogous to those shown in Fig. 5, is
displayed in (b) and (e) for both cases, with the L and FV singularities looking like a rigged line and a hole in .#. Notice how the surface T = T, bends
upwards reaching the AD big bang at 7 = . Both representations are homeomorphic to the objects with topology S ' X R shown in (c¢) and (f), indicating
that the L and FV singularities do not change the § * X R topology that .# would have if these singularities were absent [see Fig. 5(c) ]. If the solution has only
one regular center (say at r = 1), the embedding diagram would be similar to (b), except that the horizontal profile curves R (#) would not close around the

second center r = 0 [see Fig. 7(b) .
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representing H = 0 in Fig. 5(c) is not part of .#, then one
has a similar situation to a cone in R* in which the singular
point at the top has been removed. For solutions of type (i)
[see Fig. 1(c)], and as shown in the representation of Fig.
5(d), some of the X, are incomplete and homeomorphic to
S2XR [asin Fig. 2(d) ], starting in Q = 0 and tilting all the
way toward H =0 as 7— o0.

In solutions presenting the AD big bang H = 0, the rep-
resentation of & () shows this timelike singular boundary
as a singular “slit” located in the infinite top end of long and
thin “neck” [see Figs. 5(c) and 5(d)]. It is interesting to
notice that the presence of the other singularities discussed
in Sec. X of Part II, as seen through the embedding (6) do
not change the S X R topology of .# . For instance, ifa L
singularity emerges at r = 7, T = T, [see Fig. 6(a)], then
the representation of & (.#') given by Fig. 6(b) shows this
null singularity as a singular “line” extending from 7(7,)
toward 7— oo at the AD big bang H = 0, that is, as a sort of
“scratch” across & (.#). If a spacelike FV and null L singu-
larities arise as ® diverges at T'= T, [see Fig. 6(d)], the
situation is that depicted by Fig. 6(e), which shows the com-
bination of these singularities as a “hole”” and a scratch in
& (). In both cases M is homeomorphic to §* X R just as
the “rigged” and “punched” cones of Figs. 6(c) and 6(f) are
homeomorphic to § ' X R.

B. Case k=0,—1

In the cases given by Eq. (5a), .# is homeomorphic to
S X R and the arguments above apply, with » = 7 replacing
r= o as the antipode center to » = 0. However, in cases
given by Egs. (5c) and (5d), .# is homeomorphic to R?,

tT=®
H=0
TaT,
T=T,
t=0
(a) type (ii) ®)  type(iv)

shown in Fig. (7) as “opened” sheets connected through the
center r = 0. For solutions of type (ii) [see Fig. 3(a)], the
FD singularity Q = 0 looks in the representation of & (.#)
given by Fig. 7(a) like a “crack” in the opened sheets. The
surfaces 2 not reaching Q = 0, being complete and homeo-
morphic to R?, appear in this representation as curves open-
ing towards r— o and closing up at » = 0. The incomplete
surfaces 2., whose topology is S *XR or R?, depending on
whether they close around » = 0, appear as open or discon-
nected curves. For solutions of type (iv) [see Fig. 3(b)],
those 2, which avoid H = 0 behave in the embedding dia-
gram of Fig. 7(b) in an analogous manner as similar 3,
surfaces in the case of solutions of type (ii). However, those
2, reaching this singular boundary are strongly tilted bend-
ing all the way towards 7— oo . For solutions of type (i) [see
Fig. 3(c)], the representation of & (.#) is shown in Fig.
7(c).

Asinthecase k = 1,the AD bigbang H = Olooks in the
representations of & (.#) as a singular slit; however, if
k =0, — 1 [except the case (5a)], this slit [see Figs. 7(b)
and 7(c)] is infinite as it prevents the closing of those =
reaching it. If a null L singularity arises, it would appear in
the representation of & (.#) in a similar way as in Fig. 6(b)
as a sort of scratch extending all the way towards H = 0 as
7 oo. If a spacelike FV singularity arises together with the
L singularity, then these features would appear in the repre-
sentation of & (.#') as a crack and a scratch, as in Fig. 6(e).
However, in all these cases the topology of .# would remain
R*.

From the evaluation of the integral (3) and the embed-
dings (4) and (6), the topology of the M- and W-type solu-

I=1

H=0 *=2
LA
T=T,
T,
=0 =T,
r=rn
Q=0
r=f,
© type@®

FIG. 7. Representation of the embedding of .# for solutions having only one regular center at 7 = 0. This representation of & (_#) is equivalent to that of Fig.
5. Asin the latter figure, vertical and horizontal profile curves denote surfaces X, and surfaces of constant 7. Various surfaces 3 of Figs. 3 and 4 are depicted
as thick, tilted open curves. The surfaces 7= T, are complete and homeomorphic to R>, while surfaces T = T, are incomplete and have topology S>XR. In

all cases, .# is homeomorphic to R*.
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TABLE I. Topology of M-type and W-type solutions. This table displays the topology of solutions classified in Tables III and IV in terms of the values of k
[choice of f (r) in Eq. I1(2) ] and of the form of the functions #and X defined by Eqs. I(23) and I(25). The fourth column from left to right is concerned with
solutions discussed in Sec. V, hence, UD solutions (uniform density with ¥ ,, #0) correspond to the row X2 with kK =0.

Form of h and X Topology of solutions Topology of solutions
in Egs. I(25) with a regular center with a null boundary Behavior of Wand Q
and (11) Value of k atr=0 atr=0 in Egs. (13)
X1 ¢c#0 ¢=0[Eq. (11a)] Asin Eq. (13a),
a#0 k=0,1 S*XR R* except NMcV(r2)(X 1)
A>0 and ChMcV(r2) (X 1)
k= —1 R* S2XR? which correspond to
Eq. (13¢)
X2 c#0 c¢=0[Eq. (11b)] Asin Eq. (13a)
a=0 k=1 S*XR R* except NMcV(72) (X 2)
b2=A and ChMcV(r2)(X2)
k=0,—-1 R* S?xR? which correspond to
Eq. (13c)
X4 b #0 b=0[Eq. (11¢)] Asin Eq. (13¢)
a#0 k=0,1 S*XR R* if L=0. Asin Eq.
A=0 (13a) if L #£0
k= —1 R* S*xR?
X5
a=b=0 k=1 S3%R
A=0
k=0,—-1 R*
X3
a#0 k=1 S*XR
A<O
k=0 S*xR (if L #£0)
R*(if L=0)
k= —1 R*

tions classified in Table I of Part II can be related to the value
of k plus the form of the functions & and X in Eq. 1(25). This
relation is shown in Table I for the solutions classified in
Tables III and VI of Part L.

C. Global hyperbolicity

As shown by the topological embedding (6), M-and W-
type solutions with a regular center at »r =0 and in which
|TI| > O holds are homeomorphic to 2 X R, where 2 is any
3, not reaching the boundaries of .#'. Hence, these solu-
tions seem to have a simple global structure, fully deter-
mined by the topology of the =, reaching the existing (one
or two) centers [fixed points SO(3)]. This situation (as far
as the topology is concerned) is similar to the particular case
when a space-time manifold .# is globally hyperbolic, ad-
mitting a Cauchy hypersurface %, in which case .# is ho-
meomorphic to the product Z X R (see Ref. 25). However,
since .# is globally hyperbolic if and only if it has acausal
(i.e., spacelike or null) boundaries,”®>° then some ChKQ
solutions, such as solutions of types (i) and (iv) presenting
the timelike singular boundary H = 0, are definitely not glo-
bally hyperbolic. This is a consequence of the fact that global
hyperbolicity implies stable causality, but the converse is
false.

However, even for solutions of type (ii) and (iii), whose
only boundary is (apparently) the spacelike FD singularity,
global hyperbolicity will not hold if there are other (yet)
undetected timelike boundaries, such as a timelike null infin-
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ity surface .# (“‘scri’”) similar to that of the anti-de Sitter
solution.® The occurrence of such a timelike .# is possible,
especially if .# is homeomorphic to R, though it will cer-
tainly be absent in solutions of type (iii) homeomorphic to
S3%R [see Fig. 1(c) of Part II], the latter being without
doubt globally hyperbolic. Solutions of types (i), (ii), or
(iv), homeomorphic to S * X R, might also be globally hyper-
bolic, especially if ® vanishes or diverges at a given 2 so
that the fluid bounces between a past and a future FD or FV
singularities avoiding H = 0 (see Fig. 1 of Part II). These
singularities can be subjected to the formalism of Wald and
Yip*® in order to verify if they admit a global parametriza-
tion by normal coordinates. However, solutions homeomor-
phic to R* are likely to have .# , surfaces, and so the ques-
tion of their global hyperbolicity requires further
examination connected to verifying the conformal structure
of these boundaries. This will not be attempted in the present

paper.

IV. ASYMPTOTICALLY DE SITTER SOLUTIONS

From the form of the expressions of H derived in Part I,
the boundary II = 0 [Eq. II(50) ] occurs in those W-type
solutions (L = const>0) and solutions with time-depen-
dent L (see Secs. VII and IX) in which the function II(7T,r)
has real zeros. Some M-type solutions, such as
NMcV(r2)(X1,2) and its charged version
ChMcV(r2)(X 1,2) present a similar boundary at T=0
(see Appendix B and Table II). This regularity boundary
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TABLE II. Solutions presenting the boundary I1( T,7) = 0. This table complements Table I of Part II by giving the coordinate representation of the domain
of regularity and boundaries for solutions presenting the boundary I1 = O (see Sec. IV). Parameters u, €, A and functions A, X, and u corresponding to each

specific solution are those found in Tables II1, VI, and VIII of Part L.

Solution Type Domain of regularity M(T,r)=0 Q(T,r)=0 H(T,r) =0
NMcV(2)(X1,2) il 0<T<(u/2)u T=0 T=(u/2)u
iv 0<T<(|u|/2)u T=0 T=(|ul/2)u
1 u—A/2€ u-—-A22€
ChWy(72,2)(X 1,2 i ——<T¢————, T 0 T=— =—
y( 14 ) i L <I< e =1 +u> u a1
ChWy(r2,r2)(X3) iv —u<T<u—1 T=—u T=u—1
ChMcV(2)(X 1,2) iv 0<T<(|p| + VA6 u2 T=0 T=(ju} + VA& u/2
ChWy(r2)(X1,2) ii Vig<T + X<2Vuf T=vu,—X T=2Vuf—-X
Bas in Table I of Part I1
ChWy(r2)(X4,5) iv (WV2-NDu<T<(W3I—V2)u T=(v2—1Nu T=(V3-v2)u
ChWy(r2)1(X 1,2) ii vV2/(V2—-1)<cosV<! V=m V=cos '[v/(v2-1)]
V=v/(A72)[T + X]
ChWy(r2)16,(X1,2) ii (r)uw2<T<las+ (@ + )2 T=(a,+ (& +4)"*1u/

2
y_ as in Table I of Part I1

T=(y_)u/2

will be examined in this section for the case L = const (W-
type solutions and the M-type solutions mentioned above),
leaving the cases with L = L(T) for Secs. VII and IX.
Throughout this section the coordinate choice I1(33) will be
used and, unless stated otherwise, it will be assumed that the
equation of state has been chosen [choice of @(7) ] so that
the fluid does not bounce in such a way as to avoid I1 = 0.

At II(7,r) = 0, which corresponds in general to finite
coordinate values T and r, the metric coefficients H and R
diverge as ® tends to a constant value, which will be different
for each class of comoving observers because II(7,7) =0
does not coincide with a surface Z,.. Though in the case of
the M-type solutions mentioned above, where Il = 0 be-
comes T = 0, © has the same “terminal”’ value ®(0) for all
comoving observers. Hence, in all these cases, space-time is
inextendible beyond this boundary, and from Eq. II(7), H
behaves asymptotically along an arbitrary surface X, labeled
byr=r,as

H-exp[1O(T) ], (N

where 7, is the time coordinate value satisfying
I1(7,,r,) = 0. This form of H can be described as a sort of
“asymptotically de Sitter” behavior. As H- o in (7),
T-» o0, and so comoving observers reach I = 0 in their infi-
nite future (or past, depending on the sign of ®). Although
©® and 7 are in general different for r#r,, the same qualita-
tive behavior of H, as shown in Eq. (7), occurs for all comov-
ing observers reaching I1 = 0.

This asymptotically de Sitter behavior can be connected
to the fact that the term L (fh)? in the right-hand side of Eq.
II(16a) plays the role of a sort of position-dependent “cos-
mological constant.” And so, when L >0, all these terms,
except L(fh)?, vanish asymptotically (as 7— c0 and H— oo
for finite r). However, if L <0, Eq. II(16a) implies that H
and R are necessarily bounded for finite ». Also, for M-type
solutions having L = 0 [except NMcV(r2)(X 1,2) and its
charged version], H, and R diverge for finite r only if
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|T| - o0, thusif @ is chosen (i.e., choice of equation of state)
so that ®—const as |7 |- oo, the asymptotically de Sitter
behavior associated with Eq. (7) occurs (see Appendix A
for an example).

The state variables p, p, and ¢ (and thus, curvature sca-
larssuch as # or Z ,, # 28y remain bounded as I1 - 0. From
the field equations I1(14b), II(16), I1(20), and II(21), for
solutions with L > 0, the state variables approach the follow-
ing asymptotic values:

47q -0, (8a)
8mp—»©%/3 — 3(fh)’L, (8b)
8mp— — @/3 + (fH)L, (8¢c)

as [1--0. These values are finite in general, indicating that
IT = Ois not a singular boundary, but rather a sort of coordi-
nate compactification bringing points at infinity into finite
coordinate values. This “blowing up” of H and R in the infi-
nite past or future of the comoving observers, together with
the asymptotically de Sitter form of the Hubble scale factor
in Eq. (7), justifies regarding the evolution of the fluid near
IT = 0 as a sort of “inflationary-like phase.” This situation
occurs under perfectly regular, though unphysical, condi-
tions. In fact, by looking at Eqs. (8b) and (8c), as [1 -0, the
weak energy condition is violated, since p + p— — L(fh)*/
47 <0. Equations (8) with L = 0 also apply to the M-type
solutions NMcV (72) (X 1,2) and their charged versions, and
in general to all M-type solutions in which ®—const as
|T'| - oo. In the cases with L = 0, one has the more accepta-
ble asymptotic limit p + p—0.

Since 7 diverges as IT -0, this boundary corresponds to
infinite values of the affine parameter of timelike geodesics
reaching it. Regarding the completeness of null geodesics, as
H—  forfiniter,onehasdv~H{ (L ‘/*/h,)dt + dr}, which
is not an exact differential and thus, the integral in I1(55)
cannot be computed approximately as it was done in Part I1
for the boundaries H = 0 and Q = 0. However, since R also
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rery

T=T,

s =0 a

'
® ©O<o

FIG. 8. Light cones near the boundary IT =0. Let [1(T,,r,) =0, so that
I = Ois in the infinite future (a) or infinite past (b) of a comoving observer
labeled by r = r,. The light cones of this observer near Il = 0 are represent-
ed by the line segments ap and bp, whose slope in the (7,7) coordinates is
given by [dT /dr],., [Eq. (9)). From the construction of this figure, it
follows that the boundary I1 = 0 is spacelike at ( T',,7,) if the absolute value
of [dT /dr],,, is larger than the slope of the line segment opq [i.e., condi-

tion (10} ].

diverges as I - 0, and as a result of the invariant characteri-
zation of R in spherically symmetric solutions, one would
expect these curves to be complete if R diverges along
them.?' Information about the conformal structure of this
regularity boundary follows from the study of null geodesics
near coordinate values satisfying I1 = 0. As H— o for finite
r, Eq. II(56) with the coordinate choice II1(33) becomes
approximately

dT]
—-— =4 9
arloan 3 )

where 7= T, and r = r, satisfy I1(T,,) = 0. Since Eq. (9)
provides the slopes of the light cones along Il =0ina (7,r)
coordinate diagram, the conformal structure of this bound-
ary follows by comparing these slopes with the slope of the
boundary II = O in these coordinates, bearing in mind, of
course, that the “interior” of the light cones is given by the
“vertical” direction along the timelike world lines of comov-
ing observers (r = const). This is illustrated in Fig. 8. The
boundary I1(7,r) = 0 becomes in (7,7) coordinates a con-
straint of the form T= — X +a, where X=fh%dy

= {fh?dris given by Egs. I(25) and g, is a constant whose
form depends on the parameters of the solutions (see Table
I1). Hence if ® <0 so that I1(7,7,) = O is in the past of the
comoving observer r = r, [see Fig. 8(a) ], this boundary will
be spacelike if the condition
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|®CT)|/3L 2> f(r)h(r)) (10)

holds (and null with the equality sign). It is not possible to
say whether this condition will be satisfied in general, inde-
pendently of the choice of equation of state (choice of @)
and parameters (a,b,c) and k=0, + 1, or all along the
boundary. However, in the case of the Wyman solution,
which presents this boundary, condition (10) holds for all
comoving observers if |@(7)|>0 for all T (i.e., the fluid
does not bounce), and so in this case [1 = 0 is everywhere
spacelike. This fact will be shown in Appendix A. For CF
solutions, IT = 0 is spacelike (see Sec. IX), and for the solu-
tions NMcV (r2) (X 1,2) and their charged versions, this
boundary (whose coordinate representation is T=0) is
spacelike or null (see Appendix B).

The effect of the occurrence of the boundary II =0 in
the global properties of the solutions can be discussed in
terms of the topology of the surfaces 2 ;- and the topological
embedding (6). As II = O corresponds to infinite values of R
for r finite, this boundary cannot occur in solutions of type
(1) and (iii). Hence, in a given type (ii) or (iv) solution .#,
the surfaces 2, might (a) extend throughout the full regular
range of , (b) reach only one of the boundaries IT =0,
H=0,0or Q=0, or (c) extend between II = 0 and either

"r
QT =0
or H(Tx) =0

|

I'=|'I
ety /

T=T,

T=1

T=T,

—

(a)

Tx)=0

or Hi =0
(Tx) T=T,

r=r, =1,

T=0 — /
_——””,"’/
Y

I(Ts) =0

®)

FIG. 9. Domain of regularity of solutions presenting the boundary IT = 0.
As in Figs. 1 and 3, surfaces =, and X, are represented by horizontal and
vertical dotted lines. The thick curve below the figures could represent ei-
ther the boundary Q = 0 or H = 0, depending on whether the solutions are
of type (ii) or (iv).
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one of Q =0 or H=0. Assuming that conditions II(45) bedding diagram as in Fig. 2(a)]. If =, extends from either
hold at r = 0, the cases k = 1 and k = 0, — 1 will be consid-  one of the centers (r =0 or r = 7) to the boundary I1 =0

ered separately. [T=T, in Fig. 9(a)], it has topology R?, since H— « as
IT1-0and from Eq. (3), { diverges if the upper limit of inte-
A.Case k=1 gration in (3) is a value of rsatisfying [1 (7,r) =0 [r = r, in

If 3, does not reach either boundary [7=0 in Fig. Fig. 9(a)]. As .# is regular at [ =0, X, is in this case
9(a)], it is homeomorphic to S > and complete [with anem-  geodesically complete having an embedding diagram as in

H=) taw

TeT,

=n

(a), type (ii), k=1 (). type (iv), k=1

H=0 ta=

(c), type (i), k=0,-1 (d). type (iv), k=0,-1

FIG. 10. Representation of the embedding of .# for solutions presenting the boundary I1 = 0. As in Figs. 5-7, horizontal and vertical profile curves denote
surfaces =, and surfaces of constant 7. In particular, the boundary I1 = 0 can be associated with the exponential form of the vertical profile curve 7(R) (fixed
r) in the lower part of the figures. Various surfaces X, of Fig. 9 are depicted as thick, tilted curves. In (a) and (b), .# is homeomorphic to S * X R, even though
the topology of the complete surfaces X - (for example, 7= 7T, and T = T5) changes from S>to R®. In (¢) and (d), .# is homeomorphic to R?, as the profile
curve R(r) (7 fixed) does not close around a second center.
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Fig. 4(¢c) with r = o« replaced by r = r,. As in solutions
without Il =0, the topology of surfaces X, within .#
changes as surfaces 3, reach the boundaries H = 0 and/or
Q=0,and now [1 =0.

As shown by the representation of & (.#) of Figs.
10(a) and 10(b), .# looks like a sort of conelike object with
a hyperboloidal 7(R) profile and is clearly homeomorphic
to S*XR. A given X reaching I = 0 [say, at coordinates
(7,,T,)] stretches towards 7— o, and so appear as a “tan-
gent plane” of this hyperboloidal shape, avoiding the world
lines of comoving observers with r, < 7 < 7 [see Figs. 10(a)
and 10(b)]. The form of & (.4 ) near [ =0 (as 7— 0 ), a8
depicted in Figs. 10(a) and 10(b), is qualitatively analogous
to the shape of de Sitter space-time as a hyperboloid when
embedded in R® (see Ref. 8). Such a qualitative resemblance
fits the “asymptotically de Sitter” behavior associated with
Eq. (7), and as shown by Krasinski,® de Sitter space-time
can be foliated by spacelike slices whose topology changes
(from S to B*) in a similar way as the topology of the 2
reaching I = O changes in Figs. 10(a) and 10(b). This situ-
ation will be further commented in Sec. IX.

B. Case k=0,—1

Some of these solutions might be homeomorphic to
S3XR, depending on whether another center (besides
r = 0) exists, as in case (5a), and the same arguments dis-
cussed for the case k = 1 apply. For solutions corresponding
to the cases given by Egs. (5¢) and (5d), conditions I1(45)
only hold at r = 0, though there might not exist surfaces 2
which avoid IT = 0 or the singular boundaries [i.e., extend-
ing from r = 0to r— «, see Fig. 9(b) ]. Surfaces X extend-
ingbetweenr = 0and I[1 =0 [T = T, in Fig. 9(b) ] are geo-
desically complete and homeomorphic to R’ their
embedding diagram being analogous to that depicted in Fig.
4(c) with r— o replaced by r—r, where r, satisfies
I1(T,,r,) = 0. On the other hand, surfaces 2, reaching ei-
ther one of the singular boundaries Q = 0 or H = 0 [see Fig.
9(b)] are geodesically incomplete, being either homeomor-
phic to R if they extend to 7 = 0, or to $ 2 X R if they reach
I1=0[T=T,inFig. 9(b)].

As shown by the representations of & (.#') of Figs.
10(c) and 10(d), .# is in all cases homeomorphic to R*. As
with the case k == 1, the representation of & (.#') has a hy-
perboloidal profile with those surfaces =, reaching I1 =0
being “tangential” to it. However, the R* topology occurs
because .# does not “close” around a second center, and so
just as in solutions with [I1| > O (see Figs. 5~7), the singular
boundaries Q =0 and H = 0 appear as a “crack” and a
“slit” on top of & (). Thus, in these cases, the “asymptoti-
cally de Sitter” behavior of Eq. (6) does not match a de
Sitter-like topology S 3 X R.

C. Particle horizons

As mentioned before, causal curves reaching I[I=0
must be complete. Hence this boundary can be identifiedasa
coordinate representation of a (future/past) regular null in-
finity surface # |, (“scri” plus/minus) associated with the
regular infinite (future/past) of null geodesics and comov-
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i THT) =m0 taoe

FIG. 11. Particle horizons and the boundary IT = 0. This figure displays a
conformal diagram of the boundary [1(7,») = 0, in the case in whichitisa
spacelike boundary at the infinite past of causal curves (i.e.,a # _ surface).
World lines of comoving observers and surfaces 2, are depicted as vertical

dotted lines and dotted curves, respectively. The past light cones of the ob-
server 7 = r, are shown, extending all the way towards I1 = 0 but without
reaching r = r, or 7= r,, observers lying outside the particle horizon of
r=r,. The boundary IT = 0 need not be always spacelike (see Appendix
A).

ing observers. If this boundary is spacelike, then following
the discussion in Sec. 5.2 of Hawking and Ellis,® one must
have particle horizons similar to those arising in de Sitter
space-time. This situation is illustrated in the conformal dia-
gram of Fig. 11, which shows this boundary in the case in
which it is spacelike. Table II lists those solutions of Tables
IIT and VI of Part I and Table I of Part II in which I1 =0
occurs. The conformal structure and global view of this
boundary is discussed for the case of the Wyman solution in
Appendix A.

V. SOLUTIONS WITH “WORMHOLES” AND A
SINGULAR NULL »

‘So far, it has been assumed that “regularity at the cen-
ter,” defined by conditions I1(45), holds at 7 == 0. Inorder to
comply with this restriction, it has been necessary to exclude
those combinations of parameters (a,b,c) in 1(23) and
1(25) which would make % and X (and thus H) unbounded
as r—0. Specifically, these parameter combinations, with
their corresponding forms of 4 and X, are the following:

a,b#0, ¢=0, A=b?

hoy = [y(ay +26)172, X, =_21[;1n (ay(_z;va) ’
(11a)

a::c:{}, b=IA{”2,

hay = [209)712% X, = (1/6) In |26p]'2, (11b)

b=c=A=0, a>0,

hay =a="7", Xy = — (@), (i1c)

where the bar on top of 4 and X will distinguish these func-
tions from the cases in which they are bounded as r— 0. The
properties of the locus » = 0 in the cases presented above,
together with its effects on the global structure of the sur-
faces 2, will be discussed in this section. As in previous
sections, the z-parameter 7 will be chosen as the time coordi-
nate [coordinate choice I11(33)].

Although H diverges as r—0 in all cases with # and X
given by (11), the metric coefficient R might be finite or
might diverge as r—0, depending on the valueof k =0, + 1
and the specific form of H. However, in all these cases, con-
ditions I1(45) do not hold at » = 0 and thus this locus does
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not mark the world line of a regular center [fixed point of the
orbits of SO(3) ], but the time evolution of a two-sphere [of
infinite proper radius if R(0,7") diverges]. If a given surface
3 extends as far as r = 0, { evaluated from Eq. (3) diverges
as r—0, and thus points at r = 0 are located at an infinite
affine parameter distance along 2 ,. Hence the locus r =0
marks a boundary beyond which the space-time manifold .#
cannot be extended.

The next question concerns the behavior of curvature
scalars as r— 0. In particular, the behavior of Q(T,r) as r—0
follows from Eq. I(24a), which can be rewritten as

= aw dw

r+ %= [t = | waam
where Qand Q are given by Egs. [(21b) and I1(25a), respec-
tively, and X is any of the forms of Egs. (i1). Asr—0, X in
the left-hand side of (12) diverges, and thus the denomina-
tor Q in the right-hand side of this equation must vanish.
Since W = h /H is, in general, finite as r—0, there are three
possibilities concerning the vanishing of the product

wiQw)1'2

(12)

W(T,0)>0 = Q(T,0) =0, (13a)
W(T,0) =0 and Q(7,0) =0, (13b)
QT,0)>0 = W(T,0)=0. (13c)

The case (13a) comprises all solutions in which L #0 irre-
spective of the form of 1 and X in (11), since A/H =11/X,
and the functions Il and = appearing in this quotient are of
the same order in 7 (see Tables Il and VI of Part I). The case
(13b) corresponds to # and X as in (11¢) and L =0. The
case (13c) consists only of the solutions NMcV (r2) (X 1,2)
and their charged versions (see Appendix B). Other M-type
solutions with & and X asin (11a) and (11b) belong to case
(13a) (see TableI).

In the cases (13a) and (13b), the fact that Q(0,7) =0
implies that the terms d®/dr = (©/3)Q~"/2 30/3T and
& in the Raychaudhuri equation I1(20) and in II(28) must
diverge (and thus p— 0 ), just as in the case of the FD singu-
larity Q(»,7) =0 [Eq. I11(49)]. Using Eqgs. II(14a) and
I1(26), it can be verified that matter-energy and charge den-
sities, p and ¢, tend to finite values as »— O for all forms s and
X given by Egs. (11), except (11c) with L #0, in which case
both of these quantities diverge as well. Therefore, in most
solutions belonging to cases { 13a) and (13b), the boundary
r = 0 is singular, and one has |dp/dp|— « as r-0 [just as
near the FD singularity Q(#,7) = 0], and thus the strong
and dominant energy conditions are violated at this asymp-
totic limit.

On the other hand, for solutions corresponding to the
case (13c¢), all state variables, and thus curvature scalars, are
bounded as r- 0, and thus the boundary » = 0 is regular. In
fact, for this case . vanishes, while ¢, p, and p take the
limiting values

q—0, (14a)
8mp—©@%/3, (14b)
8mp— — ©%/3, (14c)

which, regardless of the choice of @ (choice of equation of
state), leads to the asymptotical limit p + p—0 (see Appen-
dix B).
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‘T

FIG. 12. The null boundary at r==0. A conformal diagram of the null
boundary at r = 0, arising in the solutions of Sec. V, is displayed together
with surfaces 2, and Z,. In (a), 7 = O is the null limit of timelike surfaces
Z, with r—0. In this case, all spacelike surfaces £, reach = 0. In (b),
r = O is the null limit of timelike surfaces £, (r-»0) and spacelike surfaces
2 (T-» o0 ). Both situations described in (a) and (b) can occur within a
single solution {see Appendix B).

From Eq. II(56), using the coordinate choice I11(33),
one has [dT /dr],,—» + « as r—0, and since r=01is a
“vertical” line in a (T,7) coordinate diagram, this boundary
is necessarily a null hypersurface arising as a null limit of
timelike hypersurfaces £, generated by the world lines of
comoving observers labeled by values of r arbitrarily close to
r =0 [see Fig. 12(a)]. Since the function © in II(58) di-
verges asr—0, the integralin II(55) diverges and so does the
affine parameter ¢ along null geodesics reaching this bound-
ary. Therefore, 7 = 0 is a null “future (or past) null infinity
surface” .# _ , which in the cases (13a) and (13b) above is
singular, while in the case (13c) is regular.

The existence of the null .7 at » = O (whether regular or
singular) depends on the parameters a, b, and c in Eq. 1(25),
and thus does not exclude the existence of other boundaries,
such as H = 0, Q = 0, and/or I1 = 0. However, the fact that
Hand ¢ diverge as r — 0 means that this null boundary affects
the topology of surfaces 2 ;- in solutions having # and X as in
(11). This situation will be discussed below for the cases
k=1landk=0,—1.

If k=1, R(T,7) = 0 and conditions I1(45) hold at
r = 7. Hence, these solutions have a regular center [fixed
point of SO(3)] at r = , and so surfaces 3, embedded in R*
will Jook like those corresponding to the cases A =0, — 1 of
Egs. (5¢) and (5d) (Fig. 4). However, instead of opening
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from “left to right” [from » = 0 to r— o, see Fig. 4(c) ], in
this case 2 opens from “right to left” (from 7 = 7 tor—0).
Depending on whether the 2, are complete or not (i.e., if
they reach r = 0 or the singular boundaries H = 0 and/or
Q = 0), they will be homeomorphic to R? or S 2 X R. Follow-
ing the arguments of Sec. III, the space-time manifold in
these cases is homeomorphic to R, having an embedding
diagram under (6) as in Fig. 7 with r =0 and r = « rela-
beled as r = 7 and » = O, respectively.

If k=0, — 1 with {— « as 7— o0, as in cases (5c) and
(5d), then there is no regular center along any of the surfaces
31, all of them being now homeomorphic to $? X R. This is
50, even if there are complete surfaces £, (i.e., they extend
along 0 <7 < oo without reaching any singular boundary).
Thus in this case, all surfaces =, embedded in R* have the
wormhole shape depicted in Fig. 13, analogous to the “Ein-
stein-Rosen bridge” in the Schwarzschild and Reissner—
Nordstrém solutions (see Sec. 31.6 of Ref. 32). Hence the
space-time manifold in these cases is homeomorphic to
S2X R?, as illustrated in the representation of & (.#') of Fig.
14. The existence of particular cases of the Tolman-Bondi
dust solution with this type of topology has been recently
reported by Hellaby.>

As mentioned in the previous section, the boundaries
H=0,Q=0, or Il =0 are usually characterized in (7,7)
coordinates as constraints of the form T'= — X + a,, where
X is given by I(25) and a, is a constant whose form depends
on the parameters of the solution (see Table I of Part II).
Thus, if X takes one of the forms in (11), the domain of
regularity of the solution might be such that the surfaces £

-

e Ry

~.,

r-0 o

R - const

FIG. 13. Representation of the embedding of surfaces 2, with wormhole
shape. Surfaces 3 ;. of solutions homeomorphic to S 2 X R?, discussed in Sec.
V, do not have a regular center. Hence, if these three-surfaces extend
towards r = 0, the 2-D representation of the embedding given by Eq. (4)
will look as in these figures, depending on whether R diverges (a) or tends
1o a finite value (b) as r—0. Though these solutions might not have com-
plete . surfaces, the latter would necessarily be homeomorphic to S xR.
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FIG. 14. Representation of the embedding of .# for solutions homeomor-
phic to S 2 X R2. This representation of & (.# ) is equivalent to those shown
in Figs. (5)~(7) and (10). Now for the case of solutions lacking regular
centers, see Sec. V. As in previous representations, horizontal and vertical
profile curves denote surfaces of constant 7 and r, respectively [see Fig.
5(a)]. These surfaces are connected, and their appearance as disconnected
curves is only an effect of the representation. Surfaces 2, are depicted as
thick, tilted curves. The S2XR? topology of .4 follows from the fact that
horizontal profile curves R(r) (+ fixed) fail to “close” due to the lack of
centers in .# . On top of the figure, depending on whether the solution is of
type (ii) or (iv), one could have a FD singularity or an AD big bang.

only reach r = Oas T'- o . In this case, which is illustrated in
Fig. 12(b), r = 0 is the null boundary arising as a null limit
of timelike hypersurfaces (surfaces X, generated by the
world lines of comoving observers with r close to zero) and
spacelike hypersurfaces (surfaces 2, with T— o).

As far as I am aware, the fact that » = O marks a null #
(which in most cases is singular) in ChKQ solutions having
h and X asin (11) has never been noticed or reported in the
literature. In particular, McVittie’s solution® (see Appendix
B) presents this feature, but has been overlooked by authors
studying it (see Appendix B for references). Mashhoon and
Partovi'? noticed that p diverges as r—0 in solutions
ChMcV(r2,r2) (X 1,2) havinghand Xasin (11a) and (11b)
and for the uniform-density solution ChMcV(UD) (r2)
(see their Sec. VI and their Appendix C). However, they
mistook the singular null # arising in the former solutions
(see Appendix C in Part II) with the FD singularity
Q(r,T) = 0 (which, incidentally, also arises). The null (and
possibly singular) .# at r = 0 and the fact that all surfaces
3, are homeomorphic to S2XR (i.e., wormholes) is also
significant in the study of gravitational collapse of fluid
spheres modeled by solutions with 2 and X as given by Egs.
(11). This will be discussed in the following section.

VI.COLLAPSING FLUID SPHERES WITHOUT A CENTER

The forms of # and X given by Egs. (11) do not contra-
dict with matching the solutions discussed in the previous
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section to Schwarzschild or Reissner-Nordstrem solutions.
In fact, such a matching has been done previously for the
McVittie solution® [NMcV (#2) (X 2) with ¢ = 0], in which
hand X are as in (11b), by McVittie'® and Knutsen.!' How-
ever, these authors failed to notice that the locus 7 = 0 is no
longer the world line of a center but a null .# surface, and so
they did not study the effects of this null boundary (which is
regular in this case) on the global structure of the collapsing
configuration. These effects do not occur in the usual spheri-
cally symmetric collapse in which » = 0 marks the “center”
of the collapsing sphere.

If 4 and X are given by Egs. (11), the standard collapse
picture with » = 0 marking a regular center, as described in
Sec. XI of Part I1, can only happen if the interior fluid region
is matched to Schwarzschild or Reissner—-Nordstrem at a
surface 2, in such a way that > 0 throughout the fluid re-
gion (i.e., # and X are bounded for all ). This can only be
done for the cases having a regular center (either at 7 = 7 or
at r = « ), and by relabeling the coordinate 7, these “left-
side” matchings coincide with the ones discussed in Sec. XI
of Part II.

If the fluid region contains the locus r =0, it has no
regular center and this fluid region plus the vacuum
Schwarzschild or Reissner~Nordstrom region, matched
along a surface X, labeled by r = r,, combine into a hybrid
space-time manifold homeomorphic to S?XR* having
spacelike slices with a wormhole S2XR topology as in a
Kruskal diagram with “two sheets” (i.e., without fluid re-
gion, see Refs. 33-36). Although the intuitive idea of interi-
or cannot be applied to the fluid region, as the latter is ob-
served from the vacuum region (say, from a static frame), it
appears as a two-sphere (i.e., the surface of the fluid sphere)
of finite proper radius R, = R (T,r,) whose proper time evo-
lution is governed by Eq. I1(73a). Hence, if one is only inter-
ested in studying the kinematical evolution of this two-
sphere in the Schwarzschild or Reissner-Nordstrem
geometries (whether it bounces or collapses), then the glo-
bal structure of the fluid region can be ignored. Otherwise,
the effects due to the lack of a center in the fluid region must
be brought into consideration.

If the fluid region is a type (ii) solution then, as shown
by Figs. 15(a) and 15(b), the world lines of comoving ob-
servers and null geodesics terminate at the FD singularity,
while the surface becomes singular at R, = fyh,/4, where A
is a root of Q given by I(21b). If the solution is of type (iv),
then as shown by Figs. 15(c) and 15(d), comoving observ-
ers along the surface r = r, collapse into the null L singular-
ity, while the remaining comoving observers (0<r<#;)
evolve towards the AD big bang in their infinite future. In
the latter case, one has a similar situation as described in
Figs. 9 and 10 of part II, in which the proper volume of the
“surface” of the sphere (4/37R,*) vanishes, while proper
local volumes along interior layers ( ~ H *) remain nonzero.
Though, if the fluid region has no regular center, the proper
volume of the orbits of SO(3) corresponding to these inter-
nal layers never vanishes (i.e., there is no center) and could
even be infinite (if R — o as r—0). This situation reveals to
what degree the labels “interior” and “‘exterior,” as applied
to the fluid and vacuum regions, lose their intuitive meaning
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©)
Type (iv), neutral

FIG. 15. Qualitative Penrose diagrams of collapsing spheres without a cen-
ter. These Penrose diagrams are analogous to those introduced in Sec. X of
part 11, except that now r = Qis not the world line of the center of the sphere
(see Sec. VI and Sec. VIII of part II), but a null boundary at infinity (a null
# surface). In (a) and (b), the world lines of comoving observers (dotted
curves) terminate at the FD singularity (compare with Fig. 12 of Part II).
In (c) and (d), internal fluid layers, labeled by 0 < r < r,, evolve towards the
AD big bang in their infinite future. The surface of the sphere (the two-
sphere labeled by r = r,, whose time history is denoted by a solid curve)
collapses into the null L singularity, asin Figs. 11 and 12 of Part I1. The gray
arrows in (c) and (d) represent light rays from r=0 reaching the
Schwarzschild or Riessner-Nordstrem regions, so that if this boundary is
singular, it behaves as a sort of white hole.

in this case. In fact, the global structure of such a fluid region
(as a region of space-time) corresponds to a cosmological
type of space-time and not a model of a stellar interior. Thus,
observers entering a fluid spheres of type (iv) from the vacu-
um region (see Fig. 16), not only could survive the black
hole (the L singularity), but could experience the “science
fiction” effect of entering a “star” which is in its own right
“another universe.”

Although a fluid sphere without a center would appear
to observers in the vacuum region as an object of stellar di-
mensions (R, is finite and it could even be arbitrarily small),
the fact that the fluid region inside this object is not compact
could be detected locally by these observers. The latter
would be extremely puzzled as they detect red or blue shifts
of cosmological proportions in photons emitted by such a
star (this situation is illustrated in Fig. 16). If the null .7 at
r = Ois singular, light rays from it can reach distant observ-
ers in the Schwarzschild or Reissner-Nordstrem region (see
Figs. 15 and 16), and so this singular boundary behaves in a
similar manner as the white hole in a “two-sheet” Kruskal
diagram without a collapsing body.>*-*¢ Though, the impor-
tant difference is that this white-hole effect is produced by
the fluid region itself, without having to justify the absence of
matter or to impose any peculiar topological identifica-
tion.3*36
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“AD"
Big bang

FIG. 16. An observer falling into a sphere without a center. The history of
such an observer is depicted by the timelike (nongeodesic) curve abc. At
point “a” the observer is in a static frame (world line apq) in the Schwarzs-
child region, say, in a planet in circular orbit (R = const >2m) around the
sphere. The latter is seen in a as a spherical star with finite radius. As the
journey progresses, the observer goes inside of this star, and at point b de-
tects radiation coming from the null infinity surfaces .# , of the fluid region
(r=0) and of the vacuum region. The existence of the former radiation,
which could be detected also in a, makes the observer suspect that the fluid
region is not the interior of a star but “another universe” (a region with
spacial extension of cosmological proportions). As the journey continues,
past of b, it becomes impossible for the observer to return to the static frame
apq. As the surface of the sphere crosses the horizon R = 2m, and collapses
into the L singularity, the observer could (as in Fig. 11 of Part II) survive
the collapse and dwell inside of the sphere forever (his/her world line is
complete, provided he/she avoids the L singularity and heads towards the
AD big bang).

VII. SOLUTIONS WITH L=L(!)

If L is a second t-parameter, Eq. I1(16) and all deriva-
tives with respect to r (or y), such as II(17) or I1(24), re-
main unchanged, with the extra feature that L = L(¢). Re-
garding time derivatives like II(30) in solutions with
¥ ,, #0 (the case ¥ ,, = Ois discussed in Sec. IX), the mo-
dulus 7 of the elliptic integral in I(24a) is now a time-depen-
dent function, and so the derivative H /H has the following
form:

H/H=R/R=QV [N L~T], (15)
where
a¥ dn JnldL
3 7é sin ¥ cos ¥
= E[Y,
[7]1‘72 LWl + 7*(1 — 5? sin® W) !/2
+N:;X[1—d(:;§)”, (16a)
with 7 =1 — 5% and
E[‘P,n]EJ [1 — 5?sin® W]V/2dW¥ (16b)

is an elliptic integral of the second kind.*” However, ./#"(¢,r)
must satisfy the integrability condition II(27) leading to the
constraint
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N =Q12, (17)
which allows one to determine the form of the elliptic inte-
gral (16b). The function .#"(¢,r) is quite a cumbersome
expression, and thus, in order to examine the properties of
solutions with L = L(¢) and ¥ ,, #0, it might be necessary
to use Taylor series approximations or numerical methods.
Therefore, this section will only aim to point out in which
aspects the properties of these solutions might be qualitative-
ly different from (or similar to) those of the M- and W-type
solutions discussed so far. A proper investigation of solu-
tions with L = L(z) and ¥ ,, #0 is a topic of further re-
search,

The first consequence of having Eq. II(30) replaced
with (15) is that the proper time derivative operator I1(8)
with U = Q~!/2 and the magnitude of the four-acceleration
in I1(28) {and so the *‘acceleration” term II(21a) in the
Raychaudhuri equation] become modified as

©/3 d

4 _ s 9, (18a)
dr QYW L-T1d
2 r -2
.:z/:fh_[esz—yW+LW?2+—IL—.—].
Q! NEL—T
(18b)

Equation (18a) indicates that condition I1(29) must be in
turn modified by demanding now that ©® and the derivatives
of the t-parameters must be of the same order if expanded
around a value ¢ = ¢, such that ®(z,) = 0. Thatis, ®, 7, and
L must satisfy

0/3=0L=0cT=0, (19)

which is a strong restriction on the f-parameters. If either
one of the t-parameters is rewritten as H, (or R,) as in Eq.
1(29), equations sim@lar to (15)—(17) arise, with HO/HO re-
placing either one of T'or L. Another aspect of solutions with
L = L(¢) is that the existence of two ¢-parameters allows one
to impose further conditions on the state variables. These
conditions can be set in the form of two localized equations
of state (see Sec. VII of Part II), each one on a different
surface X,, or in further restrictions on a single surface 2, .
The regularity boundary H =0 [Eq. 11(48)] is also
present in solutions type (i) and (iv) withL = L(¢),andisa
timelike boundary since (dz /dr),,, also vanishes as H—0.
Since R vanishes for r> 0 as H—0, from the discussion of
Sec. X of Part 11, the boundary H = 0O has also the character-
ization of an AD big bang if ® remains finite along it. How-
ever, the fact that now L = L(7) [using the coordinate
choice II(33) ] could prevent the development of an AD big
bang and instead result in a standard big bang characterized
by H = 0 coinciding with a =, along which @ diverges. This
situation can be illustrated by the neutral particular case
which follows from Eqgs. 1(17),1(21b), and 1(23) by setting
k=0,e=A=0,u<0,L(T)>0forall T,a=5b=0, and
¢ = 1. These parameter restrictions lead to H having the

form
H=I(T)(1 —cn[T+ ~A2))/en[T + /2], (20)
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where I(T) = [L(T)/2u] ~"/3. This form of H is similar to
1(37c), that is, the form of a type (iv) Wyman solution (see
Table II of Part II), except that L(T) >0 and ®(7) are
unspecified functions (#-parameters). If H is given by (20),
the boundary H = 0 becomes

I(Tp) =0, 0<r<r,,
en[T+ P2l =1, r>r,
where 7, satisfies H( To,7,) = O (see Fig. 17). If this solution
is restricted to 0<r<r,, matching to a Schwarzschild exterior
atr = ry,sothat ®(T,) - — «o is given by II(74a), then the
AD big bang does not develop and one has instead a fluid
sphere collapsing into a spacelike standard big-bang singu-
larity. In this configuration, the t-parameter /(7)) could be
determined by imposing a ‘“localized” equation of state
along a surface =, (for example, at the center r = 0, see Sec.
VII of Part 1I). If the fluid is unbounded, then as shown by
Fig. 17, one has a combination of standard bigbang (T = T,
0<r<ry), null L singularity (7= Ty, r =r,), and AD big
bang (T < Tg, > 1,). However, a form of H = 0 like that of
Eq. (21), which allows one to eliminate the AD big bang,
might not be possible for all solutions with time-dependent
L. And even if it is possible, as shown in this simple particu-
lar case, the complicated form of the metric coefficients
[especially g,, formed from Eq. (15)] makes it difficult to
study these cases in detail. This is not so with conformally
flat solutions, which also have two ¢-parameters but simple
metric coefficients. These solutions are discussed in Sec. IX.
For whatever form of the two #-parameters, as in the
case of M- and W-type solutions, the converse of condition
11(29) does not hold, but now it leads to a more complicated
constraint as a result of the fact that the quantity
Q2[4 L — T] in (15) does not necessarily vanish if Q
vanishes and vice versa. This follows from the forms of
W (W,n) presented in Tables I and II of Part I. However,
from (18b), o7 also diverges as Q—0, and so besides the
regularity boundary I11(49), solutions with L = L(r) might
have an extra regularity boundary defined as the set of (¢,7)
values such that [.#" L — T] = 0. Also, the form of H given
in 11(43) has I1 =II(L,T,r) [see Egs. 1(28), 1(30), and
1(32)] so that, depending on the specific form of Il =0,

H=0:[ @n

T T

|
Ssandard Big bang Big bang o
TxT, 6 T=T, 0w W
L.
NS IFluid Schw.
% region region
i < -
" I"l’o V f-fo
(@) ®)

FIG. 17. Standard big bang in solution with L = L(7). (a) displays the
boundary H(T,r) = 0 for the example of Egs. (20) and (21). This bound-
ary becomes a standard big bang (|®|— o as H-0) for T'=T, and
0<r < r,. For r>r,, there is a combination of L singularity and AD big bang.
In (b), this solution is matched to a Schwarzschild space-time, at » = r,.
The L singularity and AD big bang are then replaced by the Schwarzschild
singularity. Without such a matching, H = 0 must take the form shown in
(a). The existence of a standard big bang does not occur in general in solu-
tions with L = L(T).
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there might be a regularity boundary of the form II(50)
related to the asymptotically de Sitter behavior discussed in
Sec. IV. Since a study of the conformal structure of regular-
ity boundaries connected with the vanishing of Q, /"L — T
or II requires testing the convergence of integrals equivalent
to II(53) and II(55), and evaluating equation II(56) near
the regularity boundaries, it will not be attempted in this
paper.

Finally, the topology of these solutions can also be in-
ferred following the arguments previously applied to M- and
W-type solutions. If conditions I1(45) hold at » =0, the
space-time manifold .# will be homeomorphic to §*XR if
k=1lorifk=0, — 1 and R and { behave as in (5a). In the
cases (5¢) and (5d), . is homeomorphic to R*. If » and X
are given by Eqs. (11), then .# is homeomorphic to R* if
k=1lork=0, — 1 [case (5a)],orto S2XR%ifk =0, — 1
[cases (5c) and (5d)}]. If # and X are given by Egs. (11),
r = 0 marks a null boundary, which will necessarily be sin-
gular as solutions with L = L(¢) obviously belong to the
case (13a). From Eqgs. 11(43), 1(28), I(30), and 1(32), the
functions = and II are of the same order in 7 as r— o [or as
r—0ifhand Xaregivenby (11)1],andso f H dr~ § hdrand
the convergence of § and R as r— oo or as r—0 follows from
the forms of /& and f (see Table I).

VIH. UNIFORM-DENSITY SOLUTIONS

As mentioned in Part I, uniform-density ChKQ solu-
tions follow as the parameters (a,b,c) appearing in the func-
tions A and X = § 4 2 dy are restricted as in 1(38) and 1(39),
leading top = p(¢) given by I(41). Table VII of Part I classi-
fies these solutions, some of which are conformally flat
(e=p =0, ¥,, =0) and will be examined separately in
the next section. Hence this section will be confined to those
uniform density solutions with ¥ ,, #0, to be denoted
henceforth as UD solutions. The coordinate choice II1(33)
will be used.

Asshown in Appendix C using the arguments of Appen-
dix B of Part I, different values of k¥ in Eqs. I1(2) do not
denote different UD solutions. Hence one can choose the »
coordinate so that f{r) = r (case k = 0) and, from I(38)
and I(39), the functions 4 and X associated with these solu-
tions are

hep, = co/1,
X(UD) = CO ll’l r,
—-1/2 __

(22a)
(22b)
wherec,=b = A~* Since # and X in Egs. (22) are par-
ticular cases of Eq. (11b), UD solutions are really particular
cases of the solutions discussed in Sec. V. Hence the locus
r = Ois not the world line of a center [fixed point of SO(3) ],
but a null boundary, a null .# that is singular for UD solu-
tions belonging to cases (13a) and (13b) in Sec. V (see Table
I).

Matter-energy density is constant along the surfaces 2 .,
and so Eq. II(16a) reduces to Eq. I(41), expressed as

5= 1%

ﬂ'pH3] +GL(DH?  (23)
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where p = p(T). Pressure follows from the Raychaudhuri
equation [II(20) and I1(21)], which for uniform density
solutions takes the form '

1dH_© d©
Hdr 9  dr 3
= —4np+ (p/3)) + L

)

L
+ s (242)

2QY2[ AL - 1]
where L =dL /dT and

EQ=1—2uc}/R + €cS/R*+ LAR> (24b)

Comparing Egs. II(18) and (20), the Ricci scalar of the
surfaces 2 is given by % = — 6¢,L(T), and so it is con-
stant along these hypersurfaces [though a different constant
along each 2, if L = L(T)]. The fact that *Z is a con-
stant, whose sign is the opposite of the sign of L(T), along
the =, does not mean that the latter are hypersurfaces of
constant curvature, in the sense of having a Ricci tensor of
the form (2a). This fact can be verified by computing the
components of Ricci tensor of the =, from the metric (1):

5 é.2 6
Fr=2 [ —%-‘—ch_] + 0% =W, + A,
(25a)
Rog = R4y =pucy/R>+ PR, (25b)

where H’ and H " have been eliminated from I(18) and
11(24), specialized to UD solutions by I(38) and I(39) (i.e,,
W = ¢,/R) and (24b). From Eqgs. (25a) and (25b), it fol-
lows that a constant Ricci scalar implies a Ricci tensor of the
form (2a) only if 4 = € = 0, which implies ¥ ,, = 0, that is,
such an implication is only valid for conformally flat solu-
tions (see the next section).

The field equations (23) and (24) indicate that the FD
singularity associated with the vanishing of ( —g,)'/?
[Q=0if dL/dT =0, or the vanishing of (15) if dL /
dT #0] can also occur in UD solutions of types (i) and (ii),
and if it does, it will be a spacelike singularity (from the
arguments of Fig. 2 of Part II). Notice that in the case dL /
dT = 0, in which the last term in (24a) vanishes, p still di-
verges as Q— 0, because the term d®/dr becomes infinite at
this boundary. Though in this case, the finite-density singu-
larity Q = O coincides with a surface of constant R[R = ¢/
A, where A is a root of @in I(21b)].

The boundary H = 0 [Eq. I1(48) ] might occur in UD
solutions of types (i) and (iv). From Eq. (23), matter-ener-
gy density p only diverges if ®(T), L = L(T), or both di-
verge, this would happen (if it happens) in a (singular) sur-
face 3. If T= T, marks this singular 2, then one has
along T = T, a spacelike singularity, which would be the FV
singularity (i.e., finite-volume singularity) or of a standard
big-bang type, depending on whether H(r,T,,) = Q holds or
not (see Sec. X and Fig. 4 of Part II). The occurrence of a
standard big bang is only possible for solutions with
L = L(T) in a way analogous to the example discussed in
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Sec. VII [Eqgs. (20) and (21)] and depicted by Fig. 17. If L
is a constant, then H = 0 cannot coincide with T = T, for
more than one surface X, and thus the singularity structure
of H =0 (AD big bang, L and FV singularities) is similar to
W- or M-type solutions with p'#0, as discussed in Sec. X
and Fig. 5 of Part II. However, unlike the case with p'#0, p
and p from (23) and (24) (and thus curvature scalars) are
bounded at the AD big bang part of this boundary [i.e., those
(T,r) values satisfying H(7,r) =0 in which ®(7) and
L(T) are bounded]. Although the AD big bang is not a
singular boundary, from Eqgs. I1(56), I1(64) to I1(66), and
Fig. 3 of Part I, H = 0 is also in this case a timelike bound-
ary marking the infinite future (or past) of comoving ob-
servers and timelike and null geodesics. From (23) and
(24),p+p-0as H-0ifdL /dT = 0.

Surfaces =, in UD solutions, whether they reach the
null boundary » = Q or terminate at either one of the boun-
daries Q =0, H =0, or Il = 0, are necessarily homeomor-
phic to S * X R, looking like the embedding diagrams of Fig.
13, and the representation of the embedding of .# given by
Eq. (6) looks like Fig. 14, and so the space-time manifold is
homeomorphic to S xR For solutions of types (i) and
(iv), the fact that the AD big bang H = O is a regular time-
like boundary does not mean that surfaces 2 reaching this
boundary “close” as surfaces X of Figs. 4(a) and 4(c) close
around the center » = 0, as H = 0 is not a center but corre-
sponds to infinite values of 7 and of the affine parameters
along causal geodesics.

As mentioned in Part I, if o’ = 0, the charge density ¢
necessarily vanishes, hence UD solutions for which €#0,
labeled in the classification scheme of Table VII of Part I
with Ch (i.e., ChUD solutions), are characterized by having
an electric field given by

F,= —(—g""%c/r, (26)
where F,, = — F,, is the only nonzero component of the
electromagnetic Maxwell tensor F, ;. It has been suggested
by Mashhoon and Partovi,'” in their study of gravitational
collapse of spheres modeled on the ChMcV (72) (UD) solu-
tion, that these configurations describe neutral fluid being
accreted by a charged black hole. Such an explanation,
though, cannot hold in general (for example, if the fluid is
not matched to a Reissner-Nordstrem solution).

Since the electric field (26) is orthogonal to 4%, pointing
in the direction 8 /dr along the leaves of the surfaces = - (see
Sec. II), it is possible to infer the location of its sources by
representing this field as arrows “combing” a surface =,
embedded in R* by Eq. (4). As illustrated by Fig. 18(a), the
zero net charge along the 2 - in ChUD solutions is consistent
to the wormhole topology of these surfaces, preventing the
field lines converging into sinks and sources. The latter, fol-
lowing this model, must be charges of opposite signs located
at the boundaries of .# between which the 2. extend (the
FD singularity, » = 0, H = 0, I1 = 0, or in the direction d /dr
as r— w ), leading to an analogous situation to the elemen-
tary model of a dielectric in a two-plate capacitor [see Fig.
18(b)]. However, the wormhole topology of the 2, is not
enough to account for the lack of net electric charge, as there
are solutions with ¢ #0 having surfaces =, with such topol-
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FIG. 18. Electric field in solutions without a center. For charged solutions
in general, the electric field lines go along the surfaces 2, as shown in (a)
for the case when these surfaces have S X R topology. This topology pre-
vents the field lines from converging into sinks and sources, and so the elec-
tric field could be a polarization field analogous to that produced in the
elementary dielectric capacitor of (b). The particular case of ChUD solu-
tions (see Table VI of Part I), homeomorphic to 52X R? and with zero net
electric charge, corresponds to uniform dielectric polarization.

ogy (any charged solution without a center and with p’ #0).
Following the model of a dielectric capacitor, the polariza-
tion charge vanishes if the polarization vector has a constant
nonzero magnitude (uniform polarization, see Ref. 38).
Hence, the neutral fluid in ChUD solutions could model a
uniformly polarized dielectric medium, while the charged
fluid in solutions without a center could model such a medi-
um with nonuniform polarization.

The collapse of UD spheres in a Schwarzschild or
Reissner-Nordstrem background is a particular case of the
situation discussed in Sec. VI, in which the interior fluid
region is not compact and the null boundary r = 0 behaves
as a sort of white hole when the latter is singular (see Figs.
22-25). As mentioned in Sec. VI, the global view of these
collapsing spheres has been overlooked by authors (McVit-
tie,'° Knutsen,!! Mashhoon and Partovi,'? and Glass'?)
studying the gravitational collapse of UD solutions.

IX. CONFORMALLY FLAT SOLUTIONS

Conformally flat ChKQ uniform-density solutions (CF
solutions) are particular cases of the general conformally
flat perfect fluid solution obtained by Stephani,*® i.e., the
“Stephani universe.” The global structure of CF solutions
has been studied by Cook? and Krasinski,” the latter author
treating them as the spherically symmetric particular case of
the Stephani universe. The remainder of this section aims to
complement the work of these authors.

The metric coefficient A for CF solutions is given by Eq.
1(48); however, since the form of the metric I(11) or II(1)
with the values of k =0, + 1 denotes the same solution if
p =0 (see Appendix C), the function y in 1(48) can be
replaced by #2/2 as in the last section (choice k = 0). Using
this choice, I1(48) can be rewritten in a more convenient
form as

H=H/(1+iLH?), (27
where the constant ¢, in I(48) has been set to unity and H,
=H(t,0) =e"/|L|. As Eq. (27) indicates, conditions
11(45) hold, and thus CF solutions (unlike UD solutions
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with ¥ ,, #0) have a regular center at » = 0. The use of H,
as a f-parameter suggests using either one of the time coordi-
nate choices I1(31) or II(32), ¢ being the proper time along
the center » =0 in the latter. However, this coordinate
choice will be left unspecified for the time being.
The t-parameters H, and L in (27) relate to Egs. (18)
and (19) of Krasinski’s paper by L=k, and H,
= |R kr |- The FRW solutions follow from (27) by setting
LH? = k. The metric coefficient ( — g,,)'/? for these solu-
tions is given by

( —gu)llz

=U-!
= [(H,/H,)/(0/3)]
y 1— (r/2)2LH?[1+ (L/L)(H./H,)™"]
1+ (r/2)*LH?

(28)

which imposes the restriction, connected with II(29) and
analogous to (19), that (H,/H_) and L must be of the same
order as ® if expanded around ¢ such that ®(¢) = 0. For H
given by (27), Eq. II(16) becomes simply Eq. (23) with
co = 1, so that, following Krasinski,® L(#) plays the role of a
time-dependent “curvature index” k. Equations I1(20) and
11(28) are given by

0? d © ( p)
= 4+.% =4 £
9 a3 TS
+ (L/2)[1— (r/2)2LH§].@ =0, (29a)
2)LH?
.g(=__(_r/_)—‘_g, (29b)
1+ (r/2)’LH?
where

2+ (L/L)(H./H,)™!

" 1= (/2LH*[1 + (L/L)(H./H,)""]
(30)

A convenient (though not the only possible) choice of
time coordinate is to take  as the proper time of comoving
observers at r =0 [choice II(32)], leading to ®/3 = H_/
H_. Thus if a localized equation of state is chosen at r =0
(see Sec. VII of Part II), one obtains p = p(H,) while the
remaining f-parameter L can be used to impose a second
localized equation of state at another surface X, (say
r=r,>0). Given a pair of localized equations of state, the
relation between the two f-parameters H, and L is given by
the constraint p(H_) = p(H,), which follows from the
Bianchi identity II1(41) and Eq. (27). As an example, con-
sider a sphere matched to a Schwarzschild exterior ( p, = 0)
such that p, = p/3. In this case, the constraint relating L and
H, takes the form aH ~* = mH ; °, where a is a constant
and m is given by I1(74¢) with J, = 0, leading to

LH? = (2/r3) [(m/aH,)'* —1], (31a)
so that
H=HY/{H[1— (t/ry)?] + (m/a)"*(r/ry)?}.
(31b)
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The use of two localized equations of state has been the pro-
cedure followed by Thomson and Whitrow*® and Bondi*! in
their study of CF solutions, though these authors chose a
polytropic localized equation of state at the center of the
sphere instead of p, = p/3.

From the form of Egs. (23), (29), and (30), the coordi-
nate values satisfying

H=0&H, =0, (32a)
("'gu)”2=0]
O#0
= Y =1— (/2)’LH2[1 + (L/L)(®/3)""]
—0, (32b)

mark two possible scalar curvature singularities analogous
to I1(48) and II(49). This can be easily verified, since the
incompleteness criteria for causal curves given by II1(52b)
and the convergence of the integral in I1(55) are satisfied as
comoving observers and null geodesics approach these
boundaries. The singularity marked by (32b) was men-
tioned by Krasinski,? but this author did not comment on its
conformal structure and also ignored the singularity (32a),
which can also be present in the more general Stephani solu-
tion® (R = 0 and F = 0 in Krasinski’s notation). At ¥ =0
in (32b), as Q = 0 in I1(49), p remains finite, but p, p’, and
& diverge; hence this is also a “finite-density” (FD) singu-
larity. On the other hand, at H, =0 in (32a) p, p, and p’
diverge but . vanishes. The conformal structure of these
singular boundaries can be found from the equation equiva-
lent to 11(56), which reads (dt /dr),., = + (®H_./3)/Y.
Since (dt /dr) ., = + o as ¥ -0, one has a spacelike FD
singularity like that given by I1(49) (see Fig. 2 of Part II).

However, the singularity marked by (32a) has a differ-
ent structure from I1(48). Since H, = 0 coincides with a
surface 2., and | (d? /dr) .., | > 0 as H, — 0, this singularity is
spacelike (see Fig. 2 of Part II). As & and a®, in (29)
remain finite, p and p diverge only if the equation of state
(whether “localized” or not) is chosen so that ® = + « as
H_-0, though in CF solutions, H, = 0 does coincide with
H = 0, and so this singular boundary is a standard big bang
(see Fig. 4 of Part II). In the particular case of the pair of
localized equations of state ( p. = p/3, p, = 0), leading to
Eqgs. (31), ¥ = 0in Eq. (32b) implies H, <0, and thus does
not hold since the evolution of the fluid terminates at the big-
bang singularity marked by H.(¢) =0. However, if the
choice of z-parameters allows for (32b) to occur, the evolu-
tion of the collapsing sphere will be qualitatively analogous
to that outlined in Sec. XI of Part II for M- and W-type
solutions in which Q = 0 occurs [types (i) and (ii)]. See
Fig. 14(a) of Part II. Formation of the apparent horizon in
CF collapsing spheres has been studied by Glass'* and by
Knutsen.*?

As mentioned in the Introduction, the global topology
of CF solutions was examined by Cook? and by Krasinski® in
terms of the behavior of R = fH and { = § H dr along the
surfaces X,, as was done in previous sections for M- and W-
type solutions. As mentioned in Sec. VIII, unlike UD solu-
tions, the surfaces =, in CF solutions do have constant cur-
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vature, in the sense of having a Ricci tensor of the form (2a).
In fact, from (27), it follows immediately that the =, are
isometric to flat three-space R*if L(¢) = 0,toS>ifL(¢) >0,
and to H* if L <0.

As commented by Cook? and Krasinski,? the regularity
boundary II=0 might occur, taking the form
=14 LH?r/4 =0, and its effect in the topology of the
surfaces Z, is similar to that discussed in Sec. IV and Fig. 15
for W-type solutions with £k =1 in which II =0 occurs.
From Eq. (27), for 2, surfaces along which L > 0, the func-
tion IT has no zeros, and the range of r along these surfaces X,
goes from zero to infinite. In this case one has R—0 and £
finite as 7 — o0, indicating that these surfaces X, have topol-
ogy S>withr— o [casegivenby (5a) ], marking an “antipo-
dal” center to the one at » = 0. However, if L <0, IT = 0 can
occur for a finite value of 7, say r,, along a given surface X,,
then both R and { diverge as r—r,, indicating that these
surfaces have topology R>. The value of ¢ in which the topol-
ogy of the surfaces X, changes from $3 to R® is precisely
L(t) =0 and, as mentioned by Krasinski,®> a solution in
which L changes sign from positive to negative would have a
global structure similar to the de Sitter space-time. The rep-
resentation of the topological embedding (6) of the space-
time manifold in the CF case in which L changes sign is
qualitatively analogous to that of Figs. 10(a) and 10(b) (in
the latter case, H = 0 occurring at finite 7 and coinciding
with a surface =, ). Hence, the space-time manifold has the
same S>XR topology as de Sitter space-time, though the
local geometry is very different.

For the particular case of the CF( T") solution (see Table
VII of Part I) discovered by Bonnor and Faulkes,*?
L = const, and so there is only one ¢z-parameter, implying
that only one localized equation of state is possible. This
latter solution is also a W-type solution, and all expressions
derived and discussed in previous sections can be applied to
it by setting € = g = 0 and fh = const. Bonnor and Faulkes
studied the case L >0 as a model of an oscillating sphere
matched to a Schwarzschild solution. In this case, the un-
bounded configuration is homeomorphic to S * X R, as in the
cases L = L(t) discussed above. However, if L is a negative
constant, all the surfaces 2, have negative constant curva-
ture and the space-time manifold is homeomorphic to R*
with embedding diagrams qualitatively similar to those of
Figs. 10(c) and 10(d).

For whatever choice of equation of state allowing I1 = 0
to occur, from Eqgs. I1(7), (29), and (30), as Il -0 along the
world lines of comoving observers, L <0, H, >0, and ® tend
to constant values, and so one has the “asymptotically de
Sitter” behavior characterized by H—exp[®7/3], and by p,
p taking the asymptotical values similar to Eqgs. (7) which,
as mentioned by Cook” and Krasinski,? lead to physically
unacceptable negative pressures. However, if L >0 for all
times, negative pressures might be avoided for all times.

The fact that CF solutions can be related to FRW and de
Sitter solutions by conformal transformations is a strong in-
dication that their conformal structure might be qualitative-
ly similar to that of the latter solutions. Since H, =01is a
standard big bang then, except for the possible occurrence of
a singularity at & = 0, if L is everywhere positive, one has
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qualitatively the same global features as in a k =1 FRW
solution. For the case when L is negative [or becomes nega-
tiveif L = L(t)], the boundary II = 0 is spacelike. This fol-
lows from inserting Il = 0 into the equation (dt/dr) .,
leading to (dt/dr),., — + «, and so this boundary is a
spacelike .# , surface similar to that found in a de Sitter
space-time® (see Fig. 11). Therefore, depending on the
choice of equation of state (i.e., choice of t-parameters), the
Penrose diagram of a CF solution in which I1 = 0 occurs
could have some features qualitatively similar to the Penrose
diagram of a FRW solution (for example a big bang) and,
near I1 = 0, the spacelike null infinity of a de Sitter solution.
Some possible Penrose diagrams for CF solutions are dis-
played in Fig. 19.

Conformally flat solutions for which L>0and |¥|>0
hold everywhere are probably the only ChKQ solutions
which have physically appealing local and global properties.
In Secs. XI and XII, these solutions will be suggested as
kinetic theory models of collisionless gas mixtures and local
inhomogeneities in a cosmological background.

X. STATIC LIMITS

As mentioned in Sec. V of Part 1, if the ¢ parameters T’
and L are set to be constants, there is no time dependence of
the metric coefficient H. The class of static spherically sym-
metric perfect fluid solutions obtained by setting H = H(r)
are characterized by the metric

ds? = — G*(r)dt® + H*(r)

X [dr? +f*(d8? + sin? 0 dé?) ], (33)
where, given H(r), the metric coefficient G(7) can be ob-
tained from the Einstein (or Einstein-Maxwell) field equa-
tions arranged in the form (G', — G%) = 8#(T", — T?%,)
(“equation of pressure isotropy,” see Ref. 44). This con-
straint can be expressed as

G, 1Y, G,
2y 22 L kY — €hSY? =0, 34
G + 7 G +3p (34)

where Y=H ~' and G,=dG /dy = fG'. It is sufficient to
know H(r) in order to find out the matter-energy density
p = p(r) associated with a given static solution with metric
(33). This form of p can be computed from the field equation
G, = 8= T’ obtained from (33), leading to

% mp(r) = 1 g

6
1[1 2 E?
~R?

_W_ET [ 2 1/2]2]
TR E Tt (/mQ ,
(35)

which, as expected, coincides with Egs. II(16b) with® = 0.
Therefore, the problem of finding G from a given H is equiva-
lent to finding the four-acceleration (and thus p and p’)
which will keep the matter energy distribution associated
with (35) in a static frame. The pressure p can be calculated
from the Raychaudhuri equation:

4 (1’ + %) =a%, =¥,

(' _ 201/2]f£
+ [——h (/m) G’
(36)
while p’ follows from I1(22) with & = G'/G.

It can be easily verified that Eq. (34) is satisfied by the
following expressions for G(r):

G(r)=Q'? (37a)
G(r) = Qb F(r) — b, (37b)

where Q is the same expression of Eq. II(30) with
H=H(r), b; and b, are arbitrary constants, and 4"
= #"(r) must satisfy 4" = Q~ /2, which is the same con-
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FIG. 19. Qualitative Penrose diagrams for some conformally flat solutions. Surfaces 3, and X, are depicted as horizontal and vertical curves, while boundar-
ies at infinity (i.e.,.# , surfaces) are marked by thick solid lines. In (a) and (b), the t-parameter L(¢) changes sign from negative to positive at ¢ = ,, so that
the R? topology of the surfaces =, reaching IT = O changes to S°. In (a), causal curves terminate at the FD singularity & (¢,7) = 0, whilein (b) these curves
terminate at the standard big bang H, = 0 which coincides with ¢ = ¢,. (¢) corresponds to the case when L(¢) is everywhere negative, so that all the 2, reach
IT = 0 and are isometric to the 3-D “pseudosphere’ H>. The space-time manifold in the cases (a) and (b) is homeomorphic to $* X R, while in (c) it has R*
topology. The existence of a null # surface in (c) can be inferred from the arguments illustrated in Fig. 25 (see Appendix A).
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dition [Eq. (17)] that.#"(¢,r) has to satisfy in the nonstatic
case with L = L(¢). If e = u = 0, the solution of Eq. (34)
with y = r*/2 is given by

G(r) =a,+a,[1+LR*(n]"?, (37¢)

wherea,, a,, and L are arbitrary constants and R = rH, with
H obtained from (27) by setting L and H, as constants. As
expected, these expressions coincide with those which could
be obtained from the forms of G(¢,r) for nonstatic solutions
[i.e., Egs. II(31) to II(33), (15), and (28)] by demanding
that the limit of (& /H)/(®/3) be finite as ® — 0. Therefore,
the static limits of ChKQ solutions are those solutions with
metric (33) in which G(7) has the forms (37a) for M- and
W-type solutions, (37b) for solutions with L = L(¢) and
V., #0 (see Sec. VIII), and (37c) for CF solutions (see
Sec. IX).

The static limits of ChKQ solutions will be regular (in
the sense of Sec. VIII of Part II) if the constant parameters
are chosen so that the metric coefficients H(r) and G(r) are
non-negative functions for all the range of values of ». This
choice is equivalent to the selection of a 2, surface of a given
nonstatic solution, preferably a 3, along which (4-D) curva-
ture scalars are bounded, and then a regular static ChKQ
space-time is formally defined as the product R X 2,. Thus,
since the Killing vector d /dt generates a one-parameter
group of motions, all hypersurfaces =, (i.e., the static
frames) are isometric to each other. Provided that ad hoc
topological identifications are avoided, static ChKQ solu-
tions will belong to the same homeomorphic class of equiv-
alence as their nonstatic analogs. However, there might be
nonstatic solutions whose static limits are necessarily singu-
lar.

The metric (33) can be expressed in terms of R (curva-
ture coordinates) by usingdR = R’ drand Eq. I1(24), lead-
ing to

dR?
[(A)/7h £ (M)*Q'72]?
+ R*(d6? + sin® 9 dg?),

ds’= — G*(R)dt* +

(38)

where now f, A, and fh given by I1(2), I(17), and I(23) are
functions of R. If fh #const, one has p’ #0, and the metrics
(33) or (38) describe spherically symmetric, static, perfect
fluid solutions characterized by (35)-(37). It is quite possi-
ble that some of these static solutions are already known, for
example, Glass and Mashhoon'® and Mashhoon and Par-
tovi'? discovered that the static limits of the
ChMcV(r2)(X 1,2) and NMcV (r2) (X 1,2) solutions (see
Part I) correspond to a static solution (and its charged ver-
sion) derived by Buchdahl'® as a relativistic generalization
of Newtonian polytropes of index 5.

As with their nonstatic analogs, the above-mentioned
static solutions can be matched to Schwarzschild or
Reissner-Nordstrem space-times. Matchings of this type
(though not restricted to static limits of ChKQ solutions)
have been considered by Kiinzle*” for regular spheres with-
out a center, so that the whole space-time has S > X R? topol-
ogy. Kiinzle found that large pressures (| p| >p) must occur
inside of these spheres, though as shown by Eqs. (14), this
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does not necessarily occur in nonstatic ChKQ spheres with
this topology.

The static limits of uniform density solutions are easier
to appreciate from (38). If ( /)’ = 0 and G(r) is given by
(37a) [or (24b)] with L =0 (i.e., static limit of uniform
density M-type solutions), p = p = 0, and the metric (38)
reduces to that of Reissner-Nordstrem solution without the
Eddington-Finkelstein or Kruskal extensions [Eq. 11(72)
with 1 — 2m/R + ¢*/R?> 0, withm = ucj and €* = €%c§ ].
Thus, for nonstatic UD M-type solutions of type (ii), the
regularity condition Q> 0 [Eq. I1(47) ] reducesto 1 — 2m/
R + €*/R?*>0in the static limit. If ( /#)’ = 0 and G(R) is
given by (24a) with L #0 (static limit of uniform-density
W-type solutions), 87p = — 3c¢;L = — 87p, and (38) be-
comes the metric of the Reissner-Nordstrem solution with a
cosmological constant ¢3 L. Notice that the static limit for
solutions with u <0 [type (iv) if € = 0] leads to m < 0. For
CF solutions, the metric (38) with ( /2)’ = 0 and G(7) giv-
en by (37¢), leads to the interior Schwarzschild solution** if
a,0, and to the de Sitter solution if @, = 0. Therefore, the
static limits of UD solutions will have (in general) the same
S?XR? topology (if ¥ ,, #0) and S*XR (if ¥, =0)
structure as their nonstatic analogs. By this criterion, the
static limit for UD solutions with ¥,, 0 and L = L(¢)
[metric (38) with ( f4)’ = 0 and G given by (37b) ] should
be Schwarzschild or Reissner—Nordstrom (if €#0) solu-
tions with a “cosmological constant” related to L, as the
latter solutions also have S 2 X R? topology.

Newtonian limits of Buchdahl’s solution,!®* mentioned
previously, were discussed by Glass and Mashhoon'® and
Mashhoon and Partovi.'> Newtonian limits for other ChKQ
solutions should follow by setting (33) into the “weak field”
approximation G(r) =1 + 2¢(r), H=1— 2¢(r) with ¢ €1
identifying the Newtonian potential (Sec. 17.4 of Ref. 32).
From the forms of H derived in Part I, it seems that such a
weak field approximation can be realized for M-type solu-
tions, resulting in ¢(r) somehow related to the function
X (r) defined in I(24b). However, for W-type solutions, the
term with the factor L in (37a) seems to correspond to a
repulsive force associated with a cosmological constant.
Henceit is not clear if a Newtonian limit would be possible in
this case.

XI. KINETIC THEORY MODELS

As an alternative to supplying an equation of state based
on the criteria discussed in Secs. VI and VII of Part I, the
time evolution of a given ChKQ solution could be related to
the physical properties of the fluid via relativistic kinetic
theory. Although a full kinetic theory treatment of these
solutions is not attempted in this section, useful guidelines
for such treatment follows from previous research in this
topic,?”*5*® and the properties of ChK Q solutions presented
hitherto in this paper and in Part II. The discussion of this
section will be restricted to neutral solutions.

From the point of view of kinetic theory, one assumes
that the fluid is modeling a mixture of gases associated with a
non-negative distribution function % (x,°,/x%), Where
xy% and 4, “ are the coordinates and momenta of the N th
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component of the mixture. Knowing ., the energy momen-
tum tensor (and so macroscopic state variables such as p and
p) follows from evaluating®®

=3 f AN ANT dn.

Other state variables such as N “ and S defined in Sec. VI of
Part II follow from similar integrals of # (see Ref. 48), and
so the field equations become a determined system, i.e., the
Einstein—Boltzmann equations. However, for any functional
form of .#, p, and p obtained from (39) must satisfy the
strong energy condition p + p/3>0, which for nonstatic M-
and W-type solutions does not hold throughout the evolu-
tion of the fluid because the curvature terms % and a2,
diverge at a different rate near A = 0 and/or Q = 0, and so
|| > p at some point in the evolution of the fluid (see Sec. X
of Part IT and Secs. IV and V). On the other hand, for regular
static M- and W-type solutions and CF solutions with L >0
and || >0, the lack of singularities at which |[p|>p (see
Secs. IX and X) means that the conditions on curvature
terms @2 and %, allowing for p + p/3>0 to hold in the
Raychaudhuri equations [ (29) and (36)] are not straight-
forwardly inconsistent, and so could hold in either case for a
“good” choice of parameters. Hence, among all ChKQ solu-
tions, only static and CF solutions could be compatible with
akinetic theory approach. In either case, an equation of state
connected with physical assumptions on the microscopic
components of the fluid would appear from the distribution
function. Such an equation of state cannot be barotropic (see
Sec. VI and Appendix A in Part IT), and so p will depend on
p and the entropy density S(»). However, under a kinetic
theory approach, the dependence of state variables on posi-
tion along the surfaces 2, introduced by S(r) could reflect a
physically reasonable situation, such as the position depen-
dence of the concentration of different components of the gas
mixture.

For a perfect fluid energy-momentum tensor, the en-
tropy production must vanish and so from the relativistic &
theorem (Ref. 48), F# describes either a collisionless gas
mixture or a gas mixture in which collision integrals add up
so that entropy production vanishes (this effect is called “de-
tailed balancing”). In either case, .5 must satisfy the Liou-
ville equation

(39)

o i T2 4BuY i] F o
ﬁ Ix® Fﬁyﬁ ﬁ apa S 01 (40)
where, for the sake of simplicity, a one-component gas mix-
ture has been considered (the generalization to N compo-
nents is immediate). For the case of detailed balancing, the
Liouville equation (40) leads to the so-called “isotropic”
distributions.**®* For such distributions, the fluid is re-
stricted to be shear-free, nonrotating, or nonexpanding (i.e.,
@® = 0, where w is the magnitude of the vorticity vector).
Although an isotropic # always leads to a perfect fluid ener-
gy-momentum tensor via (39), the converse is not true.*
The relativistic version of the Maxwell-Boltzmann distribu-
tion known as the Jiittner distribution?”*3% is an important
particular case of isotropic distributions given for one-com-
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ponent mixtures by ¥ = exp[£(x*) + 45 (x*)p?], where
A 2 is a timelike Killing vector if m > 0 and a conformal time-
like Killing vector if m = 0. Combining (40) with (39) leads
to A * =7 u® where 7 is the macroscopic temperature in
II(37) (Ref. 51). Apparently, A * could be identified with
the vector A ¢ defined by Egs. II(10) and II(11). However,
the latter is not a conformal Killing vector, and as discussed
in Sec. VI of Part II, Eq. I1(37) is inconsistent with condi-
tion I1(39b) in nonstatic ChKQ solutions and so the identi-
fication of 7~ with ( — g*)'/2 as a sort of nonstatic analog of
Tolman’s law®> [Eq. I1(40)] will not hold for these solu-
tions. On the other hand, Eq. I1(37) is not inconsistent with
II(39b) for static ChKQ solutions, and so if the strong ener-
gy condition is satisfied, these solutions could model a de-
tailed balancing gas mixture with m > 0 associated with a
Jiittner distribution function. This would also be in agree-
ment with the fact that in this case the coefficient of thermal
conductivity « need not vanish.5%>!-53

For collisionless gas mixtures, a method for solving Eq.
(40) has been developed by Ehlers*® on the basis of the exis-
tence of Killing vectors. This method has been usually ap-
plied to FRW and spherically symmetric static solutions by
Fackerell,'” Ray and Zimmerman,'® and Ray'® (see Ma-
haraj® for a review of previous research on collisionless gas-
es). Obviously, static ChKQ solutions compatible with the
strong energy condition can be thought as examples of these
collisionless models, and this aspect has been recalled by
Glass and Mashhoon'® and Mashhoon and Partovi'? in con-
nection with the static limits of the particular solutions
ChMcV(r2)(X 1,2) and NMcV(r2)(X 1,2). However, a
collisionless gas model might be also applicable to nonstatic
CF solutions complying with the strong energy condition.
For these solutions (as with all other nonstatic ChKQ solu-
tions), II(39b) is inconsistent with II(37) implying that
« = 0. Intuitively, this situation seems to be incompatible
with the existence of collisions, and from kinetic theory cal-
culations of this coefficient,’®? it can be appreciated that,
indeed, x vanishes if there are no collisions. Hence, CF solu-
tions could model such a gas mixture, and this could be test-
ed following the study of Petrov G, VIII cosmological mod-
els carried on by Ray and Zimmerman'® and Ray.'® Such a
kinetic theory treatment of CF solutions will be attempted in
a future paper.

XIl. COSMOLOGICAL APPLICATIONS (NEUTRAL
SOLUTIONS ONLY)

As mentioned in Sec. II of Part II, SSSF solutions are
characterized by an isotropic rate of change of relative dis-
tances of neighboring particles along the surfaces X, (rest
frames of comoving observers). However, in solutions other
than FRW, this kinematic isotropy, characterized by the
one-parameter group of conformal motions generated by the
vector field II(10), is not actually “detected” by the comov-
ing observers in the form of an isotropic Hubble law. This is
so because of the radial dependence of the four-velocity
u* = U(¢,r)67, which introduces a pair of preferential direc-
tions along the four acceleration vector a* defined by I1(9a).
Hence, as shown by Fig. 20, an arbitrary comoving observer
at r> 0 (assuming that » = O marks a regular center) detects
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a position- and direction-dependent red-shift distribution of
photons emitted from neighboring observers. An expression
for this red-shift distribution has been derived by Ellis** and
Collins®:

i = [—®— + aa.r"'] dl, (41a)

z 3
where dl is the magnitude of the connecting vector
X =hgz” dl along the rest frames, and =;* = 1. Equa-
tion (41a) shows the combined effect of a “monopole” term
®/3 and a “dipole” term due to the acceleration a®. For
FRW solutions, only the monopole contribution survives,
and one has an isotropic red-shift distribution. For SSSF
solutions other than FRW, both dipolar and monopolar con-
tributions shape this red- (blue-) shift distribution. Selecting
an arbitrary comoving observer labeled by the coordinates
(ro>0,0=1/2, §y + 6¢) (see Fig. 20), and assuming that
it receives photons emitted by neighboring observers at the
same proper distance along the rest frame given by an arbi-
trary surface 2,, Eq. (41a) becomes

“_ 0

3 + o cos ¢] dl, (41b)

z

where ¥ is a “telescopic” angle such that ¥ = 0 along the
direction of the four acceleration (see Fig. 20). Equation
(41b) indicates a maximum red shift/blue shift in the pair of
privileged directions parallel to the four-acceleration, If this
arbitrary observer approaches a FD singularity given by
11(49) or (28b), o7 diverges while ® remains finite, and so
this observer would detect infinite red/blue shifts in the pair
of directions parallel to a*(3 = 0,7). This situation would
also occur in the AD big bang at H = 0 in the infinite past
(future) of comoving observers in type (i) or (iv) ChKQ
solutions with ¥ ,, #0 [Eq. II(48)].

However, if the arbitrary receiving observer comoves

FIG. 20. Emission and reception of photons between neighboring comoving
observers. A photon (thick gray arrow) is emitted at ¢ = ¢, by the observer
with world line ¢,¢,, whose spatial coordinates are 7, + &7, 8 = 7/2, and ¢,
This photon is received at t = &, + 8t by the neighboring observer p,p,
whose spacial coordinates are o, @ = 7/2, and ¢,. The red-shift distribution
for similar photons { Eq. (41)] contains a term which depends on the rela-
tive direction between the “connecting” vector X © (p,q, and p,g, ) and the
four-acceleration (thick arrows). This dipolar term can be expressed in
terms of the cosine of the “telescopic” angle W. For the observer comoving
along the center r = 0, the latter dipolar term vanishes, and so this privi-
leged observer detects an isotropic Hubble law.
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along a regular center (whether such a center is labeled by
r=0,r=1m orr= o), since conditions I1(45) hold there,
& vanishes and only the monopole term ®/3 survives in
Eqgs. (41). This leads to an isotropic Hubble law, connected
to the fact that such centers are fixed points of SO(3), and
thus space-time is isotropic with respect to these loci,
though, as commented in Sec. I of Part II, the same situation
would occur in such symmetry points in any spherically
symmetric space-time. If there is more than one regular cen-
ter, as in solutions with S XR topology, one has o/ =0
along both of them, but the local geometry (curvature, den-
sity, pressure, etc.) in one regular center is in general differ-
ent from that at the other. In solutions with topology S 2 X R?
(see Secs. V, VI, and VIII), there are no regular centers and
so there are no privileged comoving observers detecting an
isotropical Hubble law. Equations (41) are local equations,
and so must be integrated in order to have more information
about the red-shift distribution of distant observers and the
microwave background.

From the discussion of previous sections, the only type
of ChKQ solution that could provide a relatively less physi-
cally objectionable cosmological model would be a CF solu-
tion without the FD singularity (|¥ (z,r)| >0) and with
L(t) positive for all ¢ (see Sec. VIII). Such a cosmological
model would share the basic global features characterizing a
k = 1 FRW solution (a standard spacelike big bang, > X R
topology), but would have very different local properties as
a result of the existence of a pressure gradient associated
with the four-acceleration (29b). Although this position-
dependent pressure could somehow be justified physically
(see Sec. XI), such a spherically symmetric cosmological
model would violate the Copernican principle by having ob-
servers comoving at the regular center r =0 as a class of
privileged observers. On the other hand, solutions homeo-
morphic to S ? X R? (such as McVittie’s® with k # 1, see Ap-
pendix B), lacking such a privileged symmetry center, are
not incompatible with the Copernican principle, although
they might be objectionable on the grounds of their local
properties (energy conditions do not hold) and/or because
of the presence of unphysical singularities (the FD singular-
ity, or the possibility of having a singular null .#, see Sec. V).
Hence it seems that the only physically acceptable cosmo-
logical application of neutral ChKQ solutions is in the form
of a model of a spatially localized, spherically symmetric
cosmological inhomogeneity immersed in a FRW back-
ground.

The use of ChKQ solutions as models of cosmological
inhomogeneities has been suggested previously by Eisen-
staedt." This author considered a CF solution as a local
inhomogeneity (his region I) matched to a cosmological
background consisting of a UD solution with ¥ ,, #0 and
L = L(¢) (his region II), while in a second paper he con-
structed a “coating model” by matching to the CF solution a
series of similar UD solutions. However, Eisenstaedt did not
examine the singularity structure and global view of these
hybrid configurations, all constructed with solutions dis-
cussed in Secs. VIII and IX. Since Eisenstaedt’s exterior re-
gion does not cover r = 0, the null .# at this Iocus does not
occur. This boundary would be necessarily singular as these
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UD solutions have L #0 and so Q vanishes as r—0 (see
Table I and Secs. V and VIII). If the exterior UD solution is

a type (ii) solution and/or the CF interior solution allows
for ¥ = 0 to happen [Eq. (32b)], the spacelike FD singu-
larity would arise as ( — g,,)"/? given by (15) and (28) van-
ishes. If the exterior solution is of type (iv), then it must be
matched to a CF solution with |¥|>0. The singularity
structure in the latter case would consist of a standard big
bang as H_ -0 in the CF solution [Eq. (32a) ], while in the
UD solution one can have either a combination of L and FV
singularities together with a timelike AD big-bang regular
boundary (see Sec. VIII). In the best case, it might be possi-
ble to set the parameters of the UD solution as in Egs. (20)
and (21) and Fig. 17(a), one would have a combination of
standard and AD big bangs joined by a L singularity. In all
cases, the “asymptotically de Sitter” behavior associated
with Egs. (6) and (7) would arise if L(#) changes sign in the
CF solution or if the parameters of the UD solution allow for
I1(¢,r) = 0to happen. Although the CF solution might have
reasonable properties (see Secs. IX and XI), as discussed in
Secs. IV, V, and VIII, the asymptotical features of UD solu-
tions with ¥ ,, #0 are physically unappealing, and so Eisen-
staedt cosmological configurations are theoretically inter-
esting but unacceptable from a cosmological point of view.

A more suitable model] of a spherically symmetric shear-
free perfect fluid inhomogeneity could be constructed by
matching a CF solution, with p = p,,, and metric given by
(27) and (28), directly to a k = 1 FRW background with
P = Pexe and metric

ds* = —dt + {H*1.)/[1+ /4]

X [dr* + r*(d6? + sin® 8 d¢?) ] (42)

along an arbitrary surface 2, labeled by r=r,>0 (the
“matching surface”). If the time coordinate in the CF region
is chosen as the proper time of observers comoving with the
matching surface, then this coordinate coincides with the
cosmic time #. at r = 7, and so, the matching surface can be
parametrized by the coordinates y° = (t,6,¢). However,
such a matching would not be continuous (a “C?° match-
ing”) following Darmois matching conditions.*® The latter
require the first and second curvature forms

G av EJ:J‘Z&:B, (43a)
Kp=—n,,J5+15,J5Tn,, (43b)
where
e OX°

xI= (t,r0,0,¢),

and n“ is a unit vector normal to the matching surface, to
coincide for both space-times at this three-surface. Although
it is always possible to have the first curvature form (43a)
[i.e., the metric (42) coinciding with the metric II(1) at
r = ry], the second fundamental form (43b) (the Gaussian
or extrinsic curvature of this 2, surface) will not agree at the
matching surface. This is connected to the fact that the pres-
sure gradient (29a) cannot be made to vanish at an arbitrary
2, surface r = r,>0, and at the same time having the first
curvature form (i.e., the metric) coinciding with (42) at r,.
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In some solutions with L = L(#) but ¥ ,, #0, the second ¢-
parameter L(¢) could be set in such a way that both curva-
ture forms (43a) and (43b) coincide with those of a FRW
solution at the matching surface. However, these solutions,
besides having complicated metric coefficients, might pres-
ent unphysical singularities (FD singularity or AD big
bang), and so are likely to be unsuitable as models of local
inhomogeneities. Therefore, the only possibility left is a
“Swiss cheese” model in which a CF solution with L(z) >0
and | ¥ (¢,r)| >0 is matched to a Schwarzschild “vacuole,”
which in turn matches to a FRW background, not necessar-
ily with £ = 1. Such a model of a local inhomogeneity could
be related to matter condensation processes, black-hole for-
mation or to early universe phenomena via a kinetic theory
study of CF solutions, as proposed at the end of Sec. XI.
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APPENDIX A: THE WYMAN SOLUTION, GLOBAL VIEW

The Wyman solution has been studied from a global
point of view by Mashhoon and Partovi® and by Collins.®
This Appendix will complement such a study by applying to
this solution the results developed in Secs. II-IV. Asin Ap-
pendix A of Part II, only the neutral Wyman solution will be
considered. In order to relate the discussion of this Appendix
to that of Collins’ paper, it is useful to look at Appendix A
and Table II of Part II.

From Table II of Part 11, the boundaries Q = 0, H = 0,
and I1 = O are given in the (T,r) representation [coordinate
choice 1I(33)] as parabolas of the type T+ r*/2 = a,,
where a, is a constant depending on the parameters of the
solution. In their study of the Wyman solution, Collins® and
Mashhoon—Partovi® have used the variable v = T + 72/2,
which can be characterized invariantly as labeling hypersur-
faces of constant Hubble scale factor [i.e., H(T,r) = const].
These hypersurfaces appear in a (T,r) coordinate diagram
(see Fig. 1 of Part II) as parabolas corresponding to differ-
ent values of the constant a,. However, unlike the surfaces
27 and Z,, which can be globally characterized as spacelike
and timelike hypersurfaces, the hypersurfaces v = const do
not have such a globally defined conformal structure, chang-
ing in general from being locally timelike to being locally
null and spacelike. Hence, their usefulness in a global study
of the Wyman solution (or any other ChKQ solution) seems
to be limited.

Also, the coordinate choice I1(33), used by Mashhoon—
Partovi and Collins, breaks down (i.e., it has a coordinate
singularity) at the surface 2, such that ®(7) = O (see Sec.
V of Part II). Therefore, it is convenient to study the Wyman
solution in terms of the time coordinate ¢ defined by II(31)
which satisfies dT /dt = —-®/3. Using Eqs. II(A2), the coor-
dinate transformation relating ¢ and T is
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t(T)=J dT

1
— = [L,—6LT}"
[L,— 6LT ]2 3L Lo ]

(Ala)

= T(t) = Ly/6L — (3L /2)t?, (Alb)

so that the expansion, as a function of # (but no longer ap-
pearing in the metric), is given for the case L #0 [Eq.
1I(A2a) by

®/3= —3Lt, (Alc)

implying that ® = 0 coincides witht = 0. For thecase L =0
[Eq. II(Alb)], ® is a constant and one can simply set
T(t) = t without loss of generality.

The Wyman solution in all cases classified in Table IT of
Part II corresponds to the three-parameter {u,L,L,} family
of space-time manifolds .# homeomorphic to R*, whose
metric is now II(31), with f(r)=r (k=0),
Q= —2uH ' 4+ LH? and with H (T(¢),r) given explicitly
in terms of (z,7) by Eqgs. 1(36) and (Ala). The domain of
regularity in these coordinates corresponding to various par-
ticular cases are shown in Fig. 21. The embedding diagrams,
for the cases corresponding to types (i), (ii), and (iv), are
qualitatively analogous to those shown in Figs. 7(c), 10(c),
and 10(d), respectively. These types will be considered sepa-
rately. As will be shown below, and in agreement with Mash-
hoon and Partovi and with Collins, the various particular
cases of the Wyman solution have physically unappealing
global properties. As far as their global view is concerned,
the Wyman solution is qualitatively analogous to other simi-
lar W-type solutions incompatible with a barotropic equa-
tion of state (see Appendix A of Part IT).

1. Type (ii)

In this case, the boundaries of .# are the FD singularity
Q = 0 and the asymptotically de Sitter boundary I = 0. In
the (z,r) representation, from Table II of Part II and Egs.
1(36) and (A1), these boundaries are marked by the follow-
ing constraints:

Qi) =0=1t>*—r/3L=L,/9L?

(A2a)

[

()

FIG. 21. Domain of regularity for the various cases of the Wyman solution.
(a) corresponds to the case, whether type (ii) or (iv) (L $0), in which the
fluid expands (® > 0) or collapses (® <0) monotonously. (b) depicts the
domain of regularity for a configuration in which the fluid layers labeled by
0<r < r,bounce from® > 0to ® < Oat¢ = 0. The case type (iv), withL =0
and © constant (positive or negative), is considered in (c).
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r 1[L
Nt =0=21% - — =20 ], A
(5n) ST WA (A20)
a=cen"'[(V3-1)/(3+1)]. (A2c)

The FD singularity marked by (A2a) is everywhere space-
like (see Fig. 2 of Part II), however, the conformal nature of
I1 = O must be determined from condition (10) by compar-
ing the slopes of the null cones near I1 = 0, (dt /dr) ., [us-
ing the coordinate choice I11(31)], with the slope of this
boundary, (dt /dr) , obtained from (A2b) (see Sec. IV and
Fig. 8). From Eqs. (9) and (A2b), these slopes are given by

dt 1 r 2

=2l = , A3
dr]n iL”2[3)'2—1—L(,/L~—601()] (Ada)
dt 1

— =~ , A3b
dr]null i L 1/2 ( )

so that I1 =0 is spacelike or null if |(dt/dr),.,|>|(dt/
dr)y | holds [i.e., condition (10)].

From Egs. (Alc) and (A2a), Q =0 is incompatible
with ¢ = 0, and so the expansion ® cannot be zero along this
boundary. However, from Eqgs. (A2b) and (A3), the behav-
ior of @ and so the evolution of the fluid layers depends on
the sign of the quantity

Bo=Ly/L — 6a,,. (A4)

If B, > 0, then the domain of regularity, as shown in Fig. 21a,
does not include ¢ = 0. Hence, the expansion @ does not
vanish, implying that the fluid always expands or contracts
(no bounces). Comparing Eqgs. (A3), condition (10) holds
(with inequality sign) for all 7, and so the boundary I[1 = Ois
everywhere spacelike (see Fig. 8). This boundary is then a
future/past (depending on the sign of ®) spacelike null in-
finity surface .# , associated with particle horizons and
analogous to that of the de Sitter solution (see Fig. 11).
The R* topology of the Wyman solution, together with
the monotonously expanding or contracting behavior of the
fluid, would suggest the existence of another null infinity
surface .# associated with points at an infinite spacelike sep-
aration, roughly corresponding to the limit r— «.Sucha .#
surface should be null, since from Fig. 22(a), all surfaces 2,
for |t | > L,'/?/3L extend between the spacelike FD singular-
ity Q=0 and the spacelike .# marked by II =0, corre-
sponding to the infinite future (or past) of comoving observ-
ers (7— + oo ). Hence, this # surface must be a null
hypersurface emerging as the limit of timelike and spacelike
hypersurfaces 3, and =, asr— o0 and t— « [i.€., v > o with
vdefined by Eq. I(37d) ]. However, the (7,) coordinate rep-
resentation is not very helpful to study the behavior of .# in
this limit, and so, as illustrated by Fig. (22b), the (=,r) co-
ordinates introduced in Sec. X of Part II [Eqgs. I1(69) ] are
better suited for this purpose. For an expanding configura-
tion (@ > 0) in these coordinates, the boundary II =0 in
Fig. 22(a) is mapped towards 7— o« in Fig. 22(b), and so it
is possible to use Eqgs. II(70) and II(71) to explore the be-
havior of null geodesics as r— o« along hypersurfaces of con-
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FIG. 22. Asymptotic behavior of null geodesics

) =0 te f
1 = ' ) as r— co. As illustrated in (a), the coordinates

(t,r) are not very helpful to examine the behav-
ior of null geodesics as 7— oo, as surfaces 2, do
not extend along infinite values of » but hit the
boundary I1 = 0. Since this boundary is at the
infinite future of comoving observers, in the

nen=0

(7,r) representation introduced in Eq. 11(69a),
it is mapped to infinite values of 7 with surfaces
2, bending upwards, as shown in (b). The be-

(a) ®)

stant 7 [see Figs. 22(b)]. Since H and A [defined by Eq.
II(69b) ] diverge as 7— oo, the slopes of the light cones be-
come “vertical” in this limit, implying that the world lines of
comoving observers do tend to a null hypersurface as 7— .
Since the other boundaries, such as the FD singularity and
IT1 = O are everywhere spacelike. .# is in this case globally
hyperbolic, and from the information provided by Figs.
21(a) and 22, it is possible to infer qualitatively the form of
its conformal Penrose diagram. This tentative diagram is
displayed in Fig. 23(a).

If B,<0, as shown by the domain of regularity in Fig.
21(b), the boundary IT =0 hits =0 at r, = |By/3|"/>
Since ® vanishes at ¢ = 0, fluid layers labeled by 0<r<r;,
emerging from the FD singularity in their past, bounce at
t = 0 and fall back into this singularity in their future [see
Fig. 21(b)]. Comoving observers with > r, do not bounce
and reach I1 =0 in their infinite future. However, the
boundary Il = 0 is only spacelike [from Eqs. (A3)] for
r>r, =1By/2|"?, becoming null at 7 = r,, and timelike for
r, <r<r, so that .# is no longer globally hyperbolic. This
situation is an example of restrictions in the domain of regu-
larity due to a choice of equation of state (i.e., supplemen-
tary regularity conditions, see Sec. VIII of Part II). Collins
did comment that the parameters of the Wyman solution
allow for @ to vanish, although he did not study this possibil-
ity in detail (see the end of his Sec. IV). As in the case dis-
cussed in the previous paragraph, the existence of a null .#
surface can be also inferred from the behavior of null geode-
sics as 7— oo along hypersurfaces of constant 7 (see Fig. 22).
A tentative conformal diagram for the type (ii) Wyman so-
lution in which ® vanishes is depicted in Fig. 23(b).

2, Type (iv)

In this case, the boundaries of .# marked by finite coor-
dinate values are the AD bigbang H =0and I1 = 0if L > 0,
or only H =0 if L = 0 (see Table II of Part II). In either
case, causal curves are complete at these boundaries (see
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havior of null geodesics at the limit 7— « can be
examined along surfaces of constant = by using
Eqgs. II(70) and II(71) [see Fig. 5(c) of Part
II]. This can be done for all particular cases of
the Wyman solutions (and other solutions as
well, see Fig. 19). Since A defined by Eq. I1(69)
diverges in this limit [the slopes of the light
cones become “vertical” in (b) ], for all cases of
the Wyman solution, one can infer that thereisa
# surface as r— 0, as a null limit of timelike
surfaces Z,. See Fig. 23.

Sec. X of Part II and Sec. IV), and so (apparently) .# isa
complete manifold. The domain of regularity for both cases
is shown in Fig. 21. Considering first the case L > 0, the coor-
dinate representation of the boundary H = 0Oin (¢,7) coordi-
nates is the same as Eq. (A2a) [see Figs. 21(a) and 21(b)],
while IT = O coincides with Eq. (A2b), except that o, now
has a different value given by

(AS)

The AD big bang is everywhere timelike (see Fig. 3 of Part
II), but the conformal nature of IT = 0 must be found again
by comparing slopes through condition (10) and Fig. 8. The
slopes of null cones near IT = 0 and the slope of this bound-
ary in (7,r) coordinates are the same as in Eq. (A3) with e,
given by Eq. (A5). The conditions on the parameters lead-
ing to the occurrence of a bounce as ®(¢) = 0 for = 0 also
depend on the sign of B, [with a, given by Eq. (AS)].
Therefore, if B, > 0, ® does not vanish (fluid layers monoto-
nously collapse or expand without bouncing), the boundary
I1 = 0 is everywhere spacelike, and as in the type (ii) solu-
tion, it marks a spacelike .# surface as depicted by Fig. 11
(see Sec. IV).

If B, < 0 with ¢, given by Eq. (AS), there is a bounce at
t = 0, with the domain of regularity as in Fig. 21(b). Consid-
ering a fluid configuration initially expanding from the AD
big bang H = 0 in the infinite past of the comoving observ-
ers, as shown in Fig. 21(b), only those fluid layers labeled by
r>r, [a, given by (A4)] reach the boundary IT1 = O in their
infinite future, while comoving observers with 0<r<z,
bounce at ¢ = 0, collapsing asymptotically in the AD big
bang in their infinite future. As in the type (ii) solution, the
boundary Il = Ois timelikeand nullforr, <r<r,andr = r,,
respectively. Again, as with the case of type (ii) solutions, by
looking at the behavior of null geodesics as 7 — o along hy-
persurfaces of constant 7 (see Fig. 22), it can be inferred that
spacelike and timelike hypersurfaces %, and 3, (which al-
ways reach I = O if the fluid does not bounce) tend to a null
# surface in the limit #— o and ¢— . The qualitatively
form of the conformal diagrams of the Wyman solution in

a,=cn"'(0)>0.
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“PD* Singularity,
Q=0
=0
t=0

“PD" Singularity, Q= 0

(O] ®)
Type (i) Bouncing fluid

t=0

© @

Type(iv) >0 Type(iv)  Bouncing fluid

t=0

“AD" Big bang
H=0

© 4]

Type () TypeGv) L=0

FIG. 23. Qualitative conformal diagrams for the various cases of the Wyman solution. Surfaces 2, and 2, are depicted as vertical and horizontal curves.
Notice that the boundary I1 = Ois a .# surface, which in the cases corresponding to (a) and (c) is everywhere spacelike. The existence of a second .# surface
has been inferred from the arguments described in Fig. 22.
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the cases described above are shown in Figs. 23(c) and
23(d).

For the case in which L = 0 [i.e., the NMcV (r3) (X' 5)
solution, see Appendix A and Table II of Part II],
® = + (L,)"/?isanonzero constant, and so T = ¢. The AD
big bang is marked by the same coordinate values as in Eq.
(Ala) (with L = 0), while there is no boundary II = 0 la-
beled by finite coordinate values [see Fig. 21(c) for the do-
main of regularity ]. However, information about the global
structure of .# can be obtained from a qualitative examina-
tion of the radial null geodesic equation I1(56), which for
this solution, takes the following particularly simple form:

dt] [LOH3]1/2 (Lo)l/2 s/2 [ ’.2]3
— = = —_— t —_— .
dr nuil + 21#' + 2 Lul + 2

(A6)

Consider a fluid configuration initially expanding from the
AD big bang in the infinite past of the comoving observers.
Since Hand R diverge for finite »only if — «o corresponding
to the infinite future of the fiuid (7— « ) and the asymptoti-
cally de Sitter behavior H~exp 7, from Eq. (A6), the sur-
face 2, corresponding to t = « marks a spacelike .# bound-
ary in the infinite future analogous to II = 0 in the cases
when |®| > 0 discussed above. Also, using the coordinate
representation (7,7), from Egs. II(70) and 1I(71), if r—
along surfaces of constant 7, one has (d7/dr) —» + «, indi-
cating that a null .# boundary arises as a null limit of the
surfaces £, as r— «. This information leads to the possible
Penrose diagram shown in Fig. 23(f).

3. Type (i)

In this case, L <0 [see Table II(I) ] and so the boundary
IT = 0 does not arise. The boundaries of .# marked with
finite coordinate values are then the AD big bang H = 0 and
the FD singularity Q = 0. Since the coordinates of these
boundaries are (A2a) and (A2b) with @, =cn~!(0) >0,
respectively, the domain of regularity is as in Fig. 21(b). As
B, is always negative, ¢t = 0 lies always within the domain of
regularity of the solution, and so fluid layers with 0<r < »,
must necessarily bounce. Therefore, these layers either ex-
pand initially from the AD big bang in their infinite past and
bounce back to this boundary in their infinite future (®
passes from positive to negative), or contract initially from
the FD singularity in their past bouncing back to it in the
future (® passes from negative to positive). As in the cases
discussed in previous paragraphs, there is also a null &
boundary at the limit 7— o and |¢|— o (see Fig. 22). A
tentative Penrose diagram for this case is depicted in Fig.
23(e).

APPENDIX B: THE McVITTIE SOLUTION

What is known in the literature as the McVittie solution
(Refs. 9, 10, 21, and 44) corresponds to the neutral subclass
of ChKQ solutions NMcV(72) (X 2), with the restriction
¢ = 0 [particular cases of solutions discussed in Sec. V, with
functions 4 and X given by Eq. (11b) ]. Using the choice of
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time coordinate II(33), this subclass corresponds to the
metric II(33) with

H(T,r) = (1/bT) [T+ (u/2)h,, 1%, (Bla)
-— 1/2=_3_ [bz_ 2”2(2) 1/2
(—84) o I
T — (u/2)k

O[T+ wWDhe ]

where (2 is given by (11b). The solutions associated with
the metric (B1) are characterized by the constant free pa-
rameters: £, A = b?and k = 0, + 1 (see Table VIof PartI).
The case k = 0 is the UD solution NMcV (»2)UD, while
p=p(T,r) if k= 4 1. Following the current terminology
in the literature, and in order to avoid confusion with the
McVittie-type solutions introduced in Sec. IV of Part II, the
above-mentioned subclass of ChKQ solutions will be re-
ferred in this Appendix as different particular cases of the
McVittie solution.

In McVittie’s pioneering paper,’ as well as in subsequent
literature,?'~2* it is suggested that McVittie’s solution de-
scribes a “point particle” immersed in a perfect fluid which
becomes asymptotically FRW. This characterization fol-
lows by writing the metric (B1) in “isotropic coordinates”
(see Appendix C of Part I) as

2 1T~ (u/b'?/x)(1 + kx*/4)'?1*> (dT/T)?
[T+ (u/b'?/x) (1 + kx*/4)'/?)? (©(T)/3)?
1/2 2\1/214
+— [T+”/b (1+g)1 ]
b x 4
X [dx® + x*(d8? + sin® 8d¢?)],

(B2)

so that identifying 12/b '/2 as the “mass” of the point particle
and considering (7,x) values x=~0 and ©®(T) =const, the
term p/b '/*x dominates over the term (1 + kx*/4)'/?, and
the metric (B2) looks like a sort of nonstatic approximation
to that of the Schwarzschild solution in “isotropic coordi-
nates.” Also, for large values of x the whole product
(u/b ?x) (1 + kx*/4)"'/? becomes negligible in comparison
with T, and so, it is argued, (B2) approximates a FRW solu-
tion in the limit x — co.

However, such coordinate-dependent identifications
must be reexamined having in mind the global characteris-
tics of the solutions discussed in Sec. V. For example, the
locus x = 0, which is supposed to be the world line of McVit-
tie’s point particle, corresponds to » = 0 which, as shown in
Sec.V, marks a null .# boundary at infinite affine parameter
distance along the surfaces 2 ;. This fact can be verified also
from the radial null geodesic equation I1(56), which for the
metric (B1) takes the simple form

, (B3)

d_T] _ £ O(N)/3[(2by)*T +pu/2)?
dr Joun 2b3p[ (2by)°T — pu/2]

so that (dT /dr),,,—» + « as r—0 (i.e., as y—0 and/or
x—0), indicating that » = O is indeed a null boundary. How-
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ever, even within the framework of the Schwarzschild solu-
tion in isotropic coordinates, the value x = 0 (with x being
the “radial” isotropic coordinate of this solution) does not
label the Schwarzschild singularity (i.e., point particle at
R =0) but points at infinity (R— 0 ) (see Ref. 57). Al-
though McVittie’s solution belongs to case (13¢) (see Sec.
V), implying that the null boundary at r = 0 is regular, with
pand p taking the asymptotical values of equations (14), the
characterization of this locus as the world line of a point
particle is obviously inconsistent. Other global aspects of
various particular cases of the McVittie solution will be dis-
cussed below. The cases k = 0, + 1 will be treated separate-

ly.

1.Case k=1

In this case, f= sin r and so there is a regular center at
r = 1, while, from Eq. (B3), r = 0 marks a regular null #
boundary [p and p as r—0 are given by Eq. (14)]. As dis-
cussed in Sec. V, the space-time manifold .# is in this case
homeomorphic to R*. From Eqs. (B1), both ( — g,,)"/?and
H diverge as T—0 for r finite. Therefore R = fH and
7=f(—g,)""*dTalso diverge, with H, p, and p along co-
moving observers approaching 7' = 0 taking the “asymptoti-
cally de Sitter” behavior associated with H ~exp[©®(0)7/3]
and Egs. (7b) and (7¢) with L =0. From Eq. (B3), the
boundary T=0 is spacelike if |®(0)|>0 and null if
©(0) =0, and so it is analogous to the boundary I1{7,r)
discussed in Sec. IV, coinciding in this case with a single = .
surface (see Table II).

From Table VI of Part I, the solution is of type (ii) if
>0, and of type (iv) if u <O. In the first case, as illustrated
by Fig. 24(a) the domain of regularity can take the following
two forms:

T> (u/2)h, , (B4a)
0<T<(u/Dhy , (B4b)

where, from Eqgs. (10b) and I(16b), A, = [2b'/?sin(r/
2)]~!, and the FD singularity is marked by the coordinate
values T = (u/2)h,,, . From Eq. (B3), and following Fig. 2
of Part II, this singularity is spacelike.

In the case (B4a), the fluid layers evolve from (toward)
infinity (R — o for 0 <» <) toward (from) the FD singu-
larity depending if ®(T) <0 or ©(7) > 0. If ®(T) =0, the
fluid bounces, however, from Fig. 24(a), for whatever
choice of @(T) (choice of equation of state) this singularity
can never be avoided by all comoving observers. Also, the
surfaces X, reach the null # at r =0 as T— w0, indicating
that this null boundary is the null limit of timelike and space-
like surfaces X, (r—0) and 2, (T— ), as depicted by Fig.
12(b).

In the case (B4b), the evolution of the fluid, as illustrat-
ed by Fig. 24(a), is constrained between the asymptotically
de Sitter boundary 7' = 0 and the FD singularity. Since, both
boundaries are acausal (spacelike or null), .# is globally
hyperbolic. The basic difference between this case and that
of (B4a) is that all surfaces 2. reach r = 0, and that the FD
singularity can be avoided by all comoving observers if the
fluid, initially contracting (® <0) from 7 = 0, bounces as
®(T) =0for 0< T<u/4b''? see Fig. 24(a)].
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®)
cases k=0,-1

FIG. 24. Domain of regularity for the various cases of the McVittie solu-
tion. The vertical arrows indicate a monotonously collapsing (® <0) mo-
tion of fluid layers. If the latter were expanding (® > 0), the arrows would
point in the reverse direction.

If 4 <0, the solution is of type (iv) and the domain of
regularity is given by Fig. 24(a), except that now the coordi-
nate constraint 7 = }|u|h,, marks the AD big bang at the
infinite past/future of the comoving observers. Hence, if ® is
everywhere finite, .# is a complete manifold but it is not
globally hyperbolic since the AD big bang is a timelike
boundary. If the domain of regularity is 7> yt;l-(z ,» NO
choice of @ will make all fluid layers bounce and avoid
H = 0.If ®divergesalong T'= T,, such that H(T,,7) =0, a
null L singularity emerges, following a similar pattern as
shown in Fig. 10. If ® diverges for a value 7= T, # T, [see
Fig. 24(a)], one has a combination of L, FV singularities
and AD big bang, as shown in Fig. 5 of Part II.

For the case (B4b), if ® =0 for 0 < T'< |u|/4b'/?, all
fluid layers bounce and avoid the AD big bang. If ® diverges
for T> |p|/4b /2, one has a combination of L, FV singulari-
ties with AD big bang, as in Fig. 4 of Part II. Tentative
conformal diagrams for some of the cases discussed above
are shown in Fig. 25.

2.Cases k=0 and k= —1

If k = 0,~1, the McVittie solution has no regular center,
and .# is in all cases homeomorphic to §2XR?, with the
domain of regularity illustrated by Fig. 24(b) and given by
Egs. (B4) with A, =c,/r if k=0 [the UD solution
NMcV (r2) (UD) with ¢, = b ~'/2, see Table VII of Part 1]
or h,=[2b"?sinh(r/2)]~ " if k= — 1. As in the case

Roberto A. Sussman 1208



(2) _
Type (i) 0<T< wW2hy, () _
T=0 spacelike Type (ii). T> wW2hg,
Tme null

"L" singularity
r=x, T=pMbl?

@ -
Type v). T> w2h(2)

() -
Type (iv), 0<T< p2h(2)
T=0 null T=oe null, with “L* singularity

FIG. 25. Various possible conformal diagrams for the McVittie solution:
Case k= 1. As in Figs. 19 and 23, these conformal diagrams have been
qualitatively sketched from the information available on the conformal
structure of the boundaries and by looking at the behavior of timelike and
spacelike surfaces =, and X, in the domain of regularity of Fig. 24. The
latter three-surfaces are depicted as vertical and horizontal curves. It has
been assumed that an equation of state is chosen so that ®( T) is a monoton-
ous function.

k =1, r =0 marks a regular null .# boundary, while the
boundary T = 0 is associated to an asymptotically de Sitter
behavior of H at the infinite future/past of comoving observ-
ers. From Eq. (B3), this boundary is spacelike in general, or
null if @(0) = 0.

Although Hand R diverge as r— o« when the domain of
regularity is (B4a) [see Fig. 24(b) ], implying that points
labeled by infinite values of 7 are at an infinite affine param-
eter distance along the X 1, the slopes of null cones behave as
(dT/dr) g — + (®/3)T? as r»« [from Eq. (B3)].
Hence, unlike the case of the Wyman solution, the hypersur-
faces T, tend to a timelike boundary in thelimit »— 0. Since
Q given by Eq. I1(58) also diverges as 7— oo, such a bound-
ary is a timelike .# surface, analogous to that of the universal
covering of the anti-de Sitter solution. Thus, .# is not global-
ly hyperbolic in this case. On the other hand, if the domain of
regularity is given by (B4b), then following the same argu-
ments as in the Wyman solution, it can be inferred that a null
# surface emerges at the limit 7— o and T-0 [see Fig.
(22)].

For u > 0, the solution is of type (ii). If the domain of
regularity is as in equation (B4a), the fluid layers terminate
their evolution at the FD singularity T= (©/2)h,,. The
surfaces X, only reach the boundary r = 0 as T'— 0, hence,
this boundary appears as illustrated by Fig. 12(b), while
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there is a timelike .7 as r— oo. If the domain of regularity is
as in Eq. (B4b), fluid layers evolve between the asymptoti-
cally de Sitter boundary 7' = 0 and the FD singularity, with
all surfaces 2, reaching the null boundary at r = 0, and with
anull £ surface as r— o« and T-0.

If 4 < 0, the solution is of type (iv). As in the case of type
(ii) solutions, the evolution of the fluid depends on the form
of the domain of regularity. If ® is everywhere finite, .# is
complete, while if ® diverges for a given 7> 0, one has a
combination of L and FV singularities and AD big bang, as
illustrated by Fig. 5, Part II. The qualitative form of possible
conformal diagrams for some of the cases discussed above
are shown in Fig. 26.

3. Black holes and cosmological models

If the McVittie solution k=1 is matched to the
Schwarzschild solution at 7 = r,, so that the fluid region ex-
tends between r, and 7, excluding » = 0, one has a collapsing
fluid sphere with a regular center, as described in Sec. XI of
Part I1. However, any other matching of this solution with a
Schwarzschild space-time leads to a fluid region without a
center, as discussed in Sec. V1. This fact was overlooked by
McVittie!? and Knutsen'! in their study of the collapse of a
NMcV(72) (UD) sphere (case k = 0 of the McVittie solu-
tion), and by Mashhoon and Partovi'? in a similar study of
the charged version of this solution [the solution
ChMcV(r2) (UD), see Table VII of Part I]. Although,
Knutsen’s results concerning the formation of horizons and
the evolution of the surface of the fluid sphere [i.e., basically
a study of Eq. II(74a) ] are correct, his reference to the sin-
gularity produced by the collapse of the surface of the sphere
in the case u <0 [type (iv) solution] as a “central singular-
ity is misleading. First of all, the fluid region has no center,
and as shown by Figs. 15(c), 15(d), and 16, the singularity
produced in this case (the L singularity) is avoided by co-
moving observers labeled by 0 < 7 < 7, (i.e., the interior lay-
ers), the latter evolving towards the AD big bang marked by
H=0.

As mentioned earlier, the McVittie solution is inade-
quate to describe a point particle in a sort of asymptotically
FRW background. As shown in this Appendix, the global
features of McVittie’s solution, for all cases k=0, +1,
#>0, or u <0, bear no resemblance with what one would
expect if it were a suitable characterization of such a mod-
el.>® In fact, the cases kK = 0, — 1 homeomorphic to $2XR
have more in common, from a global point of view, to a
Schwarzchild—Kruskal space-time than to a FRW cosmol-
ogy. Hence, the resemblance of the metric (B2) with
Schwarzchild’s solution in isotropic coordinates could be
connected with the fact that the static limit of the case k = 0
is indeed the Schwarzschild solution (though, without the
black-hole region R < 2m, see Sec. X). Notice that for the
cases corresponding to type (iv), for which u <0, the static
limit is the Schwarzschild solution with negative mass.

The lack of a regular center in the cases with topology
52X R?, makes these solutions compatible with a Coperni-
can principle which excludes privileged observers comoving
along such symmetry centers. Though, the violation of ener-
gy conditions near the FD singularity, together with the fact
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Type @) 0<T< W2 by, ®)

T=0 spacelike

Type @) T> w2 B

T = e null

Type Gv). T> w2 by
T = « nuil
with “L" and "FV*
singularities

Type (v), 0<T< w2 b
T=0 spacclike

r= co

N

Type (), 0<T< w2 hy,
T= o null

=00

Type Gv), T> w2 hy
T = oo null

FIG. 26. Various possible conformal diagrams for McVittie solution: Cases k = 0, — 1. Asin Fig. 25, these conformal diagrams are qualitative constructions.
Surfaces 2, and 2 are depicted as vertical and horizontal curves. It has been assumed that an equation of state is chosen so that @(7T) is a monotonous

function.

that the AD big bang is timelike (just as the .# boundary at
7 = oo in some cases) and so .# is not globally hyperbolic,
would probably exclude all cases from cosmological consid-
erations. See Sec. XII.

APPENDIX C: EQUIVALENCE OF METRICS WITH
DIFFERENT VALUES OF & IN SOLUTIONS WITH
UNIFORM DENSITY

As shown in Appendix D of Part I, given the same com-
bination of parameters (€,u,a,b,¢,L), different values of k in
Eq. II(2) denote different solutions if p'#0. However, if
p'=0, given the same combination of parameters
(€,1,¢0,L ), metrics with the radial coordinate given by the
three different choices II(2) denote a single solution. This
fact will be proved in this Appendix for the case L = const
using the choice of time coordinate I1(33) (see Sec. V of Part
IT1). The generalization of this result to L = L (T) is straight-
forward.

If p’ =0 and dL /dT = 0, the metric II(1) can be ex-
pressed as

ec
R2
+ H*dr* + R?[df? +sin> 8d¢?] ,

2ucy (dT /T)?
(©/3)2

(Ch

+LR?

+

ds2=—c3[l—
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where H = H(T,r) and R(T,r) = fH, f(r) being either one
of the functions given in Eqgs. II(2). Keeping the same pa-
rameters (u,€,cy, and L) and the same coordinate 7, the
metric (C1) for another choice of fis given by

ec
D2

2uc;
+
R

R
+ H?dP + R?[d? + sin® 6 d¢?] ,

dT/T)?
(©3)2

ds’ = — ¢} [1— + Lc2R?

(C2)

where now H = H(T7) and R = f(7)H, and so the barred
quantities are functions of 7. For example, if /(7) = r (choice
k = 0) then f(7) is either sin 7 or sinh 7 (choices k = 4 1),
and so on. If the metrics (C1) and (C2) are equivalent, the
invariant quantities R and ® must coincide; hence

o) =6, (C3a)

FEH(TFH =f(NH(Tr) (C3b)
must hold. If conditions (C3) imply

H(T7dr = H(T,r)dr, (C4)

then (C1) and (C2) are equivalent with (C4) being the
coordinate transformation 7 = 7(r) relating these metrics.
From Eqgs. I1(38) and I1(24), one has

fOR_ _aqu_LIR (C5)
R or R Jr
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with Q given by (24b). Inserting (C3a) and (C3b) in (C5),
Eq. (C4) follows immediately, proving the equivalence of
(C1) and (C2). In order to generalize this result to solutions
with L = L(T), this function must be the same in both met-
rics, and the metric coefficient g, in Egs. (14) and (24)
must be written in terms of R.
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In every even dimension, a modification of the generalized Yang-Mills systems (modGYM) is
introduced. It is shown that spin-connection modGYM fields, which are self-dual on a double-
self-dual background of generalized Einstein—Cartan (GEC) gravity, can be constructed—this
generalizes the constructions of Charap and Duff [Phys. Lett. B 69, 445 (1977)] in four
dimensions, to all even dimensions. Additional duality constraints are also given that must be

satisfied by the gravitational fields, if these constructions are to apply also to the full GYM
systems. Applications to compactification, as well as relevant physical criteria, are briefly

discussed.

I. INTRODUCTION

A systematic program to construct gauge field systems
in higher dimensions, generalizing the Yang-Mills (YM)
system, has been undertaken some time ago.'?

Originally, the guiding criterion used was the presence
of instantons in these systems. The 4p-dimensional analog of
the Belavin—Polyakov-Schwarz-Tyupkin (BPST) instan-
tons® were found,>* as well as the axially symmetric instan-
tons® analogous to those found by Witten® for the YM sys-
temin R*.

On the other hand, the physical criterion used was that
under (coset space) compactification’® these higher-dimen-
sional systems yield residual systems in four dimensions
whose low energy limits coincide with the YM-Higgs
(YMH) system. Indeed, using® the calculus developed in
Ref. 8, some such examples'®!! have been considered in
some detail, and we have referred to them as generalized YM
(GYM) systems because they satisfy this criterion.

In connection with both the instanton solutions>” in 4p
dimensions and the properties of the vacuum structure in the
(compactified) residual gauge field system,'®!' a very cen-
tral role is played by the generalized self-duality equations'
pertaining to the GYM system in question. These duality
equations solve the Euler~Lagrange equations of the GYM
system. Some of these duality properties were considered
also by Grossman et a/.'? and Brihaye et al.'®

On a 2(p + ¢g)-dimensional manifold these duality con-
ditions are

Fp) =*FCp), (1.1a)
*F(Zp )“"“"ZP = (e/zq!)(iKz)q—Pg,u.-‘.l‘zpv,-..vzqF(zq)V‘“'vz"9
(1.1b)

where e is the determinant of the Vielbein and F(2p ) is the
totally antisymmetric p-fold product of the curvature two-
forms F(2). In general, for p#g4, (1.1a) involves a nonzero
power of the dimensional constant, and henceforth we will
refer to such duality equations as inhomogeneous. By con-
trast, for p = g, the homogeneous duality equation (1.1a)
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involves no dimensional constant. As a result of the absence
of i in these cases with ¢ = p, it was possible to find instanton
solutions>>!* of the GYM systems in R *. For g#p there
cannot exist any instantons on a flat background, but Bais
and Batenburg'* have made an extensive study for the case
p=1(g>1)onS*?+9, CP¥+2 and HPV? ¥+ These
field configurations'* are very relevant, as examples, to the
constructions given in the present paper.

The most obvious difference between the p = gand p#4
cases is that (1.1a) holds in 4p dimensions in the first case,
and in every even dimension in the second. The most impor-
tant difference is that the GYM systems pertaining to (1.1a)
are conformally invariant for the casep = gbut not forp£gq,
as is obvious, for example, due to the appearance of the pa-
rameter « with dimensions of a length.

Another very interesting development has been the con-
struction (in even dimensions) of the conformally invariant
models by Zakrzewski'® and others.'® These systems do not
concern us here directly, but are similar to the GYM in that
they are endowed with self-duality conditions and, in 4p di-
mensions in particular, can be expressed as composite GYM
field systems.

Having made our choice of gauge field systems, which
we shall define in detail in Sec. III, the inevitable question
that arises is, what is the gravitational partner of this gauge
field? Clearly, in solving'* self-duality equations such as
(1.1), it is not necessary to specify the dynamics of the gravi-
tational background. On the other hand, if we envisage that
these gauge fields should model the fundamental interac-
tions, it is desirable to specify their interactions with the
gravitational background. This is the physical reasoning be-
hind the considerations in the present paper, which in this
sense can be considered complementary to the work of Bais
and Batenburg.'*

Before proceeding to consider gravity, we note the alter-
native extension of the YM system given by Saglioglu'’ and
by Fujii,'® and argue why we do not adopt them here.

As for GYM systems,"? the definition of these'”'8 is

© 1988 American Institute of Physics 1212



based on the existence of BPST configurations—not just in
4p but in every even dimension:

A, = (2a/x(x* + @), x,,
2,(;3) = "5((1 ird+l)/2)[rp’r\v]’

(1.2a)
(1.2b)

where I',, are the 272X 24/ " matrices, ' , , the chirality
matrix, and El‘wi’ the spinor representation of so(d). This
notation will be used throughout.

It turns out that the fields (1.2a) satisfy the equations of
motion of the conformally invariant system

(L) e F,, )"

(1.3)

If all terms in (1.3) exhibiting higher than the second power
of the velocity d,4, are discarded,"” then (1.3) coincides
with GYM in 4p dimensions. On the other hand, in (4k + 2)
dimensions (1.3) is not positive definite and under compac-
tification does not reduce to a residual system that includes
YMH at low energy. This is too high a price to pay for the
conformal invariance of (1.3) in contrast to the absence of
this symmetry in the case of GYM in (4k + 2) dimensions
when p#g¢. Accordingly, we restrict our attention to GYM
systems henceforth.

Perhaps the most popular scheme of coupling YM to
gravity is through the Kaluza—Klein® (KK) mechanism.
Here the gravitational system, namely the Einstein—Hilbert
(EH) system, is taken to be the more fundamental. As such,
in the higher dimensions the dynamics is given by the gravi-
tational system alone, and after compactification'>?° one
finds the Einstein-YM system in four dimensions. Thus
starting with the EH system whose Lagrange density exhib-
its one power of the Riemann curvature, one ends up with a
residual system in which EH gravity interacts with YM, and
the latter exhibits the second power of the gauge curvature.
What then is the gravitational system which, when subjected
to a KK compactification, yields a GYM system, say, in 4p
dimensions? Clearly, the required system must involve the
pth power of the Riemann curvature.

According to this reasoning, a direct generalization of
EH gravity in higher dimensions was proposed?'?? so that
the Riemann curvature R(2) in EH was replaced by a curva-
ture 2p-form R(2p ) in 4p dimensions. The 2p-form R(2p )
is just the totally antisymmetric product of p-curvature two-
forms, much in the same spirit in which F(2p ) in (1.1) was
defined. We refer to the resulting gravitational systems as
generalized Einstein—Cartan (GEC), because of the analogy
with GYM. Indeed it was seen—for example, in Ref. 21—
that under dimensional reduction these GEC systems give
rise to residual systems that include the EH system, and that
the latter dominate at low energy. These systems, which
were first introduced by Lovelock,”® have been arrived at
also as string-generated gravitational systems,’*?* and were
applied in cosmological problems.26

On closer examination, it turns out that basing the anal-
ogy between GEC and GYM systems on a KK rationale®"??
is false. The reason is that the KK Ansatz consists of impos-
ing certain isometries on the Vielbeine, thus introducing Lie
structure constants into the Fielbein Ansatz. These structure
constants play the role of the generators of the Lie algebra in
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the residual system, where the YM system is just the square
of the algebra-valued two-form F(2). By contrast, the GYM
system is the square of the 2p-form F(2p ), which is certainly
not algebra-valued. Therefore there is no reason to expect the
KK Ansatrz, which features only Lie structure constants, to
generate a GYM system that cannot be expressed in algebra-
valued quantities. To substantiate this assertion, we give a
KK reduction of a p =2 GEC system in the Appendix,
where we point out how the KK mechanism fails to generate
a GYM system.

Abandoning a KK induced relationship between GEC
and GYM means that both these geometric systems are to be
treated on the same footing. Their relation, which will now
amount to a duality between them, will be based on the oc-
currence of self-dual spin-connection GYM fields on dou-
ble-self-dual GEC backgrounds. This generalizes the obser-
vation first made by Charap and Duff ¥’ for the EH-YM
system in four dimensions, to the corresponding duality
between GEC and GYM in every even dimension. In this
process we shall find it useful to refine our original definition
of GYM systems. 2

This is the aim of the present work. In Sec. IT we define
the GEC systems and introduce the pertinent duality rela-
tions that solve the field equations. The corresponding defi-
nitions for the GYM systems and their stress tensors is pre-
sented in Sec. III. Putting these results together, we give the
spin-connection fields in Sec. IV.

Il. GENERALIZED GRAVITY (GEC)

We discuss the GEC gravitational systems before the
GYM gauge systems because the former will turn out to be
somewhat more fundamental than the latter, in spite of our
abandonment of a KK mechanism where the gravitational
system is clearly privileged. This situation will be clarified in
Sec. IV.

We introduce our notation by defining the GEC sys-
tem? ond = 2(p + g) dimensions, as given by the Lagrange
density,

L(p’q) — El‘l"'ﬂzpvr"vzlle;ll

e a bl...bz
Xep euii£a.~~~az,b.~~~bz¢R ,,....vl:, (2.1a)
RQq) =R} =R[EERY Ryl (2.1b)
R(2) =R =93,,0% + of 03, (2.1¢)

Here e; are the Vielbeine, whose determinants we have de-
noted as e in (1.1), and the greek and latin indices label
coordinate and frame vectors, respectively. The 2g-form
R(2gq) is the g-fold totally antisymmetrized product of the
curvature two-form R(2), expressed as a curl of the spin
connection a)f"’ in (2.1c). Clearly, when p =0 and d = 4¢,
(2.1a) is a total divergence and hence dynamically trivial.
Forp=¢g=1, (2.1) is the EH system.

A. Equations of motion

The Euler-Lagrange equations resulting from the varia-
tions of e and »Z’, respectively, are
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t{: — 2p€l‘#:l‘z'''l-‘zp‘ﬁ"""zqelaf2 . .e“zp

Hap
X Eanayaypr---byy R v vt =05 (2.22)
1l = g g e
X Eabay --aypy-bag T vy R v 020 (2.2b)

Equation (2.2a) is the Einstein equation, and (2.2b) is the
torsion equation exhibiting the torsion field

T, =Dye), (2.3a)

D,e5 =d,¢ + wjje;. (2.3b)
In terms of the pseudotensor ¢4 in (2.2a), we can define an
Einstein tensor of the curvature 2¢-form R(2g) by

th = —2p2p2qleG*4(2q), (2.4a)
G4 (29) = R%(29) — (1/29)e; Z# (29), (2.4b)
R%(2q) = Riy2 et e, (2.4¢)
R (2q) = R5(2q)e,. (2.4d)

In the presence of another field interacting with gravity,
(2.2a) will be replaced by the Einstein equation

G4(29) = 04(29), (2.5)

where @4 (2¢9) = e,,©*"(2q) is the corresponding stress ten-
SOr.

Concerning the torsion equation (2.2b), there is a very
important difference between the EH casep = ¢ = 1, and all
other cases with ¢ > 1. In the EH case (2.2b) implies vanish-
ing torsion, while for ¢> 1 this is not so. This fact has been
exploited?! in a compactification scheme recently.

Perhaps the most important feature of the Einstein
equation (2.2a) is that it leads to the vanishing of the pseu-
doscalar quantity e (2q) given by (2.1a). The expression
A (2q) is a function of the Ricci scalar R(2), as well as the
other components of the Riemann tensor R(2). Conse-
quently, in a compactification scheme characterized by the
manifold M, = M xK ~*, where K “~* is a compact space
of constant curvature, the vanishing of % (2¢) does not im-
ply the constancy of % (2), the Ricci scalar on M,. This
feature for the example with p = g = 2 was exploited in Ref.
21 for the case of nonvanishing torsion, but this last property
is not necessary for the former feature to persist. We shall
return to this point again below.

In the present work, we shall consider only those field
configurations for which (2.2b) is satisfied with T';, = 0.
We set the torsion equal to zero in anticipation of our use of
double-duality conditions. We shall see below that double-
duality conditions are not useful for solving (2.2) in the
presence of torsion.

As a consequence of setting the torsion equal to zero, the
covariant divergence of (2.2a) vanishes:

(1/7e)D,(eG%(29)) =0,
(1/e)D, (ee) =0,

(2.63)
(2.6b)

where we have recorded another useful consequence of van-
ishing torsion, in (2.6b).

We now turn our attention to duality conditions which
solve the Einstein equation (2.2a).
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B. (Single-)self-duality

Because in the study of the EH system in four (Euclid-
ean) dimensions (single-)self-duality?® of the Riemann cur-
vature plays an important role, we consider it also for the
GEC gravity. Algebraically it plays the same role; for exam-
ple, in 4p dimensions we have

R, = (e/2p)e

[ = Bt Hpni " Vap

Vit vy,

Q.7

as the self-duality condition. (Contravariant and covariant
frame indices are not distinguished in this Euclidean space.)
Substitution of (2.7) into (2.2a) yields

e D, Ty pne Dy To L =0,

Hatbafts Hap_2" Hap—_1tap —

aycay,

(2.8)
where 7, , = T';,e;. Sofor vanishing torsion, (2.8) isiden-
tically satisfied, and hence the self-duality condition (2.7)
solves the Einstein equation (2.2a).

In practice, however, (2.7) seems to be too strong a
constraint on the spin connection, and no such solutions are
known except in the EH case?® when p = g = 1. The reason
for this may be that the EH case (p = 1) is distinguished
over all others (p> 1) in that for p = 1 the self-duality of the
spin connection

wpt = (1/2) e 0 (2.9)

implies (2.7), and it is Eq. (2.9) that is actually solved.?® For
p>1, we have not succeeded in finding any analog of (2.9)
that implies (2.7). For this reason, we restrict ourselves to
the (weaker) double-self-duality conditions in the rest of
this paper.

C. Double-self-duality

(1) p=g: In four dimensions, double-duality of the
Riemann curvature

RV = (e/2P%)¢,, o R ™™ (2.10)

implies, in the absence of torsion, a field configuration satis-
fying the Einstein equations with a cosmological constant.
This is easily seen by substituting (2.10) into the Einstein
equation (2.2a), which in the notation of (2.4) results in the
constraint

G:(2) = — 1R (2). (2.11)

By virtue of Egs. (2.6), the covariant divergence of (2.11)
then implies that the Ricci scalar %2 (2) is a (cosmological)
constant, as is well-known.

When p = g> 1, that is, in 4p dimensions only, the dou-
ble-duality condition on the Riemann curvature reads

— )
R, =200, oo,

XR gt e, (2.12)

Substituting (2.12) into (2.2a) and using the notation of
(2.4) similarly yields the constraint

Gh(2p)= — (1/4p )b Z(2p). (2.13)
The covariant divergence of (2.13), again by virtue of Eqgs.
(2.6), implies the constancy of # (2p ) = 7, say. This field

configuration can be interpreted as the solution to the field
equations of the system

L=L(pp) —i2p¥en, (2.14)
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where L(p,p ) is given by (2.1a) with ¢ = p, and is a general-
ized cosmological constant. The HP? solution of Ref. 22 isa
P =g =2 example.

We note here that 7 is not equal to % (2), the Ricci
scalar as in EH gravity, but rather to %7 (2p ). The latteris a
function of 27 (2), as well as the other components of the
Riemann curvature R(2). In the simplest case, for p =2,
this is

RM4)=R(Q2)*—4R.R:E+RERY =7 (2.15)

Requiring in (2.15) the constancy of % (4) is different
from requiring the constancy of Z(2) (= %) in (2.15).
Although the condition (2.15) is fulfilled with a nonzero
constant Ricci scalar for double-dual solutions known to
us,?? it is not inconceivable that there may be other solutions
for which a vanishing Ricci scalar is consistent with (2.15)
and its higher-order analogs (in higher dimensions). Such
solutions, if they exist, could have very interesting applica-
tions to compactification. The difference from the previous
scheme suggested in Ref. 21 is that here we are dealing with a
torsionless connection.

(2) g> p: In this case we can write down, in every even
dimension, the double-duality relations

ey 2vae )
R = ()T P(e/ 24V ooy,

XR g, (2.16)

and their inverses. Clearly, « here is a constant with the di-
mensions of a length.

The dynamical system pertaining to this nonlinear dual-
ity relation is the following combination of GEC systems:

Lggc =7L(p,g) + (1/A)L(g,p ), 2.17)

where 7, the constant coefficient, has the same dimensions as
A, and the latter has dimensions of {(g — p )th power of a
length.

In the absence of torsion, we have only one equation of
motion, (2.2a), the Einstein equation, which we could ex-
pressin terms of the tensor E# = e~ 't# as E4 = 0. Wereex-
press this equation through

E% = —2p12g![ 297G, (29) + 2pA TG4, (2p) ],
(2.18)

where the generalized Einstein tensors G4, (2r) are defined
by (2.4b)-(2.4d).
For the double-self-dual field configuration satisfying
(2.16), E% of (2.18) takes the following form:
E% = [2q2p\4 ~'(¥*)17 PG, (29)
+ 2p2gP7(k?)? 9G4, (2p) ]
+ e, [2P2 1 ()P R (29)
+ 24P (k2R (2p ) ]. (2.19)

The consistency of (2.18) and (2.19) requires that the
expression in the square brackets in (2.18) be proportional
to that in the first square brackets in (2.19). This can be
achieved by identifying the coefficients of G%,(2¢) and
G*% (2p), respectively. The resulting identities can only be
satisfied if

2p1(1*)9 7 = 2g\7A. (2.20)
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In this case, (2.19) reads
E%, =2912p([297G % (29) + (2p/A)G 1 (2p) ]

+ e [7R(29) + (1/A)Z(2p)]). (2.21)
Equating (2.18) and (2.21) then yields
[2¢7G%, (29) + (2p/A)G 4, (2p )]
+ 3¢t [T R (29) + (1/A)Z(2p )] =0, (2.22)

which is the equation analogous to (2.13) in the p = g case.
Indeed, for p = ¢, (2.13) and (2.22) coincide as expected,
provided due note is taken of (2.20).

Again, because of Egs. (2.6) we conclude from (2.22)
that

n=1#12q) + (1/A)#(2p) (2.23)

is a (cosmological) constant, and that therefore the double-
self-dual field configuration (2.16) satisfies (2.22), the
Euler-Lagrange equations of the following generalized Ein-
stein system (with cosmological constant):

L =[7L(p.g) + (1/4)L(g,p )] — §2p'2glen.  (2.24)

This also coincides with (2.14) when p = q. The only quali-
tative difference between the p = g and p < ¢ cases is the con-
straints obtained by contracting the Einstein equations
(2.13) and (2.22) with ¢, respectively. In the former case
this constraint is trivial, while in the latter it reads

R(2p) =TAR(2q). (2.25)

As expected, (2.25) is precisely the constraint that follows
from the total contraction of the double-self-duality relation
(2.16). It follows from (2.25) and (2.23) that

FA(2p) =174, (2.26a)
R(2q) = /7. (2.26b)
When p =1 and/or ¢ = 1, Egs. (2.26) imply that the

Ricci scalar %7(2) is constant. Otherwise, the qualitative
remarks we made after (2.14) apply.

lil. GENERALIZED YANG-MILLS (GYM)

In this section we will repeat our definition"? of the
GYM systems. We will (a) modify these definitions in a
manner that suits our purposes in Sec. IV, namely, that of
generalizing the Charap-Duff %7 construction to all even di-
mensions. In addition, we will (b) show that the stress ten-
sor of these GYM systems vanishes when the generalized
self-duality relations (1.1a) hold.

In the construction of the GYM systems in 2(¢+p )
dimensions, the cornerstone is the duality relations (1.1a),

F(2p)="*F(2p), (3.1a)
F(2q) =*F(2q), (3.1b)
where *F(2p ) is the Hodge dual of F(2q) given by (1.1b).
The expression (3.1b) is simply the inverse relationship to

(3.1a), to which it is equivalent. That (3.1) minimizes the
action

Loym (p,9)
= f dxe tr[F(Zp )2 + (iK?)He-») %F&q)z]
. (3.2)
G. M. O'Brien and D. H. Tchrakian 1215



is self-evident. The equations of motion are solved' explicitly
by (3.1) and the Bianchi identities, and the action is then
equal to the (p 4 ¢)th Chern—Pontryagin integral.

This action is conformally invariant only when p =g¢,
and hence instanton solutions®® on R *” occur only for this
case. In all other cases g+ p, instanton solutions exist only on
curved backgrounds, e.g., on S2®¥+9 CP®+% and
HP* 972 given in Ref. 17.

It turns out that the generalization of the Charap-Duff
mechanism, which is our most important aim here, is facili-
tated by considering a modification of the GYM systems.
These are given immediately below.

A. The modified GYM

In (3.2) we have defined the 2p-form F(2p ) as the to-
tally antisymmetrized product of p factors of the curvature
two-form F(2). Instanton solutions?® of this system occur in
R*", when g = p and F(2) takes its values in the spinor rep-
resentations of SO(4p ).

Our modification of the systems (3.2) pertains only to
those cases when F(2) takes its values in the algebra of
SO(2(p + ¢)), and in particular in the 27+ 9~ 1x2°+9-!
spinor representations. The modification consists of the re-
placement of F(2r) in (3.2) by F(2r):

F(2r)

”I “Har
={[(2r—1)Q2r—3)-- 3R} 'F 075, s
(3.3a)
Fplo = FlmmF e F ey, (3.3b)
SE),, =EE) 3Lk 3 L (3.3¢)

In (3.3b) and (3.3c) the square brackets on the indices sig-
nify total antisymmetrization, and 2{%’ in (3.3c) refers to
the elements of the algebra of SO(2(p + ¢)) in the spinor
representations

8= =) £T,, )/2)[T,T,], 34)

where the T',, (m = 1,...,2(p + q)) are the 2?+9X2?*4 T
matrices and I, |, is the chirality matrix in those dimen-
sions. Finally, the F ' in (3.3b) relate to F(2) =F,
through F,, = Fw2(% as usual.

We characterize these modified GYM (modGYM) sys-
tems by the action LGYM (p,q) obtained from (3.2) by re-

placing F(2p ) and F(2q) by Fi (2p ) and F(2q) as given by
(3.3):

EGYM (7:9)
=fdxetr{?‘(2p )2 4 (in2)2e-p) -;—’%/F\'(Zq)zl.
q'

(3.5)

In spite of the close similarity between (3.2) and (3.5),
the dynamics of the two systems are quite distinct. Indeed,
(3.5) is not minimized by the duality constraint (3.1), but
by

F2p)=*F2p), (3.62)
F(2q) = *F(29). (3.6b)
The relationship between the GYM systems (3.2) and
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the modGYM systems (3.5) can be made transparent by
finding the relation between F(2r) and F(2r). We can ex-
press F(2r) by

F,

{ My ? .“'3[-‘4’ °» I‘zr—ll"zr}

+ (r—1) cycl. perms. on (u). 3.7)
The (r— 1) cyclic permutations range over the indices
[:uZ lqu] [#4 ,u'2r]! ., and [,Ufz, 2" ‘UZ,] and the
bracket® {4,,4,,...,4,} denotes the sum of the A different
orderings of 4,,4,,...,4,.

With this same bracket notation,” we can express
3. in(3.3c) as

[T R T

>SS o S S }

my,_ 1M,

+ (r—1) cycl. perms. on (m), (3.8a)

which can be rewritten as
{Em,mz’zm,m"""xmz,_ ,mz,}

={[(2r—1D@r=3)31}"'% o + X s

(3.8b)

where X(r) = Xn,--m,, 18 a tensor spinor that has increas-
ingly complicated structure with increasing r.

Remembering definition (3.3) and that F,,, = F V'S,
we can put together (3.7) and (3.8b) to find the required
relation

F — ?v mm,, F’"zr 12,

LY T2 L R 7 + X"'l"‘mz (FMI‘: H2r— 1My

+ (r— 1) cycl. perms. on (u)). (3.9)

From its definition in Egs. (3.8), the computation of

X(r) in terms of the invariant tensors &;: , 5,7 , etc., the

unit matrix, and the spin matrices X, , , 2, »n > etC., is

completely straightforward for any given ». Unfortunately,

an expression for general 7 is not conveniently written, so it

suffices here to give the » = 1,2,3 cases explicitly. For r = 1,

which leads to the definition of the YM system, X,,,, (1) =0

and (3.2) coincides with (3.5). For r = 2,3, on the other
hand, we have

xm,m,n,n;, (2) = - 56’;1',’":!2 18’ (3. loa)

X’"lmz"u"zlllz (3) = - %[ (6".‘"'221 W2 + 8';1: Emmh

nn,

55"’12"'2 2"!"2) + (8[1:"12 nyly ]

+ 5[m|1| 212"'2 ] + 6{"21'“ Enz"‘z ]) ]’
(3.10b)

and with increasing r, the X(7) become increasingly cuamber-
some in this form.

It is easy to verify that for the BPST field configurations
(1.2), for which the curvature F,, in 47 dimensions is pro-
portional to the 2% !X 2*~! SO(4r)_spinor matrix Z,,,,
(3.9) and (3.10) imply that F(2r) = F(2r). Thus as far as
the BPST solutions are concerned, our modification of the
GYM system is of no consequence. Otherwise stated, the
GYM fields on 4p-dimensional spheres are insensitive to the
above modification of the dynamics.

Similarly, for the axially symmetric GYM field configu-
rations’ in eight dimensions, where x; = 7 has been singled
out and the corresponding “radial” variable is then
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r=[x}+ - +x3]"% it again turns out that F(4)
= P4,

This situation does not persist, however, and already for
the axial symmetry characterized by 7= \x2 + x2 + x2
and r = \[x? + -+ + x} in eight dimensions, F(4) #?‘(4).
Such field configurations have not been considered in Ref. 5,
and we intend to examine them elsewhere.

Concerning the properties of the modGYM systems un-
der compactification,”® it turns out that if the compactifica-
tion is made over a sphere S”, then the residual system of the
modGYM reduces to the usual YMH system in the limit
where the radius of compactification is very small, namely,
at low energy. Thus even though it has different dynamics, it
shares this physically important property with the GYM.

It is easy to demonstrate this property for compactifica-
tion with spheres, but since we are not concerned in this
paper with any solutions—compactifying or otherwise—
this qualitative remark shall suffice. We expect that these
qualitative properties will persist when spheres are replaced
by other coset spaces.

Whether or not the dynamics of modGYM (3.5), as
opposed to that of the GYM system (3.2), can lead to any
physical consequences is not known. Here we have intro-
duced the modified GYM for our calculational convenience
in Sec. IV, and since their relation to GYM is given so simply
by (3.9), one can systematically translate our results of Sec.
IV to the GYM case.

B. The stress tensor

The stress tensor % appearing in the Einstein equation
is the tensor-valued field of the interacting GEC-GYM sys-
tem, in addition to the tensor field E# = e~ 't# [cf. Eq.
(2.2a)].

Here we are interested in finding that ® vanishes when-
ever the duality equation (3.1) or (3.6) is satisfied, accord-
ing to whether gravity is interacting with a GYM or a modi-
fied GYM system, respectively.

Since all subsequent manipulations are entirely inde-
pendent of whether we use F(2r) or F( 2r), we shall restrict
ourselves to F(2r) only, namely, the GYM system. Our con-
clusions remain true for the modGYM provided the duality
relation (3.1) is replaced by (3.6). Using the metric instead
of the Vielbein, the stress tensor for the system (3.2) is

®,, =4p[trF,, (1/4p)g t F} .\, ]
+ ()92 (2pl/2g)4q [tr .., F7

— (1/29)g,, tr F2 .., |- (3.11)

We note that @ = 0 only when ¢ = p, and then (3.2) is a
conformally invariant system.

By repeated use of the definition of the dual *F(2p ) of
F(2q) [given by (1.1b)] and its inverse, the expression

FI-‘:' H2p

(3.11) for ®,, can be recast into the form
Ou =29 tr(Fppy o, Frpiy oy — *Frapy sy Frpr -y,
+ (iK?)* =P (2p\/291)2p t(F o Foper i,
= *F oy, P iy, ) - (3.12)
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This expression for ®,,, vanishes when the duality rela-
tions (3.1) are satisfied. As stated /gbove, (3. 12) holds also
with F(2p ) and F(2q) replaced by F(2p ) and F(2q), name-
ly, for the modGYM system.

IV. SPIN-CONNECTION FIELDS

Here we will use the results of the previous two sections
to formulate the main result of this paper, namely, GYM
“spin-connection” fields on GEC backgrounds. After that
we summarize our results and give a brief discussion.

We consider, in every dimension d = 2(p + ¢), the sys-
tems

L = Lgec(p,9) + 2GYM (p.9), (4.1)

where Lggc (p,q) is given by (2.24), and iGYM (p.q), given
by (3.5), is the modGYM system. Subsequently, we shall
discuss the replacement of Lgyy (2,9) by Lgym (psg) of
3.2).

In the absence of torsion there will be only one gravita-
tional field equation, the Einstein equation,

E: = @4, (4.2)

The modGYM field equation, on the other hand, is sat-
isfied if the duality relations (3.6) hold. For this (self-dual)
modGYM field configuration, the stress tensor ®* vanishes
identically, as seen from (3.12). Therefore (4.2) reduces to
the free Einstein equation of the GEC system (2.24), which
we know is satisfied by a (Riemann) double-self-dual field
configuration obeying the duality relation (2.16).

There remains then to show that the double-duality re-
lation (2.16) implies the single-duality relation (3.6) when
the following identification of the modGYM SO(2(p + q))
connection 4, with the GEC spin connection 2’ is made:

A, = — 1073, (4.3a)
F,= —\RT"S (4.3b)

In this case, the self-dual modGYM system with gauge
connection given by (4.3), interacting with the double-self-
dual GEC system with spin connection a),'j‘", satisfies the
Euler-Lagrange equations of the system (4.1). For
P = g = 1, thisis precisely the construction that Charap and
Duff ?’ exploited for the EH-YM system in four dimensions,
which we generalize to all even dimensions d = 2(p + q).
(It should be emphasized that this assertion, that Riemann
double-self-duality implies guage single-self-duality, is not
invertible.)

The proof of this assertion is immediate if the system
interacting with gravity is the modGYM, as is the case here
in (4.1). In fact this was the reason for introducing the mod-
GYM system in Sec. IIT A above.

In this case, direct substitution of the double-duality re-
lation (2.16) into the defining expression for F (2p ) givenby
(3.3) and with F(2) given by (4.3b), and noticing that
[(2r—1)(2n — 3)---3]1A = 2n/2", simply yields the duali-
ty relation (3.6).

When ZGYM (p,g) in (4.1) is replaced by Lgvnm (p,g) of
(3.2), the situation is more complicated. The above asser-
tion, that (Riemann) double-self-duality (2.16) implies
GYM single-self-duality (3.1), has to be altered in this case.
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For our purposes of constructing spin-connection gauge
fields, it is necessary that the GYM duality condition (3.1)
hold. This can be achieved by invoking a supplementary con-
dition on the Riemann 2p-form R(2p ), in addition to the
double-duality condition (2.16).

Repeating the above argument we gave in the modGYM
case, we see from (3.9) that this supplementary condition is

(X(p),R(2p)) =(X(q),*R(2p)), (4.4a)
(X(P)R(2P)) E X R, (4.4b)
*R(2p )::'.'.'.;22‘; = (‘-’/2‘1!)(Kz)p—qu.~~-u2,v.-~vz,, :l.::::z:’
(4.4¢)

or, equivalently, its inverse
(X(q),R(2q)) = (X(p ),*R(29)). (4.5)

The expressions X(p ) and X(g) in (4.4) and (4.5), which
are defined by (3.8b), are 27+ 77! 2P+ 9~ matrices con-
structed from the elements of SO(2(g + p )) in the spinor
representation.

The supplementary duality condition (4.4) or (4.5) is
satisfied for the usual metrics on the spheres, as we remarked
in Sec. I11 when we discussed the structure of X (7) in (3.10).
We have checked that (4.4) is satisfied when p = g = 2, for
the HP? solution of Ref. 22, and presumably this situation
persists when p = g, for the CP? and HP? metrics.** In gen-
eral, however, the conditions (4.4) become increasingly se-
vere restrictions (with increasing p + g) on the otherwise
double-self-dual GEC fields, and this may present some ob-
stacles in constructing spin-connection GYM fields, as op-
posed to the modGYM case.

The main result of this paper is that SO(2(p + g)) spin-
connection gauge fields (4.3) in 2(p + g) dimensions are
solutions to the modGYM system (3.5) by virtue of satisfy-
ing the modGYM self-duality constraint (3.6), provided
that the GEC system (2.24) interacting with it satisfies the
double-duality constraint (2.16). An example of such a field
configuration is the HP? solution?” for p = ¢ = 2, whichis a
member of the hierarchy HP? for all p = gq.

The main reason for having introduced the modGYM
system in Sec. III was that the above construction can be
carried outin exactly the same way for all (p,q), generalizing
the p=g¢=1 Einstein~Yang-Mills case considered by
Charap and Duff.?” With gauge group SO(2(p + ¢)), for
which they are defined, these modGYM systems are closely
related to the GYM systems (3.2), as seen from (3.9). Nev-
ertheless, the dynamics of these two systems given by (3.5)
and (3.2), respectively, are quite different, and it is conceiv-
able that for physical reasons one or the other of them may
be preferred.

The same construction can still be carried out for spin-
connection GYM fields on the GEC background (2.24),
provided, however, that the background GEC field configu-
ration satisfies an additional duality condition (4.4). These
conditions become increasingly strong constraints in higher
dimensions, when the gauge group is also larger. Neverthe-
less, in the example?? for the HP? (p = g = 2) spin connec-
tion, this additional constraint is satisfied. We do not know
whether (4.4) would present an insurmountable obstacle in
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any given case of interest, but this seems unlikely.

Concerning the inhomogeneous double-duality condi-
tions (2.16) when g > p, the only solutions we know are the
connections on the spheres $2¢* 2, On the other hand, sev-
eral interesting solutions to some of the associated inhomo-
geneous GYM duality equations, especially those with
p=1, g> 1, were found by Bais and Batenburg.'* On the
whole, therefore, we can expect that the constructions we
propose are not without some interesting examples.

How useful these would prove to be for compactifica-
tion solutions is an interesting question that we intend to
pursue. Such solutions of (2.16) may be of particular inter-
est if we remember that the cosmological constant 7, cf. Eq.
(2.23), does not necessarily imply a constant curvature
space in this case. This last statement is true even for vanish-
ing torsion, while in the presence of torsion this problem was
studied in some detail elsewhere.?!

Our motivation for seeking these spin-connection fields
was that of establishing a relationship between the relevant
gravitational and gauge field systems in higher dimensions.
In the usual KK context, the higher-dimensional system
consists of pure gravity, and the YM field appears in the
residual system after dimensional reduction. Here, having
found (see Appendix) that the GYM systems cannot appear
in the dimensional reduction of gravity with a KK Ansatz,
we have explored the present relationship between the GEC
and GYM systems. As opposed to when a KK Ansatz is
used, here the GEC and GYM systems are treated on the
same footing, except that the gravitational double-duality
constraint still plays a more fundamental role than the GYM
single duality.

In the process, we have put the GYM systems into con-
text, in the background of other work'>'""!® done in the ex-
tension of the YM model to higher dimensions.
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APPENDIX: KALUZA-KLEIN REDUCTION OF A GEC
SYSTEM

Here we compute the residual GEC system of
L gec (p,q) with ¢ = 2, using a KK Ansatz. Since we will
need all the components of the Riemann tensor, we find it
useful to employ the KK reduction formulas of Jensen.>! We
denote the independent components of the higher-dimen-
sional Riemann tensor Ryyrs = (R0 Ruver Ruvass
R,ovs> Rasper Rasea ) With u,v,... labeling the coordinates of
the residual dimensions, and a,b,... labeling the compactified

dimensions. These are given by

Rivoo = Ruype — 2(F L F o, + FLFL, — FFL,),
(Ala)
R,mzb = F;[,‘qup - szbF,cw, (A1b)
R,uavb = _FZpF;bw + %Ffw (czb’ (Alc)
vapa = _DpFZv’ (Ald)
Ropue =0, (Ale)
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Rabcd = QCZe 5:1- (A1)

In (Al), the F;, are the YM curvatures in the algebra
whose elements are labeled by the index g, D,, is the covar-
iant derivative with respect to the connection 4 ;, of this cur-
vature, and the C¢, are the structure constants of the Lie
group with respect to which the isometries are imposed on
the higher-dimensional metric g,y .

Substituting (Ala)-(AIf) into the GEC system (2.1a)
with ¢ = 2, we find the following residual system:

L= (R*>—4R, R* + R, ,,R"")
+#4(C5Coy + C5Ch —4CLCLLCHCY,
+C5,C,CoCL) +2R(—1C5,CS, — FLFS,
+ 16R*F8 F%, —Cb,CLF2 F2,

— (2C4LCh —3CLCL)F, F,,
+4(D,FS,D,F%, —2D,F4,D,Fs

(d Pt pe
+ 12F3, F5 F,C5,
+ [(Fa,Fa,)? —8(F2,F%,)% + 2(F5 F5,)?
+2F3 F2,F8 F2,]. (A2)

The first term in (A2) is recognized as Lggc (p,2), and if the
dimensionality of the residual system is four, i.e., if p =0, it
becomes a pure divergence. The second term is a (cosmolo-
gical) constant. The fifth and sixth terms give rise to the YM
system, while the seventh term would lead to a conformally
noninvariant YM field system.

The most interesting for us are the eighth and ninth
terms. The former is precisely the first member of the hierar-
chy of systems proposed by Saglioglu,'” namely, the one that
has a BPST instanton in six dimensions. The latter is that one
which has the same dimensions (of length) as the F(4)?
GYM system. But even for the simplest gauge group SU(2),
this term is not equal to the p = 2 GYM system.
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Our conclusion is that a KK Ansatz relates the GEC and
GYM systems only for p=q=1, namely, for the Einstein—
YM systems only.

'D. H. Tchrakian, J. Math. Phys. 21, 166 (1980).

2D. H. Tchrakian, Phys. Lett. B 150, 360 (1985).

3A. A. Belavin, A. M. Polyakov, A. S. Schwartz, and Yu. S. Tyupkin, Phys.
Lett. B 59, 85 (1975).

“D. O’Sé and D. H. Tchrakian, Lett. Math. Phys. 13, 211 (1987).

SA. Chakrabarti, T. N. Sherry, and D. H. Tchrakian, Phys. Lett. B 162, 340
(1985).

SE. Witten, Phys. Rev. Lett. 38, 121 (1977).

"P. Forgacs and N. S. Manton, Commun. Math. Phys. 72, 15 (1980).

A.S. Schwarz and Yu. S. Tyupkin, Nucl. Phys. 187, 321 (1981).

°D. 0’Sé, T. N. Sherry, and D. H. Tchrakian, J. Math. Phys. 27, 325
(1986); Zh. Q. Ma, G. M. O’Brien, and D. H. Tchrakian, Phys. Rev. D 33,
1177 (1986).

oD, H. Tchrakian, Phys. Lett. B 155, 255 (1985).

"'G. M. O’Brien and D. H. Tchrakian, Nuovo Cimento A 97, 673 (1987).

12B. Grossman, T. W. Kephart, and J. D. Stasheff, Commun. Math. Phys.
96, 431 (1984); 100, 311 (1985).

13Y. Brihaye, C. Devchand, and J. Nuyts, Phys. Rev. D 32, 990 (1985).

'F. A. Bais and P. Batenburg, Nucl. Phys. B 269, 363 (1986).

'SW, Zakrzewski, Nucl. Phys. B 262, 120 (1985).

'$B. P. Dolan and D. H. Tchrakian, Phys. Lett. B 198, 447 (1987).

YC. Saglioglu, Nucl. Phys. B 277, 487 (1986).

K. Fujii, Lett. Math. Phys. 12, 363 (1986).

'YA. Salam and J. Strathdee, Ann. Phys. (NY) 141, 316 (1982).

20Z. Horvath, L. Palla, E. Cremmer, and J. Scherk, Nucl. Phys. B 127, 57
(1977); Z. Horvath and L. Palla, ibid. 142, 327 (1978).

2D, H. Tchrakian, Gen. Relativ. Gravit. 19, 135 (1987); Class. Quant.
Grav. 4, 1L217 (1987).

22A. Chakrabarti and D. H. Tchrakian, Phys. Lett. B 168, 187 (1986).

D, Lovelock, . Math. Phys. 12, 498 (1971).

24B. Zwiebach, Phys. Lett. B 156, 315 (1985); E. S. Fradkin and A. A.
Tseytlin, Phys. Lett. B 158, 316 (1985); Nucl. Phys. B 261, 1 (1985).

2A. A. Tseytlin, Phys. Lett. B 176, 92 (1986); Nucl. Phys. B 276, 391
(1986).

26N. Deruelle and J. Madore, Phys. Lett. A 114, 185 (1986).

27J. M. Charap and M. J. Duff, Phys. Lett. B 69, 445 (1977).

28T, Eguchi and A. J. Hanson, Ann. Phys. (NY) 120, 82 (1979).

2G. M. O’Brien and D.H. Tchrakian, Lett. Math. Phys. 11, 133 (1986).

N. 1. Hitchin (private communication).

31G. R. Jensen, J. Differential Geom. 8, 599 (1973).

G. M. O’'Brien and D. H. Tchrakian 1219



Explicit calculation of a model for diffusion in nonconstant temperature
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As a model for diffusion in a nonhomogeneous medium, Landauer [Phys. Lett. A 68, 15
(1978)] proposed a pipe filled with a Knudsen gas. The wall temperature varies along the
pipe, and the gas molecules, on colliding with the wall, assume its temperature. Here, by
explicit calculation, in the limit of small diameter, an equation is derived for the flow of the gas
through the pipe. The derivation is possible because the transverse motion of the gas particles
rapidly establishes thermal equilibrium. It can therefore be eliminated using the method of
eliminating fast variables. The surviving equation for the slow longitudinal flow has the form

of a diffusion equation with nonconstant coefficients.

I. INTRODUCTION

The diffusion of a particle in a homogeneous medium at
constant temperature, in the presence of an external poten-
tial ¥ (r), is described by

%=V'[(,uVV)P +DVP]. 3
P is the probability density of the particle; the probability
flux is minus the quantity in brackets. The mobility 2 and
diffusion constant D are properties of the medium and its
temperature. Throughout we only consider classical parti-
cles whose equilibrium distribution is exp[ — V' /kT]. In or-
der that this be a solution of (1), one must have

D = ukT. (2)

Now suppose that the medium is not homogeneous and
the temperature is #ot constant in space, so that g (r) and
D(r) are functions of r. The question of the proper general-
ization of (1) has been the subject of some debate.!® It is
clear that (1) as it stands cannot be valid for nonhomogen-
eous T; for, if V=0, the stationary solution of (1) is
P = const, which is at variance with the known phenomenon
of thermal diffusion. For this reason some authors proposed

,P=V-[(uVV)P 4+ VDP]. 3)
Note that this may also be written
a,P=V-[(uVV + VD)P + DVP], (4)

which shows that the difference with (1) consists of an addi-
tion to the drift term. ’

In order to investigate this question, a number of special
models have been studied.'*° The purpose of the present
article is to work out a model proposed by Landauer. It
consists of a particle, or a Knudsen gas, in a thin pipe of
constant cross section but whose wall temperature varies
along the pipe. On colliding with the wall, the particles as-
sume the local temperature. This is a well-defined model
system and the question is how the particle density in the
pipe evolves with time. For a constant but infinitely small
pipe diameter the model is one dimensional, and only the
temperature is not homogeneous. It turns out that the den-
sity P(x,t) obeys the diffusion equation

IP(x,t) d dv ad

orxtl) _ o EPxt) + —DX)PX)|. (5
£ Ew H(x) x (x,t) + Ew (x)P(x) (3
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This equation has the form of (3). However, 4 and D,
apart from being related by (2), have explicit values. In par-
ticular, u « T~ "2 and D« T''/2. The stationary solution of
(5) 1is therefore

Pi(x) =CO—HStexp[ — J"‘ Vl(xll) dx’] . (6)
JT(x) o kKT(x")

6,7,11,12

The exponential has some interesting consequences.
The prefactor 7 ~!/2 can be explained by the fact that in the
high temperature regions the particle moves faster, the mean
velocity being proportional to 7''/2. A further discussion of
this and other results will appear elsewhere.'* Here the em-
phasis is on the mathematical formulation of the problem
and its solution by means of singular perturbation theory.

Il. SPECIFICATION OF THE MODEL

Our system consists of a straight pipe of circular cross
section with inner diameter 2¢. The axis serves as x axis and
the wall is maintained at a temperature 7(x). The pipe is
filled with a Knudsen gas of particles with coordinates
(x,y,2), velocity components (u,v,w), and unit mass. They
are subject to an external force with potential ¥ (x), so that
their distribution in phase space obeys

A xy.zuvw;t)
at

= —u

dx dy oz

This equation holds for y* + zZ < €. As a boundary condi-
tion we assume that a particle, on hitting the inner wall of the
pipe, is instantaneously reemitted with a random velocity,
whose probability distribution is (the outgoing half of) the
Mazxwellian corresponding to the local 7(x). Clearly, this
has the effect that, in the limit € -0, the gas itself has the
temperature 7(x). In the next order of € there will be a
deviation from this thermal equilibrium, which makes it pos-
sible for particles to drift along the pipe. Our aim is to derive
an equation for this drift.

Itis convenient to start by formulating the above bound-
ary condition for the case of a half-space z> 0, with a flat
wall at z=0. At the wall, the velocity distribution of the
emerging particles, w> 0, is

S(xp.0uv,w>0) = Aexp[ — 3 B(u? +v* + w?)],

if——va—f—waf+V'(x)g. (N
u
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where B(x) = 1/kT(x). The factor 4 is determined by the
requirement that the emerging flux must be equal to the inci-
dent flux:

J w' dw' f du’ dv' fixy,0;u' 0w >0)
0 — o

0 o
= f lw'|dw'’ f du' dv' fixp,0;u' v, w' <0).
Hence the boundary condition reads explicitly

S(xp,0;u,0,w>0)
= (B%/2m)exp[ — } B(4* + v* + w?)]

0 ©
XJ |w’|dw'f du' dv’

Xfxp,05u' V', w <0). (8)

It expresses the fat positive values of the normal velocity in
terms of f at negative values of the normal velocity. Of
course, it conserves the total probability: using (7) and par-
tial integration, one has (still for the flat geometry)

‘—‘:; f dz f dx dy f du dv dw f(x,p,z;uv,w;t)
0 — % — o
= f dxdy J dudv U‘ w dw f{x,y,0;u,0,w > 0;t)
e - o

0
—f ledwf(x,y,O;u,v,w<0;t)],

which vanishes on account of (8).
Next we adapt our equations to the geometry of the pipe

by introducing the cylindrical coordinates
y=rcosd, z=rsind,

and the velocity components in the directions » and 4,
p=vcosd +wsind, rg= —vsind + wcosd

The new probability density is

F(x,r0u.p,g;t) = rf(xyzupwi). (9
It obeys the transformed equation
dF dF dF dF JF
——— = — Y — — p — — q —_ 7 —
ot ox or ad ap
4229 r v 9E. (10)
r dq du

This holds for 0<r < €; the boundary condition is
F(x,e,0;u,p<0,q)
= (eB*/2m) exp[ — { B(v* + p* + €¢°)]

Xf du'dq'f pdp Fx,edu'p' >04). (11)
— oo 0

Moreover, at r = 0, one has F = 0 according to (9), or more
precisely,

fF£<w.
(] r

The small parameter € does not appear in the equation
but in the geometry of the boundary. We therefore rescale:

(12)

r=¢€p, g=¢€"'x.

As our problem is obviously symmetrical about the axis of
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the pipe, we save writing by omitting the variable ¢, Then
(10) takes the form

M=[Lgo+gl]ﬂ (13)
at €
with two linear operators
a a p 4
Lo= —p— —pi® — +25 —,
° P dp p dp + p ax
d a
L= —u—-—+V'ix)—
1 u— + V'(x) 3

This holds for 0<p < 1; the boundary condition (11) be-
comes

F(x,l;u,p<0,x)
= (B%/2m) exp[ — } B(¥* + p* + K]

XJ. du'dx’f pdp F(x,l,u'p'>0k"), (14)
- 0 .

and does not involve €. The linear space of functions F obey-
ing (14) and (12) will be denoted by F.

Equation (13) expresses the rate of change of F as the
sum of a large term and a term of order unity. The fast
change is generated by the operator € ~'.%,, which acts on
the transverse coordinate p and the transverse velocities p, «.
As a result, the transverse motion of the particles rapidly
reaches thermal equilibrium with the wall temperature,
namely, in a time of order €. The operator .Z’, constitutes a
correction, which causes a slow longitudinal drift on the
time scale of order €°. In order to obtain an equation for this
drift, we have to eliminate the rapid motion according to the
method of eliminating fast variables.'*'

{1l. CONSTRUCTION OF A PROJECTION OPERATOR

For the purpose of eliminating the fast motion, it is nec-
essary to construct a projection operator & in the space F
with the property

PLy=0, (15)
and preferably also
ZLoZ =0. (16)

We start with the latter condition (although it is not the
essential one, but it is easier to handle). It states that Z must
project F onto the right null space of .#;. The null space
consists of the functions $eF obeying

go=—pI2 _ 29 1,2 9 g (17)
dp dp p Ik
The general solution of this equation is
D (x,0;u,0,6) = p*Qx,u,0°x,(P* + px>)/2), (18)

where Q is an arbitrary function of its four arguments. Sub-
stitution in (14) yields, on setting §(p* + &%) = £,

Qx,umxé) = (B/27) exp ( — §Bu> — BE )

XJ du’ drx’ dé’ Q(xu' k€'Y
- w'2/2
It follows that  must have the form

Qx,ux,E) = w(x)exp( — § fu* — BE),
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with arbitrary function @ of x alone. Hence the right null
space of .7, consists of all functions of the form

D (x,05u,p,x) =p2w(x)exp[ — 1 B(W* + p* + p*k*) ]
If one selects successively for w(x) the members of a com-
plete orthonormal set @, (x) [for instance, w, (x) = e**/
V2], one obtains an orthogonal frame that spans the right
null space.

In order to obey (15) we determine the left null space of
£ o that is, all functions ¥(x,p;u,p,x) that have the proper-
ty that

w0 1
f dxf dpdudpdc VL, F
— o 0

vanishes for any FeF. By partial integration one obtains

avy v px Y
OF 222 _aPKOY
pap Te ap p Ok

together with the requirement that, for all FeF,

) (19)

J dx du dp dic p[¥ (x,1;u,p.) F(x,1;u,p,x)

— W(x,0;u,p,6) F(x,0;u,p,x)] =0.

The second line of this last equation vanishes if we impose on
¥ the condition that it is finite at » = 0 [see (12)].
The remaining first line may be written, using (14),

f dx du dx [f 2dp ¥Y(x,L;up>0x)F(x,1;up>0k)
— )]

BZ 1]

- —f pldp W (x,1;u,p <O.)
2m J_w

Xexp[~ }B(u* +p* +x*)]

Xf du’ dx’f p dp' F(x,l;u',p'>0x') 1.
— 0

This vanishes for any choice of F(x,1;u’',p’ > 0,«’') if we im-
pose on ¥ the boundary condition

¥ (x,L;u,p>0,)

BZ = 0
= —2; Jj_ du’ dr’ f_ lplldp'

Xexpl — 1 B(u +p? + k)W (x,L;u',p’ <0').
(20)
The functions obeying this condition constitute a dual func-
tion space F+.
The general solution of (19) is

Y (x,p5u,pK) = Qx,up’}(P° + p°k3)),

where ) is again an arbitrary function of four arguments.
Substitution in (20) shows that {2 cannot depend on any-
thing except x, so that the left null space is made up of all
functions w(x). It is again convenient to select a complete
orthonormal set w¥ (x), namely, the conjugates of the w; (x)
that spanned the right null space.

The projection operator Z can now be constructed'’
simply by setting
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Z (x,p;upk|x p;u' p k')

B 372
= (;) p* expl — 1 B(4* + p* + p**)]

xzk: @ (x)of(x')
B 372 »
-2(3)"»
Xexpl — 3 B(w* + p* + p*k*)]6(x — x').
It manifestly obeys (15) and (16). Its action on any FeFis to
integrate out the variables p,u,p,x:
P F(x,p;u,p,x)

B 372
=2(E) p” expl — 3 B(u* + p* + p**)IP(x),

where
1 o
P(x) = f dp’ f du' dp' d’ F(x',p'su',p'’)  (21)
0 — o

is the density distribution along the pipe, for which we seek
an equation.

IV. ELIMINATION OF THE FAST MOTION
On applying & to (13) one obtains
0,PF=PLVPF + PLVYIDF,
where 2 = 1 — & . This shows that & F varies on the slow
time scale, but it is not a closed equation. The general the-

ory'® does lead to a closed equation for Z Fin the form of an
(asymptotic) expansion in €:

0,PF =P L \PF—eP L DL;'DL \PF
+ & (€%).

All we have to do is to work out the operators.
It is readily seen that Z.¥ ;% = 0. The next term in
(22), after canceling out a common factor, gives

1 Y
"—P(iﬂ:—ef dpf du dp di
0 —

at
XL\LL;'2.8 PF.

The two factors 2 take away the null vectors of .#, and
thereby guarantee that .%; ' exists and is unique. In the
present context they may be omitted because we know that
QLVP = VP and Z.LVD = 7., On substitut-
ing .| one obtains

(22)

dP(x,t) =ei ©
at ox J_ «

d a3
x{—ul 4y _)z
( "ax + V) du

1
ududdeJ- dp L5
(]

)7

Xexpl — § B(u* +p* + pK ) IP(xt).  (23)

Evidently the right-hand side contains a first and a sec-
ond derivative of P(x,?) with respect to x, and has therefore
the form of a diffusion equation. First consider the term in-
volving V' (x):
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P B 372 © 1
I=— 26'(——) (—B)J ududpdxf dp
ax 21T — 0

X.Lo ' pPu exp( - -;—B( u? +p? +p2K2))]

X V' (x)P(x,t). (24)

Clearly, the expression in brackets is the mobility u, which
depends on x through the temperature S(x).
In order to evaluate the integral we have to find

G(x,p;u,p.K)
= L5 'pPuexp[ —4B(u* +p* +p**) ]. (25)
That is, we have to solve G from
G aG p 4
LG =—p— —p*— +25H—«G
0 P dp p dp + P HKK
=pluexp[ —} B +p* +p*)] . (26)

The general solution is found to be
G =p*uexp| — § (4> +p* +p*) ]
—pp 2 P’ +p2'f2)]
X | ——"L5—~ +Q.(x,u K, ——]1,
[ P+ K r 2
where € is again an arbitrary function. In order that G liein
F, it must obey (14), which tells us that

p2+x2)= »(x) (27)
2 u

—P
+ 0 (x,u,x,
P+

where w{x) stands for

(p<0),

2 o0 o0
o(x) = .B__J du’ dK'J p dp' G(x,L;u'.p'«'),
27 J_w 0

and may be any function of x.
The function ) of its arguments x, u, 9, £ is determined
by (27):

(4] sU,T]y = w(x) P
(x,u,m,6) ” +p2+K2
=a)(x) _ w/2§-—1]2
u 2¢ .
Hence (25) becomes
G(x,0;u,p,x)
=p*exp[ — B’ + ' +p'K%) |
— pup NP +P; —P;
X[p2 +p2K2 +m(x) u p2 +p2K2

(28)

From this we need only the part that survives after applying
2 =1— &, which amounts to omitting @ (x).
On substituting this result in (24) one obtains

1=2 4V Px),
ax

1

u(x) = —26-2é—f dpdxf pdp
T J— (V]

Xexp[ —3B(p* +p1) ]

[_ pp_ Jp’+p’?—P‘?].
p2+p2K2 p2+P2K2
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The first term in the brackets gives zero contribution, and
the second one can be evaluated by using the polar coordi-
nates p = 5 COs @, px = 5 sin @:

o oo 27
,u=ig—f pdpf exp(— iBsz)sds dy
T Jo o 2 o0

—
xJl=p'sin’g 8 [B (29)
s 3 27
Thus we have found
1=-8€_ 9 gizpiypixs. (30)

—3‘/'2; ox

V. THE DIFFUSION EQUATION

Having computed the term of (23) that involves V' (x),
we now turn to the remaining one. It may be written as the
sum of two contributions, viz.,

) 1
II=——26—‘7—J ududpdxf dp L5}
ax — oo 0

Xp*uexp[ — §B(4* + p* + p®) |
a (B )3/2
X——]| P
ox \2n
Il = --261-[‘oo ududpdlcf1 dp L5
ax — o0 (1] 0
X [ipzu exp( - Lpw + p? +p2K2))]
ax 2

(2

The integral in II is the same as in (24), so that without
further calculation we find

J - d
II=— siz =~ _pg3p
ax d ox p

8¢ 9 ,_, 4

T 3am ok ox
To evaluate III we need to solve H from

B32P. (31)

jﬁ:-aax—pzu exp[ - ;,B(u2 +p2+p2K2)] . (32)

A special solution can be obtained directly by applying d /dx
to the special solution (28) of (26):

-
H =lp2 pp +p* + 9K — o'k’

2 P’ +p
Xd—ﬁ u(u? + p* + p?)
dx

xexp[ — 3 B(u* +p* +px) ] .

It obeys the boundary condition (14) and also ZH = 0.
Hence this is the solution of (32) we need, so that

372

a o« 1 B
Il = —2¢— ududpdc | dpH|—]| P
ox J_« o 27
= — P 4,
eax[zﬂ ol U I
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P+
xexp[ — 1B(p* + p*k")]P

__%9 [B a8,
3 ox T dx

NP+ P = p' _21[1+p2+p"f2]
B LB? B

_ _ 16 9 5 _3n ﬁp_ (33)
327 Ox dx

Collecting the results (30), (31), and (33), one has fin-
ally

P _ 8 9
ot  3/2y Ox
1 ,_ 3, dB _1/2 OP
X 1/2ViP_ = 3/2_P 1/2 O
[B 2 g dx +h ox

_ 8 i[T-I/ZV'P+ikT1’2P]. (34)
327 Ox x
This result may also be written in the form
oP 6[ , J ]
— =— |uV'P + —ukTP}|. (35)
el A v

Thus we have derived (5) together with (2).

The fact that P does indeed obey a diffusion equation is
by no means self-evident. Not only is it confined to the first
order of ¢, but also it ceases to be true if one takes, instead of
the three-dimensional pipe, a two-dimensional strip. The
physical reason is that in two dimensions there are too many
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particles moving almost parallel with the walls; they trans-
port mass over a large distance between two randomizing
collisions with the wall. Mathematically this shows up as a
divergence of the integrals at small transverse velocities.
Specifically, in (29) the factor s in the numerator is absent.
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For a relativistic irreducible quantum field theory (QFT) in which the bosons and fermions
fulfill the canonical commutation relation (CCR) and the canonical anticommutation relation
(CAR), respectively, it is shown that in # > 3 space dimensions Bose and Fermi fields fulfill
free field equations. Furthermore, interactions that might be compatible with CCR and CAR
in lower space dimensions are characterized. The possible candidates are interactions of type
(Y9 + Pu(¢) inn =3, 0,($¥") Py(8) + Pe(¢) inn =2, and Qu (YY" F() inn =1

space dimensions, where Q,, and P,, are polynomials of degree up to m.

I. INTRODUCTION

Powers' has shown that a relativistic irreducible Fermi
field fulfilling the canonical anticommutation relation
(CAR) is a free field in n> 1 space dimensions. We have
supplemented his result by showing that for n = 1 the inter-
action can be at most of quartic type.2 Based on estimates
given by Herbst® we have demonstrated in Ref. 4 that a rela-
tivistic irreducible scalar Bose field fulfilling the canonical
commutation relation (CCR) is necessarily a free field in
n> 3 space dimensions. In lower space dimensions we got
restrictions on the type of interaction that looks formally like
a P,(¢) interaction for n = 3 [resp. a Ps(¢) interaction for
n = 2 space dimensions].

In this paper we consider a canonical Wightman field
theory describing a scalar Bose field and Fermi fields. We
show that in n> 3 space dimensions bosons and fermions
fulfill free field equations. In lower space dimensions we get
restrictions that look formally like an interaction of type
Q,($, Y1) d + Py(¢) for n =3, Q,($,¥" ) P,(¢) + Pe() for
n =2, and Q,(¢,¥") F(#) for n = 1 space dimensions. Here
Q,. and P, denote polynomials of degree up to m. In the
language of standard perturbation theory this result can be
stated as follows: All nonrenormalizable interactions can
never fulfill CCR [resp. CAR].

On the other hand constructive quantum field theory
has dealt successfully with all super-renormalizable models,
.8 P(P):1 1, WP 1, By, and Yy, .

For the remaining class of renormalizable interactions
li_l(e» eg, (Y. ¥)(¥r) ., Wi e OF
YPd:s 1, we cannot exclude the possibility of canonical
commutation relations but at least we get bounds for the
coupling constants if we keep track of all the constants ap-
pearing in our estimates.

The main trick for proving the above result is to decou-
ple the estimates for mixed commutators in such a way that
we can use the estimates for the pure CAR and the pure CCR
cases. This will be done in Sec. III of this paper. Based on
these estimates we shall state and prove our main result in
Sec. IV. In Sec. II we formulate our assumptions.

Il. ASSUMPTIONS
A. Relativistic quantum fieid theory

Throughout this paper we make the usual assumptions
for a Wightman field theory in # + 1 space-time dimensions
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supplemented by the requirement that sharp time fields ex-
ist.

The ¢, (t,x), k = 1,...,m, together with their adjoints
¥} (¢,x) describe an m-component Fermi field and ¢(z,x)
describes a neutral, scalar Bose field. Here H denotes the
Hamiltonian (generator of time translations). Because the
estimates for the CCR case are based on Araki’s formula
(see Ref. 3)

(e“’“’f’Q,He""’"‘g’Q) — %(f;g)(ei¢("f)Q,ei¢("g)Q)

we make the following assumption.
Consider the subspace 575 C ¥ generated by the linear
span of the vectors

{Q8(F)Q,...¢(F)¢(F)Q,...|F,e (R"* "), keN}.
We assume that the linear span of the vectors

{0,600, £/)Q,...4(0, f)
X -$(0,£)D,...| fieF (R"), keN}

is a dense set in 7, and determines the Hamiltonian H
restricted to 7”5 uniquely.

With 7(¢,x) we denote the canonical momentum asso-
ciated with ¢(¢,x). For convenience let us agree to the fol-
lowing convention: If we write down a field operator without
an explicit time argument, we mean always the field operator
at time zero, ie, &(f)=¢(0,f), L (R,
7 (f)=w(0,f) and so on.

B. Commutation relations

The Fermi fields ¢, (¢, ) and ¢, (¢, £), £ (R"), are
bounded operators and fulfill the canonical anticommuta-
tion relations (CAR):

{¢k (t,f)’¢[(t’g)} = 0 = {'pk (t,f)tllll(t,g)*}:
W N g} = 5k1f (f2) (x)d "x.
R"

2.1)

2.2)

To control the unboundedness of the Bose fields ¢(z, /)
and 7 (¢, ), e (R"), we adopt Frohlich’s formulation of
CCR (see Ref. 5).

Definition 2.1: We say an operator C fulfills a form
bound relative to H + 1 if its real part Re C=(C+ C")
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and its imaginary part Im C = (1/2i)(C — C") fulfill on
the domain Q(H) the form bounds
+ReC<y, . (H+1) and +ImC<y_(H+1),
2.3)

where ¥, and y_ are positive real numbers depending on C.
Now we can formulate canonical commutation rela-
tions (CCR) as follows.
For all fand ge.¥ (R") the operators ¢ (¢, £ ) and 7(2,8)
fulfill form bounds relative to H + 1 and have furthermore

[6(1,/),0(8)1 =0=[7(s,f),7(t.8)], (2.4)

BNl =i [ (e,

weakly on D(H) X D(H).
In addition to CAR and CCR we assume for the mixed
commutators
[ ) (6h)] =0=[¢(5, /)4 ()]

and

2.5)

(2.6)

[7(t.8), ¥ (1) ] =0 = [7(£,8),9, (£h)T]
for all f,g,hc. (R") and k = 1,...,m.
C. Irreducibility

2.7)

Normally irreducibility is formulated as follows: A
bounded operator B that commutes with ¢#*/ and ¢™*®
for all f,ge.# ., (R") and also with ¥(0,k) and ¥(0,k)" for
all 2. (R") is a C number, i.e., B = (Q,BQ).

This formulation is not very practical for our purposes
and therefore we shall use Frohlich’s commutator theorem®
to cast irreducibility in the following sufficient form.

Proposition 2.2: Assume the operator C fulfills (a) a
form bound relative to H + 1; (b) C and C' commute with
the time zero fields, i.e.,

[Cr(g)]=0=[Clm(g)],
[Cllp(h)f] =0= [CT,¢(h)T]’
then Cis a C number, i.e., C = (Q,CQ).
Proof: This is just an application of Fréhlich’s commuta-
tor theorem (see Ref. 5) combined with “usual” irreducibil-
ity as formulated above.
Remark 2.3: If C contains an odd number of Fermi

fields and therefore anticommutes with ¢ then C =0 (see
Ref. 1).

(2.8)

D. Existence of v and ¥

We assume that for g,he.” (R") the operators 7(2,8),
W(t,h), and (2,h)* exist and fulfill form bounds relative to
H+ 1.

Remark 2.3: We think that with a little bit more effort
one could weaken this assumption considerably. Powers,’
for example, assumed only that P, #Q  and
P(th)#(t,h ") #Q exist for all Ah’e” (R") [¢(t,h)¥ de-
notes either ¥(¢,h) or ¥(2,h)"]. We think that similar as-
sumptions are sufficient in the case of Bose fields, too. But
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such weaker assumptions would complicate many proofs
considerably.
E. Technical assumptions

Because our proof relies heavily on irreducibility we
need form bounds relative to H + 1 for certain multiple
commutators like, e.g.,

[7(81),7(8o) L,Im(8,) [7(81),7(80) 1) .

Therefore whenever we use irreducibility we assume implic-
itly the corresponding form bound relative to H + 1.

lll. ESTIMATES FOR MIXED COMMUTATORS

One of the central points in Powers’ work' on CAR was
to show that in 7 > 1 space dimensions

(¥, () *{, (R *,4,, (ho) *}] =0, (3.1
for all A, (R") and k,e{l,..,m}. For n=1 we have
shown in Ref. 2 that
[0 h* (9, () * [, (B * {0, (B * (k) *}11]
0, (3.2)
for all h,e.# (R) and k;&{1,...,m}.

For the case of CCR (see Ref. 4) we got the result that

[7T(gN) [7T(g~_ 1) [--- [ﬁ(gl),ﬁ(go) ]1:--1=0, (3.3)

for all g, (R") if the number n of space dimensions is
larger than (N 4 3)/(N — 1), where N is the number of
commutators involved in (3.3). From the commutation re-
lation (2.5) we derive immediately

[#(81),7(g,)1=0, for all g,g,e” (R, (3.4)
and by iterative use of the Jacobi identity we get
(¢ [7(gn-1) - [7(g)),7(go) ] --1=0  (3.5)

for all g,;e.# (R") as has been shown in Ref. 4.

In the case of a canonical field theory where we have
simultaneously fermions and bosons all these estimates re-
main true. Therefore the only new estimates we need are
those for mixed commutators involving Fermi and Bose
fields.

If we differentiate the mixed commutators (2.6) and
(2.7) with respect to the time ¢ we get the algebraic relations

[$C/) i (B)¥*] =0 (3.6)
and

[7(®). % () *] = [ (W) *,7()],
for all £,g,hc.” (R") on suitable dense domains.

A first step towards a standard form for mixed commu-
tators is given in the following lemma.

Lemma 3.1: Let ® represent ¢( f) or w(g) and ¥ repre-
sent ¢, (h) or ¢, (h)T; then

[¥[®,B]]=[®[¥,B]]
and
{¥[®,B]} = [®{¥,B}]. 3.9
Proof: From the commutators (2.6) and (2.7) it follows
[(¥[®,B]] = VOB — VBD — OBV + BOY
= PVB — VYBD — OBY 4 BYOD
= [®[¥,B]],

3.7

(3.8)
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and similarily
{¥[®,B]} = Y®&B — VBD + OBY — BOY
= ®YB — VB + OBY — BYD
= [®{¥,B}].

Therefore any multiple commutator under considera-
tion containing M Bose operators ® and L Fermi operators
V¥ can always be written in one of the two equivalent stan-
dard forms:

"'{\P[‘P[(D[CI)" . [q;.,q)].. } e

(3.10)
LY’s M®’s
or equivalently
[q)[d)...[q)’“'[‘l’{\l’,‘l’}]'”] . (3.11)
Md’s L¥’s

[ This follows from Lemma 3.1 and relation (3.7).]

As an immediate consequence from the above standard
form we get the following.

(i) Any commutator containing a time zero field ¢( /)
vanishes. [ This follows from (3.4)—(3.6).]

(ii) Ay commutator containing more than two Fermi
fields vanishes in n> 1 space dimensions. In one space di-
mension any commutator containing more than four Fermi
fields vanishes. [ This follows from (3.1) and (3.2).]

Therefore it is sufficient to consider the following two
types of mixed commutators:

(a) [¢k(gN)#[7T(gN— O [7(g)r(ga)] ]
(3.12)

and

(b) [77'(8N) [ T [W(gz){'ﬁk (gl)#"l’l(go)}] e ]
(3.13)

In the following we shall show that the estimates already
obtained in the pure CAR [resp. CCR] cases are sufficient
to estimate the above mixed commutators.

Let us briefly outline on what ideas the following proofs
are based.

We shall show that the mixed commutators (3.12) and
(3.13) applied on the vacuum state €} vanish for sufficiently
large N. It turns out that N will never exceed 6!

In a first step we approximate the time zero operators
w(g), 7(g), and Y(g)* by ( — 1)$(fg), #(f*g), and
(— DY(f.8)*, respectively, where f€Z (R) is a & se-
quence as € goes to zero. The corresponding vectors con-
verge strongly in 7.

In a second step we use a smooth partition E { of the
unity to chop the test functions g, into small pieces E §g,,
each of which occupies a volume of about (3¢€)". Due to lo-
cality a lot of terms do not contribute.

The estimates given by Herbst® for the Bose fields are
based on V¢ bounds. Therefore we replace ¢( fSEg) by
A SE g — (E &) e, ) Where the subscript aee, means
translation by aee,. With a suitably chosen these additional
terms do not affect the commutators because of locality. But
now we can write

HIE8— (EiQue) as ¢(f0.HE)
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and it is obvious that the L, norms of 3, H§ and H§ are
bounded as follows:

19:H ¢ ||,<C-max|g|e™*
and

1 £ ]l,<C-max|gle”>* .

Because the strong limit of

V=3 [V(O0.ES gn) [#(fES, 8By_1)

X[ fOES8)] 1R

exists it is sufficient to estimate the matrix element
(P(¢,%¥)0,¥), where we choose the set of operators P(¢4,¥)
in such a way that P(4,%){) forms a dense set in # and
furthermore P(¢,¥) commutes with all the operators on the
rhs of W*. By this method we are able to decouple the esti-
mates for Bose and Fermi fields!

The Fermi fields are bounded operators, i.e., || (k) *||
<|}# ||, and because of this fact each #(0,E ; g,) contributes
afactor ~€™?, and by the same reasoning ¥( f<E%g,) con-
tributes a factor ~¢e™?~'. The Bose fields are always un-
bounded operators, but from the estimates given by Herbst®
we can conclude that within a Wightman functi(_)_n of finite
order each ¢(0,0,H, ), ¢(f3,H},), and ¢( f5 3, H},)
contributes a factor ~e"* /2, "= D72 and ~el" 32,
respectively. The above exponents of € are optimal because
even the two-point functions ||#(0,E5g)Q|~e"* P72,
|m(0,E5g) Q|| ~€~ V7% and ||7(0,E £g) Q|| ~€"~ "% do
not behave better. This demonstrates how powerful Herbst’s
estimates are!

Let us start with multiple commutators containing only
one Fermi field.

Lemma 3.2: For g,,....gneZ (R") we have

['ﬁl(gN)#[ﬂ'(gN— O [7(81),7(80) ] 102=0,
(3.14)

inn> (N+2)/(N — 1) space dimensions.
Proof: (a) As in the case of CCR we approximate

[77'(8N— O [7(g),7(ge) ] -]
by
(= DY [P 3 18n-1)
X[ [80f5.80).8(f5.80] "]
with (i) i€ ([ — fpty])s (ii) § fi (£)dt =1, and for €> 0
we define 5 (t) = (1/€)f, (¢ /€). Because we work within

the Wightman framework it is clear from our assumptions
that

fim |~ D[4 @0 *[$( - 18n-1)

X[r¢(f(€)sgo)]]n

- ['/’I(gzv)#[_”(gzv— D 7(ge) ]+ 1€2| = 0.
(3.15)

Therefore it is sufficient to show that for all Ye&

lim (¥, [¢: () *[+,$(f5.80)] - 1) =0, (3.16)

Klaus Baumann 1227



where & C 7 is a dense set of vectors in the Hilbert space
.

(b) Assume that supp g,....supp gy SOCR”", 0 com-
pact.Take OCR" *1a compact, nonempty set with 0 space-
liketo[ — 1,11 XOCR"* . Let P, (¢,%,%") be a monomial
of degree L>0 in the field operators smeared with test func-
tions supported in 0. By the Reeh—Schheder theorem the
linear span of { P, (¢,¥,¢")Q|P.e? (O)} isadensesetin ¥
and therefore we put

= (P, ($, 4" Q|P.e? (0), L>0).

And because Wightman functions containing an odd num-
ber of Fermi fields vanish, we can assume for the following
that P, (¢,¥,¥") contains an odd number of Fermi fields.
(c) Let E§, keZ", be a smooth partition of the unity as
defined in Appendix A of Ref. 4. By linearity we have

(P {9 (gn)* [ $( 58] 1)
Z (PLQ’[¢I(EZN3N)

3.17)

X[ f5ES8)] 10 (3.18)

and from locality we get the restrictions

|(k; — ko);|<j, for i=12,.,n and j= 1,2,...,N.
(3.19)

This sum has at most [(2N + DU(L 4 2)/€]" terms if
supp g, is contained in [ —L/2,L/2]x---X[—L/2,
L/2].

(d) The decoupling of Fermi and Bose fields is based on
the following proposition.

Proposition 3.3: Let A denote

[¢(f7v_1’Ei~,|gN— D) [ .. ',¢(f§,E;0g0) ] . .];
then
[(PLO, [ (E%, 8n)04 Q)

<9 (E5 g0 PO |4 Q) + |PLQI|- [40])}.

(3.20)
Proof:
(P[4 (E5,8)*A)|
= |(PLQ’¢I(E2NgN)#A‘Q') - (PLQ»Al[’l(EiNgN)#Q)l
<|(PLQ’¢1(E2N8N)#AQ”
+ (A9 (B, gx) *PLO) ;
(P [7(ES, 8:){¢ (E58)* 9 (f5.E58)*1]Q)

<|(m(E 80 (EL 8)* 4 (F6.E508) *IPLO)| + |(PLO{Y (EL 8) ¥ (6,
<2 (Ex e *|: |I¢1(Ekogo)#llf | fe (0 |de-{|\PLO||" |m(E: 8)1Q + |PLO |7 (ES,8)0}

Now

flfé(t)ldt—

(] a=tf o

because by construction [Pl.4]=0={P],
¥, (E gn)*}. Proposition 3.3 follows from the Cauchy-
Schwarz inequality and the fact that ,(E} NgN)# is a
bounded operator.

(e) For the final estimate we use

14 (E,.8x)¥||<max|gy|-€? (3.21)

and from our previous work on CCR (see Proposition 2.3 of
Ref. 4) we know that

”[¢(f"7v_1,EzN”gN_l)[...,¢('f'5’ 2,80)]"']9”

SCSn_ 1y JOBN_ 190:s80) €D N =N =D, (3.22)
These bounds imply
|(PLQ,[¢1(8N)#[¢(f1€v_ugN—1 ) "¢(j3,go)] 19
<{(2N + DU(L +2)/€]}" max|gy €™
x{||P 2| + IPLO|}
CUL N 1res JOEN_ 15eB0) VDN —N=D " (323)

With respect to € this behaves like el ¢¥ — 1/21ir — (N+2)/N— 1)
As € goes to zero Lemma 3.2 follows.

Next we consider [ 7(g,) {0, (81) *,¥,(g,) #}] which s
the simplest case of the multiple commutator containing two
Fermi fields. One motivation for dealing first with this spe-
cial case is that the estimates for the general case containing
several are more involved and this might confuse the reader.
Also it is sufficient to estimate the above double commutator
for showing that in more than three space dimensions ¢(7,x)
and ¥(t,x) obey free field equations!

Lemma 3.4: For n> 3 and g,,8,,8,€Z (R") we have

[7(g2) {0 (80) %01 (86) ¥} ] Q=0 (3.24)

Proof: (a) The first steps are the same as in the proof of
Lemma 3.2, except that we can now assume that P, XA
e (0) contains an even number of Fermi fields. Therefore
we have

(PLQ,[7(8:) (¥ (8)* 41 (80) ¥} ] Q)

= X
Ko,k ke Z™
X (E5 8% (f5.E5.8)%1]Q), (3.25)
with | (k, — kp),|<1 and |(k, — kp);|<2 for i = 1,...,n.
(b) Each term on the rhs of (3.25) can be estimated as
follows:

(PO, [7(EL8,)

i‘,go)#}‘ﬂ'(E i?gz)a)l
(3.26)

(3.27)

and from the Killen-Lehmann representation for the two-point function we get
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Klaus Baumann 1228



lrEigal = [ oo [ ap YA (B30 )P

o0 172 172
L[ ampimty U dp(m2+p2)|(Ei8)(P)I2] [L dpl(Eig)(p)P]
o R” "

1 “ € € €
- f dm? p(m®) [m?|E 8|2 + |IVE £el2 121 E el
0

1 < € € €
<5 [ dm® pmy (I E sl + IVE el Bl
0

<(max|g| + max|Vg||)(C-€" "' + D-€").

Therefore the rhs of (3.26) is proportional to €*/*" ~ 32 and
because there are (3-5)™((L + 2)/€)" terms we get finally

(P, [ () (¥ (81) %81 ( f§.80)} ]| Q)] ~ VD=,
(3.29)

As € goes to zero Lemma 3.4 follows. As a curiosity let us
remark that for Lemma 3.4 we did not use the estimates
given by Herbst® because the bound (3.28) could be deduced
from the Killen-Lehmann representation.
Finally let us briefly describe how to handle the general
case of an N-fold commutator containing two Fermi fields.
Lemma 3.5: For g,,....gv€Z (R") we have

[17'(g1v) [ tee [77'(32){¢k (g.)#,tl,(go)}] tee ]QEO,
(3.30)

for n> (N + 1)/(N — 1) space dimensions.

Proof: (a) Lemma 3.4 covers thecase N=2 (£ n>3
space dimensions). The other N’s of interest are N =3
( £ n> 2 space dimensions) and N = 4 ( £ n> 1 space di-
mension). For simplicity let us take ¥ = 3. The first steps
are the same as in the proof of Lemma 3.2. We have to esti-
mate

(PLQ:[¢(f§»ga) [¢(f§’gz){'/’k (81)#’!&1(]5’80)}] 1)
z (PL01[¢(f§’ i,g:;)

If

X[ (fHEL8)1] 1), (3.31)
with the restrictions |(k; — ko)< Jj, i=1,...,n, j=1,2,3,
implied by locality.

(b) If wereplace E g; by E{ g — (E§ &) gee,s where
the subscript gee, means translation by ge in the x, direction
forj = 2,3 (for the Bose fields only!), we do not affect the rhs
of (3.31) because of locality! Obviously we can write

Ei,. gj - (Eij gj)( + )gee, = alH_ij’ for ] = 2:39

where Hj, are elements of Z (R"). This strange looking
procedure is necessary because the estimates for the Bose
fields given by Herbst® are based on V¢ bounds. Instead of
(3.31) we get

(PLOL[#(f5.85) [#( 5.8 {0 (@) *( F5:80) ¥3]1Q)
= 3 ) (PL01[¢(]§981H§J¢,)[¢(f;’alH;,k,)

x{¢ (Ei.gl)#"ﬁl(fgy i‘,go)}] 19)
with | (k; — ko);|< jfori=1,.,nandj=1,2,3.

(3.32)
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(3.28)

(c) Now we decouple Bose and Fermi operators similar
to Proposition 3.3 as follows [we use ¢(3), #(2), ¥(1), and
¥(0) as a shorthand notation for #(f5,0,H35x ).
i (f6.E580)%]:

<IHe (1,30 Hi(ll4(2) 18 (31 - | PLO||

+ 1P Q] 40l + P22 (30
+ l1#2)8(3)Q||-[|PL Q). (3.33)
Furthermore for the second and third term we have
[PL4(3)'Q = |(Q.(3)PLP.F(3)1Q)|'
= |(P} P, Q,4(3)4(3)'Q)|'/? (3.34)
for P, and P} commute with ¢(3) by construction, and
from the Cauchy-Schwarz inequality get

<|IPLP.Q|"|¢(3)d(3) Q| /% (3.35)
From (3.33) together with (3.35) we see that for the Bose
field operators we have to estimate configurations of the type

I8CF5.0:H 5, )8( f5.0,H5,, )0 (3.36)
as € goes to zero. (For N = 4 we need estimates for the six-
point functions too!) Therefore we can use the estimates giv-
en by Herbst (see Refs. 3 and 4) for the pure CCR case.
From these estimates we know that (3.36) behaves like
~¢€"~ 1, Therefore we have
(P [B(S5:85) [+ #(f5.80)}] Q) ~€"~2  (337)

As € goes to zero Lemma 3.5 for the special case N = 3 fol-
lows.

IV. ON THE TRIVIALITY OF $ AND v

Now we use the results from the previous section to
show that in 7 > 3 space dimensions ¢ and ¥ obey free field
equations and how the type of interaction is restricted in
lower space dimensions.

Lemma4.1:Forn> 3 and €2 (R"), ge. (R") we have

[7@).4: (f)*] =0=[th (@*7( )] (4.1)

Proof: From the Reeh-Schlieder theorem we know that
Lemmas 3.2 and 3.5 imply
[¢e @) #[m(gn_ 1) - s7(go) ] -1 =0,
forn>(N+2)/(N-1) (42)

and
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[7(gn)[ [ﬂ(gz){ﬂllk (@) *.:(g) ¥} 1=0,
forn>(N+1)/(N—1). (4.3)
Using the algebraic identities of Sec. III we have for n> 3

[#(h) [7(hy) [7() 8 (f)*]]] =0, (4.4a)
[7(h) [7(h) [7(@). ¥ (f)*¥]]] =0, (4.4b)
W (h)*[7(h) [7(@) ¥ (/)¥]]} =0. (4.4¢)

These relations remain true even if g,h,,h,€.” (R") because
as long as f has compact support locality acts as an effective
cutoff ! In our technical assumptions (5) we have assumed a
form bound for [7(h,) [7(g),¥, ( f)*]] and from irredu-
cibility we get

[7(h) [T, (F)¥]]
= (Q,[7(h) [T(&): 4 (S)*]19)=0

because the vacuum expectation value contains only one fer-
mion. Therefore we have for n> 3

(4.5)

[¢() [7(8). ¥ (f)*]] =0, (4.62)
[7(h) [7(@). 8 ()H)¥]] =0, (4.6b)
{v, (W * 7@ (f)*]}=0. (4.6¢)
Again we conclude from irreducibility that
(7). (f)*]
= (Q,[7(&), ¥ (/H¥]Q) =0. (4.7)

The relation [, (8)¥*,7(f)] = 0 follows from (3.7).

Now we can state our main result in the following
theorem.

Theorem 4.2: In n>3 space dimensions ¢(f,x) and
¥(t,x) fulfill free field equations as given in the previous
papers.”*

Proof’ (a) From the pure Bose case,* from (3.5), and
from Lemma 3.2 we know that for n> 3,

[¢(B) [7(g),7(f)]]1=0, (4.8a)

[w(h) [7(8),7(f)]]1=0, (4.8b)

[4 (W *(m(@), 7 (f)]] =0. (4.8¢)
From irreducibility we conclude that

[7(8)7 ()] = (Q,[7(8),7( f) Q) (4.9)

But as shown in Ref. 4 from the Killen-Lehmann represen-
tation, CCR, and Eq. (4.9) we get

[7(),7(f) — #(Af) + M?¢(f)] =0 (4.10)
with

M2=r dm? p(m*)m? < w. (4.11)

0

Furthermore we know that

[¢(8).7(f) —$(Af) + M?¢(f)] =0 (4.10)
and from Lemma 4.1 and (2.6) we get

[v (@ *7(F) —$(Af) + M?$(f)] =0. (4.10")

Therefore we can use irreducibility again to conclude for
feD (R") that
7(f) —¢(Af) +M?$(f)=0 (4.12)
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because we can assume (Q,4(£,x))=0. By continuity
(4.12) remains true for f£.¥ (R").

(b) In a similar way we show that
W @*4,( ¥} = (Q{¥ (@) * ¢ () *1Q). (4.13)
Using our former results concerning the pure CAR case (see
Ref. 2) we get from Lemma 4.1 that ¢(¢,x) and ¢'(#,x) obey
a linear first-order partial differential equation. This proves
Theorem 4.2.

The following theorem restricts the type of interaction
that might be compatible with the assumed commutation
relations in Iess than four space dimensions.

Theorem 4.3: The following commutators are ¢
numbers.
(a) For n = 3 space dimensions,

[7(e) (i () * ¥ (80)*}]
= (O [7(@){ ¥ (g)*}1Q)
and
[7(8:)[m(g,) [7(81),7(g0) 1]]
= (Q,[7(g3)7(8,) [7(g1),7(g0) 111Q)
“Q, (¥ ¢ + P,(4) interaction.”
(b) For n = 2 space dimensions,
[7(85) [m() (i (&) * 91 (80) ¥} ]
= (Q[7() [ ¥ (8) ¥} 1)
and
[m(gs) [ [7(81):7(go) 1" -1
= (Q,[7(gs) [ -7 (go) 1+ 1Q)
“Q,(,¥")P,($) + Ps(¢) interaction.”
(¢) For n = 1 space dimension
(Y2 * (¥(8:) * [¥(82) *{¥(g) ¥,¥(8,) 11} 1=0
“Q.(,¥")F($) interaction.” (4.18)

Proof: (a) and (b) are immediate consequences from
Lemma 3.2 and Lemma 3.5 combined with irreducibility.
(c) follows already from the pure CAR case (see Ref. 2).

(4.14)

(4.15)

(4.16)

(4.17)
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For quantum field theories that do not satisfy the Wightman positivity condition, a Hilbert
space structure condition is proposed, which guarantees a Krein structure for the space of
states associated to the Wightman functions. The analogous problem for the Schwinger
function is also discussed, as well as the conditions that ensure the analytic continuation of a
Krein structure in the Euclidean case and vice versa. The Gupta—Bleuler formulation of free

quantum electrodynamics is discussed as an example.

I. INTRODUCTION

The relevance of quantum field theories satisfying the
Wightman axioms with the exception of positivity' is sup-
ported by the success of the treatment of gauge field theories
in local (renormalizable) gauges (as it is done, e.g., in the
perturbative approach) and more generally by the interest of
theories with infrared singularities preventing a regular be-
havior of the space-time translations.?

A modified version of Wightman axioms with a weak
form of the spectral condition and a Hilbert space structure
condition replacing the positivity axiom has been discussed
in Refs. 2 and 3 and extensively used in the construction of
“charged” states in quantum electrodynamics (QED) and
in the analysis of their properties,** as well as in the discus-
sion of two-dimensional quantum field theory models.®

The Euclidean formulation of local quantum field the-
ories without positivity has been discussed in Ref. 7; modi-
fied Euclidean axioms were presented allowing a recovering
of Wightman functions (from the Schwinger functions) sat-
isfying the modified Wightman axioms.

In this paper, we will discuss a stronger form of the
Hilbert space structure condition which guarantees the exis-
tence of a majorizing Hilbert space structure (associated to
the Wightman functions) with the property of being of
Krein type.2 This means that there exists a metric operator 7
such that %> = 1, and ¥, = ¥,. Briefly, we will call this
stronger form the Krein structure condition. A special
stronger version of this condition was discussed at the alge-
braic level in Ref. 8. Furthermore we will discuss the Krein
structure condition both at the level of Wightman functions
and at the level of Schwinger functions and characterize the
condition that allows the analytic continuation of one struc-
ture in the other. In this way we will also get a characteriza-
tion of the Euclidean formulation of quantum field theories
with a Krein structure. The above structures are explicitly
checked and worked out in the simple case of the Gupta—
Bleuler formulation of free QED.

Il. KREIN POSITIVITY OF WIGHTMAN AND
SCHWINGER FUNCTIONS
A. Relativistic case

We start with the set of Wightman functions { W, } sat-
isfying all Wightman axioms except that of positivity. For

» Permanent address: Institute of Theoretical Physics, University of Wro-
claw, Wroclaw, Poland.
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simplicity we discuss the case of an Hermitian scalar field
(the generalization being straightforward).

W1 (temperedness): For any n, W, is a tempered distri-
bution.

W2 (Poincaré convariance): For every (a,A)eP’, and
for any n,

W, (x...0x,) = W,(Ax, — a,....,Ax, —a) .

W4 (weak spectral condition): For any n,

W (X — XppeesXy — Xy _ 1 ) =W, (X1500X,)

has a Fourier transform W9 _ | with support in ¥"~".

WS (locality): For any n,
W (X150 Xi s X o 130Xy ) = W (XpeeisXyy 15X 55000 Xy )
whenever (x; —x,, ) <0.

For the discussion of these axioms, see Refs. 2 and 7. In
particular we refer to Ref. 7 for notational details.

We say that the Wightman functions { W, } are Krein
positive if ° they satisfy the following condition.

W3’ (Krein positivity): There exists a mapping & of some
dense subalgebra with identity % ,, of the Borchers algebra'®
4, into itself, such that'! VF,Ge 4,

(1) WHala(F)}*XG) = W(F*XG)

Ez Wn+m(f:><gm)’

(2) W(a(F)*XF)>0;
(3) W(a(F)*XG)=W(F*Xa(G));
(4) p, (F)=W (a(F)*XF)"?is continuous in
the topology of # (briefty % -continuous).”
More pedantically we should say that in this case the Wight-
man functions are Krein positive with reference to %,
Remark: By # continuity, p, can be extended from %,

to Z (the extension will be denoted by the same symbol).
Proposition 2.1: The seminorm p, is nondegenerate, i.e.,

kerp, =N p={Fe#: W(F*XG)=0,YGeA}.

Proof: We first show that p, defines a majorant topol-
ogy. By condition (2) of W3’ we have

|W(a(F)*XG)|?
<W(a(F)*XF)W(a(G)*XG), VFGe#,. (2.1)

Using W(F*X G) = W({a(a(F))}* X G) we obtain from
2.1
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|W(F*XG)|>’<W (F*Xa(F))W(a(G)*XG). (2.2)

By condition (3) of W'3, W(F*Xa(F)) = W(a(F)*xF),
so that, for F,Ge 4 ,, .

|W(F*XG)|< pa (F)p,(G). (2.3)
Since ker p, = {FeZ#: p,(F) =0}, from the extension of
(2.3) we have kerp,C.4"y,. Defining A%, = {Fed,,:
W(F*XG) =0, YGe#} we see that 4", = F,. Since
N % Ckerp, and p, is # continuous, A"y =4,
C kerp,.

The extended seminorm p, on & satisfies the character-

istic assumptions of the framework discussed in Ref. 7. Thus
all the results proved there follow. Actually, in this case we

get more, namely the Hilbert space %% = '@V, obtained
by closing & ¥ with respect to the Hilbert topology defined
by p,., is a Krein space, i.e., there is a metric operator 7 such
that, for any F,Ge4% ,

([Flwm[Glw)e = {[Flw:[Glw) = W(F*XG)
24)

and 5° = 1. (Here [F ], denotes the equivalence class of F
with respect to the Wightman kernel .#",,,.) Such Hilbert
space structure will be briefly called a Krein structure. In fact
we have the following theorem.

Theorem 2.2: The Hilbert space structure defined by p,,
is a Krein space structure.

Proof: Since A is densein B, D =B /N y is dense
in 2%=49% /4", with respect to the quotient topology of
% modulo /"y, on & ¥ we define a positive inner product

([Flw,[Glw)e=W(a(F)*XG). 2.5)
Next we define
Flp=la(F)]y, VFeZ,. (2.6)

Equation (2.6) is well defined since @ maps equivalence
classes into equivalence classes. Furthermore, 7*[F1],
= [ala(F))w = [Flw ie., 7* = 1. Moreover

(1F19.[G1w) = ([F 1[G 1w)
and

(IF1w,[Glw)=UF1wmGlw)., F.GeA,.

(2.7)

Completing 2§ with respect to the norm p, we obtain the
Hilbert space %" ¥. Since 2 is p,-dense in ¥ (by £-
continuity), we have Q¥ = G¥ = F %, 50 that the lo-
cal states & ¥ are dense in %" ¥. The operator 7 defined & )
can be extended to %% and for any ¥,de.%" " we have

(\[l,d)) = (‘l’,’fl‘b)a- (28)

Hence %% is a Krein space. Since, by (1), (3),
W(a(G)) = W(G), we have

W(la(l) — 1)*XG) = W(a(1)*XG) - W(G) =0,
ie, [a()]y =I[11y, so that the vacuum vector
Y, = [1], is p-invariant, i.e., ¥, = ¥,. (In general, how-
ever, 7 does not leave & ¥ invariant.)

Remark: A stronger property then Krein positivity is
the a positivity discussed in Ref. 8, namely when « is an
automorphism of the whole Borchers algebra 4. This latter
is the case of free QED, see Sec. IV, but not the case of
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interacting QED,* for which we believe that our more gen-
eral Krein structure is relevant.

B. Euclidean case

Let {S, } be the set of Schwinger functions obtained by
analytic continuation from the Wightman functions { W, }.
They satisfy the following axioms'? (again we restrict our-
selves to the case of a scalar Hermitian field).

OS1 (temperedness): ¥, S,€5%,(R*")’ and obeys the
Hermiticity property S,(f) =S, (6/*).

OS2 (Euclidean covariance): ¥n, for each R € SO (4), a
€ R4’ Sn(-f{a,R}) = Sn(f)

0S4 (symmetry): Vn, S, (X,01yrXnimy ) =S, (Xpperes
x, ) for all permutations of n elements.

The set {S, } of Schwinger functions is Krein positive if'*
it satisfies the following axiom.

OS3’ (Krein positivity): There exists a mapping a, of the
Borchers algebra %  into itself such that VF_ ,G €%

(1) SH{6a,(a,(F, )}*XG, )=S{6F, }*xG, );
(2) SH{Ba,(F,_)}*XF,)>0
(3) SH{ba,(F,)}*XG, )=S{OF, }*Xa,(G,))

(4) po (F.)=S{fa,(F,)}*xF,_)"* is continuous
with respect to the topology of # , (briefly # _ -contin-
uous).’

Proposition 2.3: The seminorm p,, is nondegenerate, i.e.,

ker p,, =N, ={F, €@ , : SUOF, }*xG, ) =0,
VG,eZ, }.

Proof: As in the relativistic case, by using conditions (2)
and (3) of OS3’, we can show that

IS({6F . %G, )|<pas(F+ . (G,) . 2.9)
Hence ker P, C.¥,. On the other hand, using (3) OS3' we
see that if F_ € 4", then

S{0a,(F_ )}*XF,)=S{OF }*Xa,(F,))=0,

sothat F, ekerp,,ie., 4 Ckerp,.

Remark: The seminorm p, in a natural way defines a
Hilbert space structure in the Euclidean vector space.” As in
the relativistic case, the Hilbert space closure % of Euclid-
ean local states Z°= Z , /A4, is a Krein space with the
metric operator 7,. The construction is analogous to that of
the relativistic case.

lil. ANALYTIC CONTINUATION OF KREIN
STRUCTURES

As discussed in Ref. 7, it is relevant to establish a con-
nection between the Hilbert space structure in the relativistic
case and that of the Euclidean case. In particular, it is rel-
evant to know under which conditions the existence of a
Krein structure in the relativistic case guarantees the exis-
tence of a Krein structure in the Euclidean case and vice
versa. The solution of this problem is discussed in this sec-
tion.
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A. From relativistic to Euclidean Krein structure

If { W, } is the set of Wightman functions satisfying W1,
W2, W4, and W5, and the Krein positivity W3’ for some a
and %, then the Wightman functions W¢ defined on
S (R*" ) satisfy  a Krein positivity condition with respect to
the subalgebra % ,C %, where the mapping is defined by

F2(@uren) = Fra(@18.) | {42500,
with f; (X;,X; = XpseesXy — X, ) = fXy,..0%,), and @ is
defined by a(F) =a(f ) Since the Wightman functions
and Schwinger functions are related by

S(6F* XG, )= WiF*% xG,), (3.0
Where.;(-i»n (qh“"q’x) = rf-‘mi (QI""'qn) j {q?c >0}’ and FL
denotes the Fourier-Laplace transform, we have the follow-
ing proposition.

Proposition 3.1: If the Wightman functions {W,} are
Krein positive with respect to %, = {FeZ#: Fe® + }, then
the corresponding Schwinger functions are Krein posmve

Proof: By denoting by ¢ the mverse of we define
a (F, )-—¢(a(F Yysothata;:# |, -~ % . andby (3.1)

S{Ba,(F, )}*XF, )= W"(a(F+ y*xF, )>0.

From the corresponding properties of # ¢ we also ob-
tain conditions (1) and (3) of OS3'. Since p, is # contin-

uous and nondegenerate, i)&(?') = W"(&(/l})‘xﬁ' )2 s
% (R*, ) continuous,’ so that

Po(F. ) =S{0a,(F YY*XF,)*=p,(F,)

is # (R*, ) continuous. Then % , continuity follows from
the continuity of the mapping F, —»F .

B. From Euclidean to relativistic Krein structure

Proposition 3.2: If the Schwinger functions {S,} are
Krein positive and the corresponding seminorm p, i
2% (R*, ) continuous, we can construct the Wightman func-
tions satisfying the Krein positivity condition.

Proof: Since p, is # (R*, ) continuous, the existence of
Wightman functions follows from the arguments of Ref. 7.
We w define a mapping &, on @ + by &, (Fﬂ)
=(a,(F,)), so that &5:59 4= @ +- Moreover, by (3.1) and
083'(2),

Waa,(F,)*xF,)=S{6a,(F,)}*XF,)>0.

Hence W satisfies 2 Krein positivity condition with respect
to the subalgebra & , and with the mapping &,. Further-
more, since there is a natural identification .# between 4 , /
A% and % o/ Ny, the mapping a &, defines a mapping of
the equivalence classes of Z by @ = £ &,.# ~'. Suchamap-
ping can be lifted from By/.#"y, to B, (in a nonunique
way!) ' and such a lifted map will be denoted by a. Then
{W,} satisfy a Krein positivity condition for #,and a. The
density of &, in % is standard.*®

IV. FREE QED IN LOCAL GAUGES

A simple example, which realizes the structure dis-
cussed above, is provided by the Gupta-Bleuler formulation
of free QED.
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The theory is defined by the two-point function

WE(x,x,) = — 2m) 3 g | dQo(k)e* = —= . (4.1)

withdQ,(k) = d k/|k|. If weintroduce the Borchers algebra
% generated by vector test functions fix) = {/*(x)}, u
=0, 1,2, 3, f*(x)e (R*), then the Wightman functions
{W,} are defined as follows:

Wo=1, W2n+l =0,

Wy(fxg) =Y f dx, dx, f, (X108, (6) WE(x,%,),

Win (flx"'xfzn)'—‘z H WZ(.f;",Xf_;‘v)!

() v=1
where the sum is over all partitions of the indices (1,...,2n)
into distinct pairs (/,, j; ),.... (i, J,, ) With i, < j,. Itis easy to
check that the Wightman functions defined above are Krein
positive with respect to the entire Borchers algebra # witha
defined by

a(fie-of,) =10
(nlf);t = —g;.fv .

In fact, @ defined by (4.3) is an automorphism of #, a* = 1
and

4.2)

"8 (4.3)

Wia(f)*x f) = f dQ(k)| £, (k) 250,

Furthermore, W,{a(f)*Xg}= W,{f*Xa(g)). Finally
Po(f) is a % -continuous Hilbert seminorm that is also
% (R*, ) continuous. _

Remark I: The mapping a, which defines the Krein
positivity, is not unique; for example, we can putin (4.3) the
matrix 7y,

— 2 cosh tsinh ¢ cosh? t + sinh? ¢
0 1

— (cosh®t+sinh®*f) 2 coshfsinht 0)
"71: = ’

for any teR. In this way we obtain a one-parameter family of
a’s leading to nonequivalent Krein structures for { W, }, i.e.,
the topologies defined by two a’s of such a family are inequi-
valent. Such arbitrariness may be resolved by taking into
account the properties of the physical subspace.

Remark 2: Since the mapping a defined by (4.3) leaves
invariant the subalgebra B, = {Fe®@: Fed , }, {W,} is
also Krein positive with respect to this subalgebra, and the
theory developed in the previous section can be applied.

Now we pass to the discussion of the analytic continu-
ation of this theory. The fact that we are dealing with a vec-
tor case requires some care and it seems worthwhile to spell
out the basic steps. Let us denote by z* the points in the
extended permuted tube .77 of the form z° = (iz°,z), 2°, 2
€R (Schwinger points). Then we define the corresponding
Euclidean  points xf=Il"'2=(f2), with [
= diag(/,1,1,1). In the scalar case, the Schwinger functions
S, are defined in the following way:

S, (xE,.. . xEy=wW, (IxE,.. IxE) , 4.4)

where W, is the Wightman function analytic in the tube
=P, Sincethe W, are invariant with respect to all complex
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Lorentz transformations, the S, are invariant with respect to
the orthogonal group: if AeL, (C) and gA = Ag then
I~ 'AIeSO(4) and

S, (I 'ADxE,...,(I 7'ADxE)

= W, (AIxE,...,AIxE)

=W, (IxE,.. . IxE) =8, (xF,..,xE) .
In the vector case, the definition of the Schwinger functions,
Sty (XTreensX)

(Ixt,...,Ix})

:'E(I_l)#-*'-"'(]_l)#nv,. WV: ~~~~~ v (4'5)

[ which naturally generalizes Eq. (4.4) ], guarantees the co-
variance of the Schwinger functions under SO (4):

Sy o (I T ADXE,..., (I~ AD)xE)

=SU'AD,,, (I7'AD,, S, ., (x5..x5)

if {W,} is L, (C) covariant. In the case of free QED, we
obtain

b _[dk,
@m') W ¢

k| (x9 — x2) — &k(x, — x;)
(xl,x ) — k| (x} 2 11— X2 .

(4.6)

From the two-point Schwinger function (4.6) we construct
the Schwinger functions {S, } similarly as in the relativistic
case. Moreover, by analytic continuation we have

Sd .. (&) = Zf SR L0 Sl W Aut WO

XW3. (q)dg* . (4.7)

To discuss the relation between Wightman and Schwinger
functions we must define the operator 6 in such a way that
(3.1) holds. In particular for the two-point functions we
must have

S((6F)*xg) = WU F*X3),

for f={f}, g=1{g.}, £,.8.€%  (R"), p=0,1,2,3. We
look for the operator 8 of the form

=M, f, (rx).

Using (3.1) and (4.7) we obtain that M =12
= diag( — 1,1,1,1) = M . For the generic n-point test
function we clearly have

(6f).(x)

O, (X150esX,) = M® - @ Mf, (rx4,..,7%,) .

Remark: The operator € defined above realizes the natu-
ral representation of time reversal 7in the space of tensor test
functions.

As a consequence of (4.6) and the definition of € we
have the following proposition.

Proposition 4.1: The set of Schwinger functions {S,},
corresponding to the Wightman functions for QED in the
Gupta-Bleuler formulation, do not satisfy the OS-positivity
condition.

Remark: Even if {S, } does not satisfy the OS-positivity
condition, they are Nelson-Symanzik positive, i.e.,
S(F*XF)>O0.

Proposition 4.2: The set of Schwinger functions for free
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QED in the Gupta-Bleuler formulation satisfies the Krein
positivity condition.
Proof: Define the mapping a, of & by

f;‘e"y+(R4)’ /'l'=09172939

and by the tensor product of M in tensor test functions. By
(4.6) we have

SZ({eas(f)}*Xf)
XolKl
J K| fdxof (xgk)e™ >0.

(277)3
Similarly
S,({0a, (/I }*xg)=S,({6/}*¥e,(g)).

Moreover, a? =1 and p, (f) = S,({fa,( /)}*Xf)'? is
obviously # . continuous and # (ﬁ‘+ ) continuous.

Remark 1: The mapping a, defined above is the simplest
one realizing the Krein positivity of {S, }. As in the relativis-
tic case, the Krein structure for a given set of Schwinger
functions is not uniquely defined. Again the property of the
physical states may be used to resolve such arbitrariness.

Remark 2: 1t is worthwhile to remark that the lack of OS
positivity is not merely due to a wrong choice of the & reflec-
tion operator, since the representation of 8 is dictated by the
representation of the time reversal operator which in turn is
fixed by the analytic continuation of Wightman functions.
As a matter of fact, setting 6'=080a, one has
S,((8'f)* X f)>0; however, 6’ does not provide the correct
representation of the time reversal.

Remark 3: Since the mapping a commutes with the
mappings and  (see Sec. ITI), one can show that a, &, and
a, are represented by the same matrix (each acting in the
correponding space #, #,and % . ).

Remark 4: Since the two-point Schwinger function S, is
Nelson-Symanzik positive (even if it is not OS positive), we
can construct the Gaussian stochastic process A( f), in-
dexed by vector functions f={f}, f,e5r(R)?,
1 =0,1,2,3, with covariance E (4( f)A(g))=S,( f Xg)."®
So we have the probability space (£2,2,1) and A(f) is a
random variable on it. Furthermore, we can construct the
representation % of the Euclidean group (without reflec-
tions) by means of unitary operators defined on L,(,2,u)
and such that

U(a,R)A(f)% (a,R) "= A( frory)- (4.8)

The Schwinger functions of the free QED can be constructed
from the random variables 4 (f) by

S, (fiX "X f)
=JAM)(w)"'A(ﬂ)(w)d#(w) .

However, A( f) is not a Euclidean vector field in the sense of
Nelson, '® since the reflection property ensuring the OS posi-
tivity does not hold. More specifically, the representation of
the “time” reflection does not lead to a reflection property
that yields the OS positivity. As a consequence of this, the
reconstruction of the Wightman functions cannot be done in
the standard way. One can reconstruct the Wightman func-
tions by following the strategy discussed in Sec. I1I, by using
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the Krein positivity. The result is that the Wightman func-
tion so obtained gives rise to a nonunitary representation of
the Poincaré group (7-unitary representation), even if the
Nelson formulation leads to a unitary representation of the
Euclidean group [Eq. (4.8)].
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The finite-temperature behavior of supersymmetry is considered from the viewpoint of
stochastic field theory. To this end, it is considered that Nelson’s stochastic mechanics may be
generalized to the quantization of a Fermi field when the classical analog of such a field is
taken to be a scalar nonlocal field where the internal space is anisotropic in nature such that
when quantized this gives rise to two internal helicities corresponding to fermion and
antifermion. Stochastic field theory at finite temperature is then formulated from stochastic
mechanics which incorporates Brownian motion in the external space as well as in the internal
space of a particle. It is shown that when the anisotropy of the internal space is suppressed so
that the internal time £, vanishes and the internal space variables are integrated out one has
supersymmetry at finite temperature. This result is true for 7= 0, also. However, at this phase
equilibrium will be destroyed. Thus for a random process van Hove’s result involving quantum
mechanical operators, i.e., that when supersymmetry remains unbroken at 7" = 0 it will also
remain unbroken at T #0, occurs. However, this formalism indicates that when at T=0
broken supersymmetry results, supersymmetry may be restored at a critical temperature 7.

I. INTRODUCTION

The finite-temperature behavior of supersymmetry has
been treated with great importance by many authors.! Ap-
parently we may think that supersymmetry is automatically
broken at high temperature since bosons and fermions obey
different statistics at high temperature. However van Hove?
has pointed out that the observed “breakdown” of super-
symmetry is only apparent since a careful definition of ma-
trix elements for operators containing the anticommuting
Grassmann parameters yields the opposite result.

All these arguments have been made using the proper
definition of quantum mechanical operators. However, it is
also known that supersymmetry may be associated with ran-
dom phenomena and thus the stochastic quantization proce-
dure involves hidden supersymmetry. Indeed, the stochastic
quantization procedure of Parisi and Wu? introducing a fic-
titious time is found to have hidden supersymmetry. Again,
in a recent paper® it has also been shown that Nelson’s quan-
tization procedure® involving universal Brownian motion
also possesses hidden supersymmetry. To this end, Nelson’s
stochastic mechanics is generalized to the quantization of a
fermion field when the classical analog of such a field is taken
to be a scalar nonlocal field where the internal space is aniso-
tropic in nature such that when quantized this gives rise to
two internal helicities corresponding to fermion and antifer-
mion. This also helps us to have a relativistic generalization
of Brownian motion processes. This procedure gives the in-
teresting result that when the internal variable is suppressed,
supersymmetry arises. This indicates that when the Euclid-
ean Markov field formalism is developed for a scalar particle
from stochastic mechanics integrating out the internal space
variables, we have hidden supersymmetry. This makes Nel-
son’s stochastic quantization procedure equivalent to that of
Parisi and Wu in the sense that both these precedures involve
hidden supersymmetry.
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However, these results have been derived at 7= 0. We
shall study here supersymmetric features of Nelson’s sto-
chastic quantization procedure at T #0. Indeed, it will be
shown that even at T #0, these results hold. This indicates
that the crucial result derived by van Hove regarding the
unbroken nature of supersymmetry at 7 #0, when it is un-
broken at T = 0, involving quantum mechanical operators is
also valid for random phenomena generating supersym-
metry.

1. STOCHASTIC FIELD THEORY AT FINITE
TEMPERATURE

It has been shown that when an internal variable £, is
incorporated in addition to the space-time variable x, to a
quantum oscillator, an internal helicity is generated that cor-
responds to the fermion number of the system.* So to quan-
tize a fermion we can start with a classical oscillator with an
internal variable such that when quantized, this internal
variable will give rise to internal helicity. We now want to
apply Nelson’s stochastic process to this system at finite tem-
perature T #0. Nelson’s stochastic quantization procedure
is based on the assumption that the configuration variable
g(t) is promoted to a Markov process. The conditions of the
process are (i) existence of universal Brownian motion, and
(ii) validity of the Euler-Lagrange equation. Since we are
also dealing with internal space, we assume the existence of
Brownian motion both in external and internal space. Hence
we denote the configuration variable as Q(#,£,),where &, is
the fourth component of the internal four-vector £,. The
variable Q(1,£,) is assumed to be a separable function given
by

Q(1.6,) = q()q(&,) - (n
We assume that the process Q(#,£,) satisfies the stochastic
differential equations,
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dQ,(t,£,) = b;(Q(1,€0).1,60)dt + dw,(t) ,
dQ, (t,85,) = b {Q(t,E0)t.€0)dE0 + dw, (&) »

where b,(Q(t,£,),1,60) and b (Q(,£,),t,E,) correspond to
certain velocity fields in the external and internal space and
the dw; exhibit independent Brownian motion. Since the
process is a true Markov process, dw; (#)(dw; (£,)) does not
depend on Q(s,s') for s<t (s'<£°). The expectation values
satisfied by them at T #0 are®

(dwi(t)>T;é0 =0, <dwi(§o))r¢o =0;

& dede’ . (3)

(2)

5y
(da) (t)dw @’ )>T;e0 £

Bpm = .
(da)-(é'o)dw-(f(')))ryéo
'wn(é'o—é'(')) d§0 dfé , (4)
with
w, = 2mn/Bh.

It is easily seen that in the limit S-» a, the finite-temperature
behavior of dew reduces to the case at 7= 0. It is noted that
these correlation functions have been chosen in such a way
that the KMS condition for equilibrium states is satisfied.
However, for a pure stochastic interpretation we may con-
sider Egs. (4) as a postulate. In above equations #is Planck’s
constant divided by 27 and m and 7° are suitable constants.

The description is asymmetrical in both “external” and
“internal” time but we can also write

in(t,go) = b?'(Qi(t,fo)»tsfo)dt-i- dwr(t) ’ (5)

dQ; (t,£0) = b*(Q: (£,£,),1,50)dEo + dat (&) » (6)
where now w* has the same properties as @ except that
dw¥(t) [dw?¥(£,)] are independent of Q(ss’) for
s21(s'>&0)-

Now we can derive the following moments of the config-
uration variables as {(g,(2)) = (¢:(£)) =0:

a i, (t— 1)

2 — 6‘1
(q;(t)qj(t ))—Bm";a wz+w2 ,

( ) , ) 5’.] ”0,.(50 &6)
q:(& qj(go) = B n-—z—a @ +

)]

Thus the moment of product variable satisfy the following
moments at 7" #0,

(Q(1,6)) =0, (8)
(Q:(1£)Q; (1,£46))
5u 1 a eiw W(E— 1) a iw, (& — €¢)

z e

ﬂm Bﬂ'o n—-—aa) +(0,, n= —a ' +w

(9)

Now we want to get a relativistic version of stochastic field
theory, i.e., we have to define a real stochastic scalar field
D (x,t,£). Let us consider a bounded and smooth region Gin
R 3. Let e, (x) be the characteristic orthonormal set of eigen-
functions of the three-dimensional Laplacian in G, i.e.,

Ae;(x) = —kle(x). (10)
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A similar characteristic function e, (§) is defined for internal
three-dimensional space so that
A'e;(§) = —mle; (E),
where
2 2 2
A= d a d '
o6t  9E; 93
Then the stochastic nonlocal field ®(x,#,£) can be generated

by associating a stochastic oscillator with each Q; (¢,£,) and
taking the limit G R 3, i.e.,

P(x,1,8) = g;()e; (x)g;(&o)e; (E) . (11)
¥

The moments of $(x,t,£) are derived from the moments of
q(2), q(&,) at T #0 as follows:

<(I>(xat’§)> =0

(P(x,t,5H)P(xt",E")) (12)

1 x—x 1 eiw,,(t—!')
- S [akexeo Ll
(27)3n=—a Bm a) +(0
1 a ) , 1 eiwn(fo—fé)
dmems- L€ 7
(217)3,.=2_aj B’ w0+ w?

(13)

It is noted that in the limit £, = § ;, = O the correlation func-
tion (7) just reduces to

(4:(80)g;(£0)) = ,gﬂﬁ ,,_Z_,, 0" + o}

N

where the relation used is
Z 1

) 2

m
——— = —(coth . 15
2 i 2 (coth 7a) (13)

This is a function of temperature and can be taken outside
second integral of Eq. (13) and integrating the rest over £
space we get the correlation function as

(P (x,0)P(x',2"))

-1 1 7,
2m)3 Br° o'

1 1
th( — Sfiw’
© (2 b ) 2?3

1 eim,,(l—-t')

fd3ke"“" x) —_—— (16)
Bm &® + &?

Now we want to show that when the anisotropic feature
of the internal space-time corresponding to the variable £, is
taken into account implicity we can obtain the fermionic
propagator in Euclidean space-time. For this purpose the
anisotropy is generated by two opposite orientations of inter-
nal variable {,, (and hence of 7, = i3 /J¢,) and consider
that the two opposite internal helicities correspond to parti-
cle and antiparticle states.

Equations (12) and (13) are effectively a correlation
function in eight-dimensional space-time, four-dimensional
in the external space-time variable and four-dimensional in
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internal space-time. Introducing a mapping between exter-
nal and internal space Egs. (12) and (13) can be reduced to
an effective four-dimensional expression in an external
space-time variable so that the anisotropic feature of internal
space is focused properly. The mapping is as follows:

Here (A4,B) denotes an Euclidean product and each compo-
nent of k(x) is

k; =\/k,f77',- sy X =\lx.{§i . (18)

The correlation function of the new field variables can now
be obtained from expressions (12) and (13) for a particular

k= (k'\m); xX*=(x,€) and m*P=m'7". (17) mode n = 1:
|
1 SVETX(E) — % (6)

(‘i(x,t,f)é(x',t',g')) =f( B) d4\}k '77'277'6((01 -_ \’k(’)ﬂ'o)

2m*J (k') + (m'7®)
P 1 J‘d“meﬂm”‘m”"(5'))'275((01 _m) (19)
Qm* ) (W&m) + M) — Wk ) +m®)

This mapping shows that the behavior of the particle in the external space is a manifestation of the behavior of the internal
constituents and the motion of the particle is governed by the motion of constituents in the internal space as a whole.
According to our assumption anisotropy of the internal space is due to a direction vector fixed in internal space and this gives

rise to internal helicity. The two opposite helicities can be taken to be represented by i/ and — iy7 and correspond to
particle and antiparticle states. So for a single helicity state depicting particle (or antiparticle) we should take — i/

(or iJm) as a vanishing term. Taking — i\/m = O we see that the expression (18) reduces to the form

— - ik, (x — x')) 4
(BOtEB( " EN) =f( B) — fe d’k

(2m* ik +m
where we have takenm = 7% = 1.

2r8(w, — kp)

(20)

Now we can choose a matrix (¥, k,+m)= (k + m) with two degenerate eigenvalues + iVkZ + m that can be diago-

nalized by a unitary matrix U:

WkZI+m 0 0

ktm)= V! 0 WNkZ+m 0
0 0 —ikT+m

0 0 0

Thus we just get the fermionic propagator in Euclidean
space-time,

(D t,E)P(x,1,E))
1 ei(k.(x—x’))dAk
= 27é —ky) . (22
FB (277)4f v.k, +m mo(@1 — o) - (22)

Thus Eq. (22) gives the fermionic propagator in Euclidean
space-time and the new field ) (x,1,§), where the anisotropic
feature of internal space is manifested by internal helicity
depicting a fermionic field.

lll. SUPERSYMMETRY AT FINITE TEMPERATURE

In this section our aim is to establish the fact that super-
symmetry is there at finite temperature when we apply the
stochastic quantization process to a scalar nonlocal field
when the anisotropic feature of the internal space vanishes.
In view of this, we rewrite the stochastic differential equa-
tions involving the configuration variable Q(z,£,) in the
form

dQ(t,6,) = b(Q(1,60).1.E)dt +dw(2) 23)
dQ(t,£,) = b'(Q(1,€0) t,E0)dEs + dw(go) . (24)

Here dow(t)(dw(&,)) does not depend on Q(s,s’) for s<t
(s'<&,). Since the description is asymmetrical in both exter-
nal and internal time we can also write

1238 J. Math. Phys., Vol. 29, No. 5, May 1988

0
0 U (21)
0
—ifkZ+m
-
dQ(t,€y) = b*(O(1,6,) 1.6t + dw* (1), (25)
dO(1,£o) = b"™¥Q(1,E0),t.E0)dE, + dw* (&) , (26)

where now o* has the same properties as ® except that
do*(t)(dw* (£,)) are independent of Q(s,s") for s>t (s'>£,).-
From this we can define external current and osmotic veloc-
ity as

V(x)tyg) = %(b(xytyg) + b* (x,t,f))
and

U(x’txg) = %(b(xyt’é—) - b*(xytvg)) . (28)
Similarly the internal current and “internal” osmotic veloc-
ities are defined as

V'=1{b"(x,t,E) + b'*(x,1,£)}
and

U'=4{b'(x1,E) —b'*(x,t,6)} . (30)

When the stochastic field ®(x,t,£) is constructed from the
random oscillators according to Eq. (11) and the external
current velocity and the internal current velocity are ex-
pressed in the differential form

(27)

(29

L

, 31
5D (31)
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yo W
50
it is evident [from Eqgs. (23), (25) and (24), (26)] that

P (x,t,£) can be taken to satisfy the Langevin equation in
external and internal space-time,

(32)

P (x,t,8) __6_P_V

" 30 + n7(x,t8), (33)

IOt _SW' 3
aé_o 6(1) +77(x’,§)9 ( )

where 7(x,1,£) and ' (x,t,£) are white noises. The relations
satisfied by them at 7 50 are

<77(X,t,§)) = (”l'(x,t»é')) =0 s
(pxtE)(x',t"E"))

(35)

L paoxp-g) $ e
X i ei“’n(go—gé),
(' (xtE)n' (X't ,E"))
1 ’ ’ < iw,(t—1t'
=—/§;0—63(x—x)63(§—§) ST

n= —a

(36)

x i ol —ED)

n= —a

(37)

In the absence of internal anisotropy £, =0, Eq. (34) re-
duces to

SwW’ .

— 5— =7 (x,t ) .
Considering the equation in one dimension and writing U
and W' we get

__6u

5P (x)
Now for one particular mode #n = 1, we can write, from Eq.
(37) when &, = £ = 0 and the internal space variable § is
integrated out,

(38)

=75'(x). 39

63(x — xl)eiw,(t—t’)

’ ’ v 1
<,’ (x,t)’? (x ,t )) =

70

=E;—564(x —x')277'6((01 - 0) .
(40)

In the one-dimensional case, 7'(x) in Eq. (39) satisfies the
relation

' x)N X)) =f(Fdx—-Xx),

which is Gaussian in nature.

Now, as Parisi and Sourlas’ have shown, if Eq. (39) has
one and only one solution ¢, (x), the expectation value of
any function of ®(x) is given by

(41)

F(®) = fD’l] exp( - % fﬂz(x)dx)F [®,(x)],
which can be written in the form

1239 J. Math. Phys,, Vol. 28, No. 5, May 1988

F(®) = fDn Do exp( - %J-nz(x)dx)

% [F(<I>(x)]6( 58U

o0 T 1) )det[ Varl

(42)
where
2
U, = __&U .
7 6P(x)6P(y)

Now writing det[ U, , ] as an integral over anticommuting
variables, we have

(43)

Fldnp(x)] = fDCD DY F[D(x)]exp

- [-;—fdx U? + fdx dy ¥(x) Ux,y\ll(y)]

= f DO DY eSOV F[D], (44)

where
S@¥) =2 [dx U + [dx dy B0 U, 9.

This action is invariant under the supersymmetry transfor-
mations

8D(x) =&¥(x) + ¥(x)e,

8¥(x)= —€U,, 8¥(x)= —e€U,.

(45)

This suggests that supersymmetry invariance also becomes
implicit in Nelson’s stochastic mechanics at finite tempera-
ture. This supports the results of van Hove involving quan-
tum mechanical operators that when supersymmetry is un-
broken at T = 0, it remains unbroken at 7" 0. Our analysis
suggests that this is true for supersymmetry generated from
random phenomena, too.

IV. DISCUSSION

We have studied here stochastic field theories at finite
temperature and the hidden supersymmetry found to be still
there at T #0 as it is at 7= 0. The correlation functions of
stochastic fluctuations have been chosen in such a way that
the KMS condition is valid. That means that the equilibrium
condition is built into the physical system considered here.
But we must point out that, for the restoration of supersym-
metry, we must assume that the anisotropy of the internal
space is suppressed so that the internal time &, vanishes and
the internal space variables can be integrated out; thus we get
a local stochastic field only in terms of the external space-
time variable. However, this destroys the equilibrium state
and leads to a nonequilibrium condition. Indeed this be-
comes apparent from the fact that finite-temperature field
theory in Minkowski space requires the existence of an extra
field (“‘ghost field”) that maintains time-reversal invariance
(Z, symmetry) with the physical field as shown by Niemi
and Semenoff.® When this Z, symmetry is broken we achieve
anonequilibrium state. In a recent paper we have shown that
this ghost field can be associated with the field in the internal
space when the stochastic nonlocal field is written as a ther-
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mal doublet (3¢7) ), where ®(x) corresponds to the field in
the external space and ®(£) corresponds to the field in the
internal space. Thus, when the internal time variable is taken
to be vanishing and the internal space variables are integrat-
ed out, Z, symmetry is destroyed and we attain a nonequilib-
rium state. That means that equilibrium is destroyed in the
supersymmetric phase.

It may be remarked here that for equilibrium states, the
KMS condition not only in the external space but also in the
internal space is an essential feature.® This is manifested in
the fact that a stochastic field involving only the external
space faces serious trouble since the two-point correlation
function at T'= 0, (®(x,t)®(x',t')), involving only space-
time variables, is not Lorentz invariant (rotationally invar-
iant) when it is derived from the finite-temperature correla-
tion function taking the limit S —a (see Ref. 6). Indeed, the
stochastic fluctuations operating at 7" #0still have a residual
effect at T = O through the moment of the component oscil-
lators. However, when the moments of the stochastic fields
are determined incorporating two fields (one in the external
variable and the other in the internal variables), this Lorentz
invariance may be restored through CPT invariance as the
symmetry manifested in this two-field formalism implies
time reversal invariance, which again becomes equivalent to
CP symmetry.

Finally we may point out that when the equilibrium is
destroyed, the isotropic or the anisotropic feature of the in-
ternal space gets changed leading to the change in statistics
of the thermal doublet and as such Z, symmetry is violated.
This indicates that there may exist a critical temperature T,
below which supersymmetry remains broken, and, at
T>T,, supersymmetry is restored. This means that even

1240 J. Math. Phys., Vol. 29, No. 5, May 1988

when at 7 = 0 supersymmetry remains broken implying an
equilibrium state, we can achieve a critical temperature T,
when equilibrium is destroyed and supersymmetry is re-
stored. This is a very significant result that we can achieve
when supersymmetry is associated with random phenome-
na. Thus for a random process van Hove’s result, i.e., when
supersymmetry remains unbroken at 7" = 0, it will also re-
main unbroken at T 0, is found to be valid implying that
unbroken supersymmetry indicates a nonequilibrium state.
Thus at 7" #0 this nonequilibrium condition will persist. But
when at 7" = 0 we have an equilibrium state implying broken
supersymmetry a nonequilibrium state may be attained at a
critical temperature when supersymmetry is restored. This
spontaneous breakdown of supersymmetry at a critical tem-
perature will then give rise to thermal doublets of opposite
statistics, which will appear as new zero-energy modes as
suggested by Matsumoto ez al.'” in the context of thermo-
field dynamics.
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The Virasoro algebra and group are examined in (3 + 1)-dimensional theory with an Abelian
gauge field coupled with the gravitational field. The two-cocycle for the group is constructed
by using the so-called descent equation. Its infinitesimal version gives the Schwinger-Jackiw—
Johnson term in the Virasoro algebra in 3 + 1 dimensions. It appears that in the case of an
external monopole field the Virasoro algebra and group in 3 + 1 dimensions are the direct
generalization of the standard ones in 1 + 1 dimensions, respectively.

1. INTRODUCTION

The mixed anomaly in 3 + 1 dimensions arises in the
theory with matter fields coupled to both gravity and Abe-
lian gauge fields."” If we stipulate that there is no gauge
anomaly, then there is a gravitational anomaly also called
the Einstein anomaly in the effective action because of the
noninvariance of the space-time diffeomorphism. On the
other hand, the commutator anomaly (Schwinger-Jackiw-
Johnson term) of the Lie algebra of diffeomorphisms ap-
pearsin (1 + 1)-dimensional theory with matter fields cou-
pled to only gravity, and the algebra of infinitesimal diffeo-
morphisms has the form of a Virasoro algebra.* The group
corresponding to this Virasoro algebra (called the Virasoro
group) is also discussed by Jackiw and co-workers’'° and
the present author,'! who compute the two-cocycle for the
group in different ways.

The purpose of this paper is to describe the Virasoro
algebra and group in (3 + 1)-dimensional theory with a
U(1) gauge field coupled to the gravity field. The main point
is the following. According to the family index theorem, the
relevant term for a mixed anomaly can easily be determined.
By using the descent equation one obtains the Schwinger—
Jackiw—Johnson term in three space dimensions. Of particu-
lar interest is the case when the Abelian gauge field is fixed to
be the monopole field. Then, as we shall see, the space frac-
tionalization to S 2X.S ! is obtained in a natural way and the
algebra of infinitesimal diffecomorphisms will be exactly a
Virasoro algebra in the radial variable; the angular coordi-
nates appear in a trivial way as extra labels. The correspond-
ing Virasoro group is also constructed and seen to be a direct
generalization of the standard one in 1 + 1 dimensions.

Il. THEORY

I shall first give an introduction to the Virasoro algebra
and group in 1 + 1 dimensions, since the higher-dimension-
al case can be reduced to the former by factoring out the
angular polar coordinates.

Let Diff(S!) be the diffeomorphism group of smooth
one-to-one maps S ' — 5!, and Lie(Diff (S '))=Vect(S"') its
Lie algebra. Consider the Virasoro algebra Vect(S')"

= Vect(S'') @/ R with the commutator'!

d d d ,
—_— — = 'm— 7 e ; , 1
[é‘ il dx] (&'n—n'¢) dx+ch(§17) (1)
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wherel d /dx,m d /dxeVect (S ') andcisareal constant;i R
commutes with everything. If L,, = ie™* d /dx, then

(LmsLn] =(m—n)L, ., +icB(m,n).
At the group level we have a group Ext(Diff(S"))

=Diff(S')", which has Vect(S')" as its Lie algebra. The
multiplication law in Diff(S')" is

(GA)(Hp) = (GoH Aue' 27 (G, (2)

where G,HeDiff(S '), A,ueS"' (circle group), and © denotes
composition; a*(G,H) is the real-valued function of G and
H. The infinitesimal version of the a” gives the central exten-
sion 8. The associativity of the group multiplication law (2)
implies that a” obeys the two-cocycle condition

(Aa®)(G,H,LY=a*(H,L) — a*(GoH,L) + a*(G,H°L)
—a*(G,H) =0 mod n, 3)
where A is the coboundary operator. '?

The solution to (3) can be obtained as follows. Let I',
be the Christoffel symbol. Define the Christoffel connection
one-form I' = (I'}) = (I';, )dx*. The corresponding cur-
vature two-form is R = dT" 4+ I'%. A finite diffeomorphism
on S " is simply the coordinate transformation®

I'(x)-T'(x')=T%=g(x) YT +d)g(x), “4)
where
gx) ") = x> , x=G(x).
x?

Consider the diffeomorphism group Diff(S ") of smooth
one-to-one maps S ” -5 ". The group multiplication is de-
fined by the composition

GH=G°H, G°H= G(H(x)). (5)

Leti ( =0,1,2,...) specify some particular gauge, for exam-
ple,

0=TI, 1=I'°=g(x) 4TI +d)g(x),

2=T% = (g(x)h(G(x))) (T + &) (g(x)h (G(x))),... .
(6)

The starting point is the Chern—Pontryagin form in four di-
mensions

Q; (R) =ctrR?, n
where ¢ is a normalization constant so that

© 1988 American Institute of Physics 1241



n;‘(R)=cJ tr R2=17. (8)
s 54

As is well-known, 0, ' is exact,
Q' =da3(T)=da3(0), 9

with 1} being the Chern—Simons form in three dimensions:

Q3(0) =ctr(I'dl’ +31°). (10)
Applying the coboundary operator to (10) gives
(A05)(0,1)=03(1) — 03(0)

=cdtr(Tdgg™") —cltr(dgg™")". (11)

The three-form C ® = — Jtr(dg g~')? is closed and locally
C® = dH ® for sometwo-form H %. If g = exp(u), then H*
can be computed by’

1
H®(g) = —%f tr(dg(x,0)g(x,0) "', (12)
0

where g(t,x) = exp{tu(x)). Thus we obtain the two-dimen-
sional Einstein (or gravitational) anomaly

Q3(0,1) =ctr(I'dgg™") + cH®(g).
Similarl'y,

(A0})(0,1,2)

(13)

=0} (1,2) — 0} (0,2) + QL (0,1)
= ¢ tr(h(G(x))~! dh (G(x))dg(x)g(x) ")
+ cH ®(g(x)) + cH P(h(x))

+ cH ® (g(x)h (G(x)). (14)

Let D? be some two-disk in four dimensions. Then any
smooth one-to-one map G: D 2— D? can be restricted to the
one G: dD2-3D?, where dD? is the boundary of D2. We
shall consider the case S ' = dD 2. Let G and H be two diffeo-
morphisms of D such that GoH: D> - D ?; then we can define

a*(G,H) =f (AQL)(0,1,2)
DI

—c J' {tr(h (G(x))~! dh (G(x))dg(x)g(x) ")
D2

+ HP®(g(x)) + H ®P(h(x))

+ H P (g(x)h(G(x)))}. (15)

The analogy with Refs. 14 and 15 shows that modulo an
integer Z the function a? is independent of the chosen disk
D?2. The two-cocycle condition can be checked similarly.

In the infinitesimal vicinity of the identity g(x)
=14 u(x), we obtain

a*(G,H) = cf In 4 (G(x))d In g(x)
sl

= cj dxIn H'oG(x)d, In G'(x)
SI

=c dxIn H'°G(x) G ' (x)

. 16
s G'(x) (16)

Hence
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cB&mn) =c J; 7'(x) " (x)dx

=§J-sldX(ﬂ"'(x)§(X) — & (x)n(x)). (17

It follows that the Lie algebra of the group Diff(S') " is the
standard Virasoro algebra Vect(S')".

I shall next go to 3 + 1 dimensions. Let @ and f denote
the Abelian gauge potential one-form and the gauge field
two-form coupled to the gravity, respectively. The relevant
term for the mixed anomaly is

Q¢ '(fR) =cfuR? (f=da),

where ¢ is a normalization constant so that

J. ﬂ(,“(ﬁR)=cJ ftrR2=1Z,
A s

Locally ¢! is exact,

Q5 '(fiR) =dO3 (£T)=d03( £0),
and O is the Chern-Simons five-form,

02(£0) = ¢f Atr(T dT" +3T).
Taking A of O gives

(AN (£0,1) =03 (A1) — Q5(£0)

=c¢fANdtr(Tdgg™")

—clf Atr(dgg™")> 21

Thus we have the Einstein (or gravitational) anomaly in
four dimensions:

QLfO1) =cf Atr(Tdgg™") + of NHP(g). (22)

Now let D* be the four-disk in six dimensions. Then any
smooth one-to-one map G: D*— D* can be restricted to the
one G: dD*-3D*, where dD* is the boundary of D*. We
shall consider the case S* = dD*. Let G and H be two diffeo-
morphisms of D* such that GoH: D*— D*. We can define

a2=f (AQL)(£0,12)
D‘

(18)

(19)

(20)

=cj SN (B (GO0) " dh (G(x))dg(x)g(x) ")
Dl

+H‘2’(g(x))+H‘2’(h(x))

+ H®(g(x)h (G(x))}. (23)
Again modulo an integer Z the function a® is independent of
the chosen disk D4, and a? obeys the two-cocycle condition.

In the finite vicinity of the identity g = 1 4+ u(x), we
have

a? =cf SAtr(In A (G(x))d In g(x)). (24)
s3

It follows that a® = O if the Abelian gauge field f = 0 on the
three-dimensional space S>. Except for the factor f, the
Schwinger-Jackiw-Johnson term [(23) and (24)] is the
same as in the two-dimensional case studied earlier.
Suppose now that the three-dimensional space 53
= gD “*factorizes to S X S !, which corresponds to periodic
boundary conditions with respect to the radial variable r for
the field components. Following Mickelsson, ' we can inter-
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pret a point on S? as giving the polar angles in the physical
three-space. If now f; is the field of a monopole,
[=sin? 8 dOAdg, then

a(G,H) =cf sin’ 6 dO A\ d¢

Six D?
A{tr(h (G(x))" "' dh (G(x))dg(x)g(x)~")
+ H®(g(x)) + HP(h(x))

+ H®(g(x)h (G(x))}, (25)

where, as before, the boundary of D?is S'. Equation (24)
becomes

a*(GH) = cf (In A (G(r,}))d, In g(r,?))

$2xS'
Xsin? 6 dOA\d¢ Ndr, (26)

where # is the unit vector determined by the angles (6,4). It
follows that

B =¢ f (0. 9(r,})2L(r,7))sin? 6 dOAdp Adr
sl

$x

=< (@3RI — B3R (rR)
2 Jsrxst
Xsin? 8 dOAdg Adr, 27

which is just the arithmetic mean value over S 2 of the one-
dimensional Virasoro algebra central extension

%f (@™ (NEE) — & (rq(r))dr.
sl

Now we can define the Virasoro algebra and group on
S2xS!. Let Diff(S*xS') be the diffeomorphism group
of smooth one-to-one maps S*XS'-S$2XS' and
Lie(Diff(S2X S '))=Vect(S2xS!) its Lie algebra. We
define the Virasoro algebra Vect(S2xS')" = Vect(S?
XS'1) @i R by the commutator

(28)

w O . d
[;(r,r) 5 ’77(";") ar
— @.LRNER) — B (rHEE) g; + B,
(29)
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where £3/dr, 73/dreVect(S*XS"') and cB(L,y) is
given by (27). The corresponding Virasoro group
Diff(S2xS")" = Diff(§2X S ') XS is defined by the fol-
lowing multiplication law:

(GA)Y(Hyp) = (GoH Ape' ™), (30)

where G,HeDiff(S>x S '), A,ueS' (circle group), and a? is
given by (25). Itis not hard to see that the multiplication law
(30) associates since the function a’ obeys the two-cocycle
condition. Equation (30) is seen to be a direct generalization
of the one-dimensional Virasoro group.
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The N = 4 extended supersymmetry in four-dimensional space-time is considered from the
viewpoint of the two included N = 2 extended supersymmetries. Using the results for the
structure of the irreducible superfields in N = 2 superspace obtained earlier the task of explicit
construction of N = 4 irreducible superfields with SU(2) XSU(2) internal symmetry in

N = 2 X2 superspace is solved. The decomposition of the N = 4 scalar superfield into N = 4
irreducible ones is described and the rules for collecting the irreducible scalar N = 2X2
superfields with SU(2) X SU(2) internal symmetry into N = 4 irreducible scalar superfields
with SU(4) internal symmetry are set. To illustrate this method a simple consistent way of
constructing the linearized off-shell N = 4 conformal supergravity in N = 4 superspace is

shown.

I. INTRODUCTION

Over the last 10-15 years, a great deal of information
has been obtained on supersymmetry and supergravity. The
superspace formalism originally invented by Salam and
Strathdee,! which proved to be adequate for the description
of N = 1 supersymmetric theories, turns out to be very com-
plicated in the extended supersymmetry case. As is well
known, the reason for this is the increasing number of non-
physical components in a superfield as the number of anti-
commuting coordinates increases. The mass dimension of
the superspace measure also increases while the dimensions
of the physical fields remain unchanged. As a result, super-
space formulations of extended theories are notoriously dif-
ficult to construct.

Recent developments in extended supersymmetric the-
ories concerning the invention of the harmonic superspace
approach by Galperin et al.? will possibly solve many of the
problems in extended supersymmetry. Indeed, the success of
this approach in describing N = 2 and N = 3 supersymme-
tric models is impressive. At the same time, the preference
for N = 4 harmonic superspace over the usual N = 4 super-
space is not obvious at all. There are some indications® that
the harmonic superspace approach is unsufficient in its pres-
ent form to solve the outstanding problems concerning the
off-shell description of N = 4 supersymmetric field theories.
Clearly, N = 4 supersymmetry is the one of special interest:
it corresponds to N = 1 supersymmetry in the ten-dimen-
sional space-time, which is relevant for superstrings: it is the
maximally extended supersymmetry in the four-dimension-
al space-time, which can be incorporated in the construction
of various off-shell N = 4 theories, e.g., N =4 conformal
supergravities.

This explains our interest in the investigation of the irre-
ducible superfields in N =4 extended superspace. The
N = 4 supersymmetry was discussed in many works from
various points of view.*"'* In this work we develop our meth-
od, which was previously used for explicit construction of
the irreducible N = 2 superfields and the analysis of the
structure of N = 2 supersymmetric models.'®

To give an example, we briefly summarize the decompo-
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sition of a general N = 2 scalar superfield into the irreducible
ones by means of our method. According to the well-known
results,’ a general N = 1 scalar superfield decomposes into
the sum of chiral, antichiral, and linear superfields. The
N = 1 superprojectors are given by’

E, = — (1/40)D?D? E_= — (1/40)D*D?,

E, = (1/20)D*D*D, = (1/20)D,D*D*

Consider now a general scalar N = 2 superfield, which
depends on two sets of spinor anticommuting coordinates,
each one being the set of the anticommuting coordinates for
N = 1 superspace. Taking into account the decomposition
(1.1), we can easily define 3X3 =9 (maybe reducible)
SO(2)-extended superfields in N = 2 superspace. One can
show that all these superfields are, in fact, irreducible with
the only exception being the last one ¢, ,, which appears to
be the sum of two irreducible superfields. At the second
stage, arranging the anticommuting coordinates and the su-
perspace covariant derivatives into fundamental SU(2)
doublets, it is not difficult to unite these 9 + 1 = 10 SO(2)-
irreducible superfields (or corresponding superprojectors)
into the SU(2) ones. Extensively using the information
about N = 1 superfields,' we have explicitly constructed all
irreducible SO(2)- and SU(2)-extended scalar superfields,
N = 2 supersymmetry transformation laws for independent
components, superprojectors, and invariant quadratic La-
grangians'®'” and have generalized our consideration to
N =2 irreducible superfields with an external index."”

In this work we follow a similar approach, but apply it to
N = 4 supersymmetry, which is considered from the view-
point of the two included N = 2 supersymmetries. The pre-
liminaries concerning the relevant facts about ¥ =2 and
N = 4 superspaces are cited in Sec. II. Our conventions and
notation can also be found in Sec. II. Section III is devoted to
the explicit construction of the irreducible superprojectors
in N =2X2 and N = 4 superspaces [in the discussion con-
cerning the N = 4 superfields with SU(2) X SU(2) internal
symmetry we prefer to use the term “N = 2 X 2 superspace,”
while the usual term “N = 4 superspace” will be referred to
the superfields with SU(4) internal symmetry]. In Sec. IV

(L.1)
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we apply our method to the construction of the particular
N ==2X2 superfield with 128 + 128 independent compo-
nents. As a by-product, the linearized off-shell N = 4 confor-
mal supergravity is formulated in Sec. V. Our conclusions
are summarized in Sec. VI.

ll. PRELIMINARIES CONCERNING THE N=2 AND N=4
SUPERSPACES; OUR NOTATION AND CONVENTIONS

Our conventions for thed = 3 + 1 space-time signature
and for the Levi-Civita symbol €,,,,, are

Ny =diag(+ — — —), €= +1 (2.1)
The conventions for 4 X 4 Dirac gamma matrices are

Wurnd =29,

vs=vorrars Vi=—1, 9=7,0, (2.2)

Cly,C=—y., C'=-C,

where C is the charge conjugation matrix.

The convenient realization of Dirac gamma matrices,
which is appropriate for the two-component formalism, is
given by

_(o 12) _( 0 oz.)
o=\, o) """ \-0, 0/’

o, 0
=\o -1’
2

where ¢, (a = 1,2,3) are the usual Pauli matrices. The two-
component formalism for spinors is based on the relations

n=(: i’;‘) ¢=(§Z), b= . 4

"
(for details, see, e.g., Ref. 18), where ¢ is any Majorana
spinor in d = 4: ¢ = Cy". Explicitly,

Opap = (lyaa)aﬁy 67132 (11 ""o-a)dﬂ’
=12 a=1.,

0,0, +0,0,=2,, 0,0,+0,0,= 27,,»

2.3

Oni =0p0s 8,, 8%=033,, 2.5)
3, 0% =850, 3% 3d,,=25630,
5‘:“ = eaﬁedﬁou 88» Ouaa = €ap€sp 6ﬁ8’
tr(a#c'rv) = 217”,,.
Our conventions for the two-component spinors are
Yo =€V V=€,
_3=€"_.9 _'=é"3d_&,
Ve =eaitts V= 26

€567 =08%, €567 =51,

ep=€'=l=¢;=—1.
To simplify the notation, Lorentz SL(2,C) indices are some-
times suppressed in their “natural” position, for example,

(00”7'7)30“0”,,51’73= — (%6,60), AT
(80,,1)=0%(0,,)5m5 = — (70,,6).

To designate Lorentz indices, Greek letters are used
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throughout this paper. These indices are raised and lowered
with € symbols as in (2.6). For SU(2) indices we use lower
case Latin letters, whereas capital Latin letters are used for
SU(4) indices. Commas separate the indices referred to
SU(2) XSU(2), viz.,

X1=(X"X"), A=1,.4, i=12 (2.8)

The totally antisymmetric SU(4)-invariant € symbol is nor-
malized as follows:

1234 __

€ (2.9)

With this normalization conventions the following relations
are valid:

— €34 = 1.

€, = —12, eqejk =08, €"Pespep = —24,
€D gpcp = — 662, €PPe ppyy = — 285,65,
X'=€X, X =eX), X'=(1N6)e"PKpcp,
Xscp = — (1/V6)€,5cp X 4. (2.10)

The symmetrization and antisymmetrization are defined
without normalizing factors, viz.,

Xiup 1 =Xup —Xpas Xoumy =Xuupy =Xup +Xpa»

Xoasey = Xapc + Xcap + Xpeus (2.11)

b S

At
]

X{Al.A.A"} =
all permutations
(in"'in)

The products of the Grassman anticommuting coordinates
of N = 2 superspace are given by

0; =070y, Oup =005 6;0,5=0,
(0%, =1070, =10,507,

6% = 40,0 = — 400 = 167(0°).

(2.12)

Similar relations can be found for N = 2 superspace covar-
iant derivatives. The analogous formulas for the °s (D’s)
easily follow by complex conjugation.

The products of the anticommuting coordinates of
N = 4 superspace are defined in a similar fashion:

04 =(65,0%), 6*2=1902,
014 =1005 =100,

(es)aﬂrv = — %EABCD%H,‘,?GS,

(83)LAB}C= _§9L§316ﬁc=§9LA681C,

(0*)apys = — 2€ancp020£0563, 213
(04)?’“‘3 = (es)aﬁysew = - ieacpEaAcofngl, )
O, = — hecpesd 481990 [EF)

— £€CDEF(6 3)‘[1EF146 Ba
_ iec‘DEF (6 3 )(leB ]EB Fa
= lecoer® “FO 7.
In actual calculations the reduction formulas for the prod-

ucts of anticommuting coordinates are needed. In N = 2 su-
perspace they are given by
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0505 =1€,507 + 196 4,
8:650% =1e,,6(0°)Y) — 1e%,, (6*)5,  (2.14)
0.60%50%05 = 4(€9€ e ., €55 — €g€,56 €M) 0",
The reduction formulas in N = 4 superspace are of the form
0268 =¢€,,0*"+ 04",
02630 ¢ = €5P(8%) gy + (02127 ey,
+ (05 Meya + (075" €05),
02056508 =€*"P(60%) 4,5
+ i{eEAB(Ceys(gtt)lE)‘)zﬂ - GEDA(Bfﬁy(04)g¢)sa
+ eECD(Aeaﬁ(64)g;,6 . GEBC(DG&I(G«‘).E)E‘V}
+ He® %, 56,5 (0 27
- EEFCDGﬁ(yea)a(g‘t)%g]]
+ €5, €005 (0*) [EF)
— FBes €5, (04 5R1). (2.15)

Thus we conclude that the SU(2)-irreps 87, 6,5, 6;, and
(83): realize the following representations of SU(2):2, 1, 3,
and 2, respectively, whereas the SU(4)-irreps 87, 65,
9([;38]’ (03)aDB‘y’ (aa)zleB]C!_(e“)aﬁyB’ (04)2‘13’ and
(64)}&3), transform as 4, 10, 6, 4,20, 1, 15, and 20" of SU(4),
respectively. Consequently,
€48cp (0 P1°=0, (6%)1. = (842} =0.

(2.16)
Our normalizations of the superintegration measure in
N =2 and N = 4 superspaces are given by

fd4ee4=fd4§94=1,
(2.17)
fd8908=fd879§8=1.

baon =D+ (8,0,0)17 + (6,0,6HI
+ %(6,0,6(6,0,6)(0Oy,,

Finall_):, the covariant derivatives in Jl’ =2 superspace
(D:,D%) and in N = 4 superspace (D 4,D %) satisfy the al-
gebras

{D;,DJB} = {B :Z:Bjﬂ} = 0, {Divﬁizj} = iaaz‘xa},
(2.18)
and

{Dg,Dg}={Bful—)g}=0’ {Dg’BdB}=iaad6';’
(2.19)

respectively. All Grassman derivatives are taken to be left
ones.

A general N = 2 scalar superfield decomposes into the
sum of six N = 2 irreducible ones with U(2) internal sym-
metry.>'>!¢ The N = 2 superprojectors are given by*'®

M= 00 = (1/0%)D*D*,
HIEH(1/2,1/2,1) = (I/Dz)DarD_‘(Ds)ai,

=11, = (1/4E]2)D,~_,-l—) ‘DY,

(2.20
M,=I,, = — (1/40°)D*D*D,,, )

Me=1,01003 = (/) (DB)?B4D;’
Is=Ilo4 = (1/0%)D*D*,

where the numbers in brackets indicate the quantum
numbers of the three Casimir operators of N = 2 superalge-
bra: superspin, superisospin, and N = 2 supercharge, respec-
tively.'® We display here only one real superfield (N =2
conformal supercurrent) ¢, ,,,, which will be used in its
explicit form in our further calculations.

The information about the component structure of
#1,0,2) is collected in Table I.

The superfield itself reads as follows:

38, 3,)D — 400, 40,50 T2 + 1(6%0,0H0U D

+1(830,0)0U S + 40°0°CPD + {04 ' +10°°G 5 + 10 P(0,6,) . Z 5>+ 16,(8'i dA7)

iYuj

— (i/24)0%(0,,6,), (0, 3,A ") 5 + }(6*)2(813)°Gp, + (i/8)0 56, (0,, 3,)515 +16,(6°TNY)

up Yp

uo Yp

+40,50%%(0°),i I*P(Z P — (i/6) [0y, 3,4;15) — 80485 32 3G 5 + 104(83i A7) + He). (2.21)

ubj

Consequently, the N =2 supersymmetry transformation
laws are given by

éD=¢€A'+H.c,
SAL = — (i/2)(8) D + G,
+ (0,80 + (0,8)T L,
8G.5 =3(0,&) L Z 5P + WF) A by»
8IP = — J(&Z ™) + (i/6)(€,0,, ,A") + He,

1% = (0,5, Z 0% — (i/6) (0, 9,€") A"

+ H.c, (2.22)
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c
8Z P = — (i/2)(€0,, 3,)%Gy,

+ (i/6)€”(0,,, 3,)1G s

— 30,8, T 2 + (2i/3)3,

X I — 20 )

— 6y 3,(0,) 05 I & — 2 &),
8T D = — (i/4) (6,04, 4,Z ") + Hec.

Having obtained the superfield, we can therefore calculate
the invariant quadratic Lagrangian in a straightforward way
as follows:
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TABLE I. The component structure of @, 4 », - The highest spin is 2. The highest isospin is 1. All fields are irreducible w.r.t. SL(2,C) X SU(2). Altogether,

there are 24 + 24 field components.

Number
SL(2,C) SU(2) of degrees Young
Components Spin irrep irrep of freedom tableau
T® 2 (L 1 5 .
X|e
Jp , X[ X
ZYPZ e 3 (LY + 4,1 2 8+8 . ;( I
— 3 Lo
® i A) 1 3 3
P (44
I 1 (L4 3 9 .
G s Gt 1 (1L0) + (0,1) 1 343 E X]
,
AL e 3 30 + (0. 2 4+4 L1,
D 0 0,0) 1 1 ®

L - J‘ d 40 d 4a¢%1’0’2)
=D DD + §(4;i ITY) + 26 3, 3p,G*
+aPOry -4,

—(ZEPMIZED) +TOTE. (223)

(
v

. N=2x2 AND N=4 IRREDUCIBLE
SUPERPROJECTORS

Let D/, D £ be the covariant N = 2 superspace deriva-
tives w.r.t. the first N = 2 supersymmetry, and let B,, B * be
the ones w.r.t. the second N = 2 supersymmetry. Both sets
are contained in N = 4 supersymmetry.

Taking direct products of six N =2 superprojectors
(2.20) in terms of D-covariant derivatives to six N = 2 su-
perprojectors (2.20) in terms of B-covariant derivatives, we
easily find 6 X 6 = 36 (maybe reducible) superprojectors in
N = 2X2 superspace. The subsequent reduction of these
N = 2 X2 superprojectors into N = 2 X 2 irreducible ones is
achieved solely by algebraic operations of symmetrization
and antisymmetrization w.r.t. the Lorentz SL(2,C) indices
only. Then the symmetry properties of the internal symme-
try indices are induced by the symmetry structure of Lorentz
indices. As a result, we find 50 irreducible N = 2 X2 super-
projectors which realize 50 irreducible N = 2X 2 scalar su-
perfields with internal SU(2) XSU(2) symmetry by con-
struction. Explicitly,
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M, = (1/0*)D*B*D*B*,
Iy, = — (1/0%)B?D*B*D*(B?).,
M, = (1/40%B,D*B*D*B’,
;= — (1/40%)B*D*B*D*B,,,
I, = (1/0%(B*)*D*B*D*B:,
Ilys = (1/0%)B*D“B*D*,
M, = — (1/09DD“B*(D?),B*,
I}, = — (1/409D "BPD“B*(D*)(, (BYs,
Iy, = — (1720 DB, D*B4(D*)®(B?;,
I, = (1/160%)D (“B? B, D*B*(D?)| B, B",
Iy, = (1/160)D?B, B D *B4(D*)"B/ Bk,
13 = (1/360°)D (*BPD*B*(D*)!, B,
Ny, = — (1/60*)D,,B*“D*B*(D*)"B,,,
I, = (1/40%D *(B*)PD*B4(D*)},B%,,
1y, = (1/204D{(B*),, D*B*(D*)*B},
II,,= — (1/0%)D*B*D*B*(D?).,
M, = (1/40°)D,D*B*DB*,
3, = (1/160)D,,D *BPD*B*D "D/, (B*)%,,
1y, = (1/160*)D DB, D*B*D ! D"(B3)k,
I, = (1/160*)D,B,,,D*B*D'B™",
M, = — (1/160%D;B,D*B*D B,
I, = — (1/160*) DD P(B*)PD*B*D"D’ Bk,,
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Ny = — (1/160)D?D?(B?), D*B*D ' D"B¥,
I,s = (1/40%)D,B*D“B*D",

M= — (1/40%)D**D*B*D,B*, (3.1)
M3, = (1/360°)D “*BP’D*B*D .5 (B*)},,
Iy, = — (1/60°)D**B,D*B*D,, (B*)",

I, = — (1/160*)D*B‘D*B*D,,B,,
I3, = (1/160%)1/(4)°D “’B "D “B“Dyo5B,s),
Ny = — (1/960°)D7Y,B,, D*B*D "B”?,
Iz = (1/480*)D*°B_,D*B*D "B,
I, = — (1/360°)D “*(B*)’D“B*D 4B,
13, = (1/60*)D **(B*) ;D “B*D,, B,
Is = — (1/40)D*°B*“D*B*D,,
M, = (1/0%(D*¢D*B*D.B*,

4 = (1/40% (D*)“BPD“B*D 1, (B*)}),
Iz, = (1/20%(D*)?B,, D*B*D*(B>)},
I, = — (1/160*)(D*){*B{" By D‘B*D B, B™,
Iy, = — (1/160%)(D*)/B,B;D“B*D"B/,B;
IL, = — (1/360*)(D*){*B*"D“B*D By,

% = (1/60%(D*),,BD*B*D "By,
I, = — (1/40%(D*){*(B*)?D“B*D B},
Iy = — (1720%(D*#(B?),, D*B*D*B},
s = (1/04)(D*?B*D*B*D!,
,, = (1/0°)D*D*B*B*,
I, = — (1/0D*B{D*B*(B>),
M, = (1/40*)D*B,D“B*BY,
M, = — (1/40)D*B**D*B*B,,
,, = (1/0°)D*(B*)?D‘B*B.,
I;s = (1/0°)D*B“D*B*,

where the obvious notations were introduced:

7

L, =ILII,, I, = z g,
()

Note now that the SU(4) ~SO(6) is well-known to be the
maximal automorphism group (internal symmetry) of
N = 4 superalgebra,'® whereas our constructions possess
only the SU(2) XSU(2) ~SO(4) internal symmetry. Con-
sequently, the natural next step is to unite the N = 2 X 2 irre-
ducible superprojectors (3.1) into the ones with SU(4) in-
ternal symmetry. It can be done easily by using the following
rules concerning the decomposition of SU (4)-irreps into the
SU(2) XSU(2) ones:

4=(12) + (2,1),

6=2(1,1) + (2,2),

10=(1,3) + (3,1) + (2,2),
15=(L,1) + (1,3) + (3,1) +2(2,2),
20=2(1,2) +2(2,1) + (2,3) + (3,2),
20 =3(1,1) +2(2,2) + (3,3).

3.2)

(3.3)
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Application of these branching rules to superprojectors
(3.1) gives rise to the standard SU(4)-invariant N = 4 irre-
ducible superprojectors® as follows:

Moy = (1/04D*D® =1,
Moy = (1/04D D ® = Iy,
104 = (1/09D, D¥D7)* =5 + I,
105 = (1/09D“D3(D7) 4 = Mo + Iy,
Mio10 = (1/09D,5 D4 D )" =I5 + M, + 1L,
o 15 = (1/0)D4?D(D®) 45

= I + g, + 7,
M6 = (1/20D,4 45 1D B(D ©)%F 1428

= Hss + ILs; + ném
g5 = (1/2EI“)D 4818 (D“)[AB]
=H30+H03+H“, (3.4)
M3 = (1/0% (D3 V4, D 8(D %)% = I}, + I,
I1(53/24) = (1/D4)(D )4 sD*® (D )aﬂy = I1j; + I3,

Ms1020 = — (1/60%) (D?) 4y 4m1cD (D %)41481€

=I5 + I, + I3, + H:s + I, + 115,

n - (1/6[]4)(D3)a[AB]C58(DS)a[AB]C

(5,1/2,20)
=Ty + Moy + I3, + 007, + 103, + M5,,
My = (1/T) (D) DY D*) 5 = Ty,
M s = (1/0Y(D*¥“D4(DYE,,
= Iy + 11, + MMy, + T, + 1035,
My000, = (1/0% (D281 D3(D*)|S2]
= Tos + Mo + 115, + T13, + T, + 113,

+ Iy, + I3, + I, + 1135,

We identify these N = 4 irreps according to the standard
classification®'® w.r.t. the eigenvalues of Casimir operators
of the N = 4 superalgebra: N = 4 supercharge and super-
spin, and the dimension of SU(4) irreducible representa-
tion, respectively.

IV. N=4 IRREDUCIBLE SCALAR SUPERFIELDS

Now the construction of irreducible N + 4 scalar super-
fields becomes elementary. Taking any irreducible N = 2
scalar superfield (all these superfields have been explicitly
constructed’®), we consider each of its independent compo-
nents as a certain irreducible scalar N = 2 superfield, but
now with possible SL(2,C) X SU(2) external indices on ev-
ery component. This procedure immediately allows us to
construct all 36 superfields, introduced in the previous sec-
tion. Some of these N = 2 X2 superfields have to be further
reduced according to the rules (3.1). Some work is neces-
sary to resolve linear dependences among the components of
the initial N = 2 X 2 superfield in order to pick out the irre-
ducible N = 2 X2 superfields, but the actual labor is much
more simple than if one starts with a general N = 4 super-
field. Having obtained 50 irreducible N = 2 X 2 superfields,
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TABLE II. The space-time spin distribution of the independent compo-
nents of ¢,.

Spin 4 3 3 3 2 3 1 i 0
Number of

degrees of 9 64 203 384 495 480 375 224 70
freedom

one can construct all 15 irreducible SU (4)-extended super-
fields elementary in accordance with Eq. (3.4). At this stage
only the branching rules (3.3) are needed in order to arrange
the products of anticommuting superspace coordinates in all
orders in the decomposition of an embracing N = 4 super-
field. It automatically gives rise to the SU(4)-covariant
components in terms of the SU(2) X SU(2) ones.

To be more explicit, consider the particular example of
the superfield ¢,;. This N = 2 X2 superfield has the struc-
ture of @, o, with respect to each N = 2 supersymmetry it
includes. The field component contents of this N = 2 X2 su-
perfield ¢, is just Table I “‘squared.” It performs the reduc-
ible supermultiplet with (24 + 24) X (24 + 24)

= 1152 4+ 1152 components (for comparison, a general
N = 4 scalar superfield contains 65 536 + 65 536 compo-
nents). The space-time spin distribution of the independent
components of @, is given by Table II. The superfield ¢, is
reducible and decomposes into three irreducible N =2X2
superfields: ¢3; with the highest spin 4, ¢4, with the highest]

L=Jd“0d“§d“17d“7‘7(¢;';)2

TABLE IV. The spin contents of ¢3;.

Spin 3 3 2 3 1 ) 0
Number of
degrees of 7 48 140 224 210 112 27
freedom

spin 3, and ¢%; with the highest spin 2. Clearly, the last one is
of special interest. To pick out ¢35, we must eliminate ¢,
and ¢%, from @,;. One of the ways to do it is to require the
vanishing of higher spin components in ¢,, (with spin more
than 2). Supersymmetry then also requires the vanishing of
whole superfields ¢;; and ¢7;. The actual calculations, being
elementary, turn out to be very tedious because of the great
number of components. So, we present here only spin con-
tents of ¢5; (640 + 640 components) (see Table IIT) and
that of ¢3; (384 + 384 components) (see Table IV).

The remaining N = 2 X 2 irreducible superfield ¢7; with
the highest spin 2 consists of 128 + 128 independent compo-
nents. Information about them is presented in Table V. The
spin distribution for the components of the superfield ¢7; is
shown in Table VL

In the remainder of this section, we present the result of
the explicit calculation of the quadratic Lagrangian in terms
of components of the superfield ¢5;:

= TTRTT? + J(ZT % 3,, ZT /% 4+ LT) — 4TT*°TT,, — 2(TI;'OTI}, ; + LT)
— (TG 3 PTG 5 + LT) — 2ZZ ) 3, gy ZZ 8 — 4ZZ 1 P 9% ZZ py, ; + (TZ i d™TZ,,; + LT)
— (ZG%i d*0ZG,, +LT) + (ZG*i 3,,ZG ¢ + LT) + (ZI**3,,0ZI ¢, +LT)

+ TT-TT + ¥ P, + (IGY0IG, + LT) + ZZ"02ZZ,, + ZZ"ZZ, ; + GG-GG + GG I*GG,

where the abbreviation LT is used to designate the similar
additional terms with letters transposed. Clearly, the La-
grangian (4.1) is, in fact, formal, since the higher spin (2, 3,
and 1) field components satisfy differential constraints in
space-time. Alternatively, explicit introduction of the “pure
spin” projectors would give rise to nonlocalities in Eq. (4.1).
The way to overcome this difficulty is discussed in Sec. V.
For the sake of brevity, the N = 2 X 2 supersymmetry trans-
formation laws for the components of ¢5; are not presented
here. They may be obtained easily from Eq. (2.22).

TABLE III The spin contents of ¢3,.

Spin 4 3 3 3 2 3 1 3 0
Number of

degrees of 9 64 196 336 350 224 84 16 1
freedom
1249 J. Math. Phys., Vol. 29, No. 5, May 1988

4.1)

|
V. LINEARIZED N=4 CONFORMAL SUPERGRAVITY

To construct N = 4 conformal supergravity theory, one
usually follows the common practice®"** of gauging the rig-
id superconformal group of N =4 super-Yang-Mills
(SYM) theory. In this approach the knowledge of the on-
shell N =4 SYM theory®° is sufficient. After imposing the
conventional constraints on curvatures, the additional mat-
ter fields are needed to close the superalgebra. As a result,
this way of construction turns out to be nonsystematic and
somewhat involved.

The alternative superspace approach to N = 4 confor-
mal supergravity was developed by Howe.!! In the context of
this method the superspace constraints for the full nonlinear
N = 4 conformal supergravity theory were formulated and
partially solved.'! However, the superspace action was not
found. It should be noted, by the way, that this action may be
found, in principle, as a counterterm for an N =4 SYM in-
teracting with an external N = 4 conformal supergravity.'*

A way to construct the linearized N = 4 conformal su-
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TABLE V. The field component contents of ¢3; . The highest spin is 2. The highest SU(2) X SU(2) representation is (3,3). All components are taken to be
irreducible w.r.t. SL(2,C) X SU(2) X SU(2). The notation for components are by their origin in the superfield ¢,, ;. , which was “squared” to get ¢5.

Number of
SL(2,0) SU(2) xSU(2) degrees of

Components Spin irrep irrep freedom
e 2 (1,1 (1,1 5
ZT'(‘::I/Z)L’EI;‘Z/Z):‘. 3 (LY + G, 2,1) 8+8
TZPATZ 3P 3 (LY + G, (1,2) 8+8
TT,, 1 (1,0) (1,D) 3
" 1 ¢2)) (1,3) 9
T 1 (¢%)) (3,1) 9
zZZMZZ; 1 a1 (2,2) 12+ 12
7G,5.TG., 1 (0,1) + (1,0) (1,1 3+3
GT,3,GT 4 1 (0,1) + (1,0) (Ln 3+3
ZzZ![ZZ 1 (1,0) + (0,1) (2.2) 12412
2G4,7ZG*, | 0.4 + (1,0) @.n 4+4
GZ;,GZ; } 0 + (G0 (1,2) 4+4
TZ3,1Z;, i 04) + (4,0) (1,2) 4+4
ZT,ZT, } (04) + (1,0 21 4+4
ZrWwZIh* | (1,0) + (0,3) 2,3) 12412
IZ - JZ 4* i (3,0) + (0,3) (3,2) 12412
2G4,Z6G, | (1,0) + (0,8) 210 4+4
GZ:i,GZ: | O.H + 1,0 (1,2) 444
T _ 0 (0,0) (1,1 1
ZZVZZY 0 (0,0) 2,2) 4+4
b 0 (0,0) (3,3) 9
GG,GG 0 (0,0 (1,1) 141
zZWZZY 0 {0,0) (2,2) 4+4
IGYIG " 0 (0,0) 3,1 343
GIGI 0 (0,0) (1,3) 343
GG,GG 0 (0,0) (L1 1+1

pergravity is to construct the multiplet of currents of N = 4
superconformal symmetries. One may hope that the knowl-
edge of the structure of N = 2X2 and N = 4 irreducible su-
perfields can, in particular, be useful for these aims. Hence
we are interested in the irreducible superfields with the mini-
mal (128 + 128) number of off-shell degrees of freedom.
This number 128 + 128 coincides with that of states in the
smallest on-shell massive N = 4 multiplet.*

Direct inspection reveals that three superfields—the
real versions of @5 (Or dsq), 52, and ¢33 —contain the de-
sired number of degrees of freedom (with the highest spin
2). All these irreducible superfields are the SU(2) XSU(2)
extended ones, but the new feature of N = 4 superspace in
comparison with its N = 2 predecessor is that any of these
(128 + 128) N = 2X2 superfields with less than SU(4) in-
ternal symmetry by construction can, in fact, be rearranged
into the superfields with SU(4) internal symmetry. This
phenomenon was first found by Howe and Lindstrom®' (see

TABLE VLI. The spin distribution for the components of the superfield ¢3;.

Spin 2 3 1 i 0
Number of
degrees of 5 32 81 96 42
freedom
1250 J. Math. Phys., Vol. 29, No. 5, May 1988

also the related work®?), who have constructed the super-
current for the dual version of the N = 4 Maxwell theory, in
which one of the scalars was replaced by an antisymmetric
tensor.”> Consequently, we suppose that the above-men-
tioned superfields with 128 + 128 independent field compo-
nents are just irreducible nonconformal supercurrents of
dual versions of N = 4 gauge theory, but, in general, with
less than SU(4) internal symmetry. In particular, the
SU(4)-rearranged irreducible superfield ¢5; is just the
N = 4 conformal supercurrent.

In the remainder of this section we outline a simple sys-
tematic way to construct the linearized N = 4 conformal su-
pergravity theory by making use of the N = 4 conformal
supercurrent ¢%; in the SU(4)-invariant form.

First of all, we change the dimensions of some compo-
nents of ¢33 to put their values in correspondence with the
canonical ones according to their spin. Explicitly,

TZ' ~(d°¢/DYTZ},, ZT-(d*%/0)ZT%,,
TI;7-07TI;%, IT%-0IT;%,

TT5— (17200805 TTS,, TT.=4(0,)0TT},
zz;/-0zZ;Y, ZT,-0ZT;, TZ{-0TZ},
ZG%-02ZG:, GZ;-0OGZ:,

TG, ~OTGyy, ZZ'.—0ZZ%f,

(0# )adTGdBETGzﬁzi(av)gTGyw (5.1)
(0,)%ZZ}}=2ZZ} )} =)(0,)32ZZ}],
S. V. Ketov and B. B. Lokhvitsky 1250



1G,, = (((f"'”)“”TE::) , 2Z = ((TW):Z_Z%) ’
(6,,)ap TG ()T 2Z 25

ZI** o (3TN ZI*, GZ4-0G6Zj,

IZ . (3°/TP)Z Y, ZG'~0ZG},

N ER T

=TT PPTT® + WTZ P4 9**0TZ YP + LT) — 2TT,OTT;, — 2(TI;'OTI}, ; + LT) —2ZZ [0ZZ

TT-OTT, GG-0GG, ZZ"-02ZZ",
IR0, 774 ,0ZZ4, GG-OGG.

In terms of the redefined components (5.1), the superspace
quadratic Lagrangian reads as follows:

’
pé J

+22%3,08,ZZ,;;+(TG,; 3, 8, TG,; + LT) + (TZ}id**TZ,, + LT) — (ZI}*i d°°ZI,, , + LT)
+(ZG*i 0,y ZG ¢ + LT) — (ZG4i d°*0ZG,, + LT) + TT-TT + ZZ"ZZ, , + GG-GG + I " 11,

+ZZY0ZZ,; + (IG0IG, + LT) + GGLGG.

The dimensional redefinitions (5.1) give rise to some nonlo-
cal terms in the N = 4 supersymmetry transformation laws
(which are not given here) for the redefined components.
However, it is easy to show that, if one introduces gauge
fields instead of the “pure spin” ones by means of corre-
sponding spin projectors,

TT3 =P2, 8,
X, =P ,l“, V., _
where X |, stands for TT,,, TI %, IT,*, and ZZ "/, all the

72(3/2) =P(:t,/2) s
# w ¥ (5.3)

(5.2)

r
nonlocal terms in the supersymmetry transformation laws
can be absorbed into gauge transformations:

6gpv = a(pgv) + '”pvo"

sY=48,e€+vy,7m &V, =d,x
Clearly, it results in the N = 4 supersymmetry transforma-
tion superalgebra with central charges, the latter being given
by the gauge transformations (5.4).

Now we simply arrange the components into SU(4)-
irreducible multiplets as follows:

(54)

|
(ZT: )
ZG; .
ZIi-
1Z %
W;la VZ, TG 622;
i yii ’f" ﬁ i
'ﬁ: = _lf,(z . V:B = V“ s TI[;:,B] = ZZ;i N X[AB]C = a N
e g G, 21
b Vi 26
Z] ke
VA
GZ*
. T ,id‘
- _ (5.5)
ZG}, GG 1GY
GZ} zzZ" .
A= zce| P o=\ o | E¥=|22"]. ¢=0GG.
GIY
GZ* T
-
We also use spin projectors in their explicit form, venient form using the four-component notation
- X
Pi(ﬁzip = 5P;11MP;)" - iPtvPip, L=(R /24v - §R 2)lin + Euwlp( R# - %}’#R )Aiysyval
PP =1, — 6. 0,/ —drr (5.6) X (R, — 4y, R)* — F2,(N + T4 4, 4,
—4(9yy, 6,/DD), XT 1148 1 + 0425 Iy (ap1c — A% IOA,,
1 — —
P =1y —8,3,/0, + D8\ D2 + E“20E,; + ¢ Py, (5.7

to rewrite the Lagrangian (5.2) in the SU(4)-invariant con-
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where we have introduced the standard notation for the
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Ricci tensor R,,,, the scalar curvature R, the gravitino field

strength

v

R: = p,wlo'a'inYV a/l%’ ﬁA=7’yR;:9 (5-8)
and the vector field strength
F,,(V)=4,V,, (5.9)

The components V7 5, ¥, and D [£3)), being the irredu-
cible SU(4) tensors, satisfy the irreducibility conditions

V;:A = GABCDX[AB]C =D {:g']] =0. (5.10)

The theory (5.7) is just the well-known linearized Lagran-
gian of N = 4 conformal supergravity theory. We stop our
discussion here since the detailed component description of
the linearized N = 4 conformal supergravity theory itself
has already been given in the literature.>-"-'4

VI. CONCLUSIONS

In summary, we note that the methods we follow are, in
fact, very general. They can be applied to the construction of
irreducible superfields in any N-extended superspace in the
four-dimensional space-time. Moreover, this approach can
easily be generalized to higher dimensions of space-time, in
particular, to d = 10, in order to construct the irreducible
superfields in N = 1 or N =2 ten-dimensional superspace
(see the related works?*). We hope that the knowledge of the
irreducible superfields in extended superspace may be useful
in the analysis of extended supergravity theories.
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A new method of proving the Weinberg~Witten theorem is presented. It is shown that this
theorem can be extended to currents that, being carriers of a charge, cause simultaneously a

flip of the helicity of the massless one-particle state.

l. INTRODUCTION

This paper is concerned with a theorem stated by Wein-
berg and Witten"? in 1980. A similar conjecture as that pre-
sented in this theorem was published as early as 1962 in the
pioneer work of Case and Gasiorowicz.®> Weinberg and Wit-
ten assert that in a local field theory a massless particle of
helicity # for

>4k + 1) (1)

cannot be a carrier of a Poincaré covariant charge induced
by a covariant local Noetherian current ®*” where k,/
= 0,},1,... indicate the transformation character of this cur-
rent with respect to the Lorentz group.

The proof of this theorem? relies heavily upon relativis-
tic covariance, locality, and positive definiteness of the met-
ric in the Hilbert space, as well as upon the existence of the
one-particle states. The method of proof consists of examin-
ing the matrix elements of a current sandwiched between
two massless one-particle states. It is well known that the
vanishing of these matrix elements implies the vanishing of
the current viewed as an operator valued distribution in the
Hilbert space. Let us denote any massless one-particle state
characterized by momentum

P=(PoPuPaps)s PP =P"Pp, =0, p>0,
and helicity
h=0,+}4, + 1,.

by ¥(p,h) and a translationally covariant quantum field by
®{"(x). The Lorentz transformation properties of the
massless one-particle state are characterized by the indices
(k,l) and N labels the components,* viz.,

Ula, )P Ula,A)t =3 (S~ (Ax +a).
M
Here U(a,A4) is a unitary operator in the Hilbert space repre-
senting the element of the Poincaré group characterized by
AeSL(2,C),
i.e.,
a b)
= , ad—bc=1,
A (c d a C

a,b,c,d—complex numbers,
and

2 On leave of absence from the Institute of Theoretical Physics, University
of Wroclaw, Wroclaw, Poland.
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a=(aya,,aa;), a,=d,, p=0,123,

represents the same group element A4 in a space where the
number of dimensions is determined by the tensor character
of the field. Finally,

A =AM,

is the four-dimensional Lorentz transformation correspond-
ing to 4. Using the notation

@ 0,h), B X)W (P h ') =P (p.p'sh,h ' )e'® — 2%
it can be shown? that

O (pp'shh') =0,

for the scalar field ®%%(x), |h+h'|=0,
for a spinor field ®'/>% or @12, |h 4 h'|#), 2)
for a vector field /22, |h 4+ h'|#0or 1,

for a second rank tensor field ", |h 4+ A’|#£0, 1, or 2.

The Weinberg-Witten theorem as stated above con-
cerns the particular case » = 4 '. If (1) is satisfied it follows
from (2) that the current has to vanish.

Notice, however, that (2) does not exclude the existence
of nonvanishing local Lorentz covariant currents which—
being the carriers of a charge—obligatorily change the sign
of the helicity when acting upon a one-particle state.>* This
possibility was discussed briefly in Ref. 2. It was pointed out
that this effect does not contradict the Coleman-Mandula
theorem® since (i) the change of a sign of helicity is related to
a discrete symmetry (space reflection) to which the Cole-
man-Mandula theorem does not apply, (ii) the Coleman-
Mandula theorem was proved only in the case of massive
particles, and (iii) to preserve locality of the fields we always
have to combine terms of opposite helicities.

A simple example of a vector current in a theory of a
complex, free, (local) massless antisymmetric tensor field
F,., p,v=0,1,2,3, which is neither self-dual or anti-self-
dual, was briefly discussed in Ref. 2.

This observation seemed promising as far as the con-
struction of an energy momentum tensor for a theory of a
massless free field of helicity |4 | = 2 was concerned.

Unfortunately, as we shall see, the contribution coming
from the matrix element

Q<P (p,p' bk Yexpli(p — p')x},
for i’ = — h, |h |#0, when integrated over x, vanishes for
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p’ —p; consequently the charge operator obtained from the
current

vanishes when applied in the Hilbert space spanned by one-
particle states. Here N stands for a tensor index and is related
to N by

N=(uN), p=0,1.23.

If this is so in the framework of free field theory, we may
expect that the same will be true a fortiori in a model of
interacting fields conforming with the standard relativisti-
cally covariant, local theory in a separable Hilbert space of
positive definite metric.

Thus our assertion is that the Weinberg—Witten
theorem can be extended also to such helicity flipping cur-
rents.

Il. A MISLEADING EXAMPLE

Consider a complex, free, (local) massless skew sym-
metric tensor field

F u,v=0,1,2,3,

uv?
which is neither self-dual nor anti-self-dual. This field is
composed of local self-dual and anti-self-dual fields, viz.,

S, =ul(h= -1+ [uPh=1)]", (3a)
Ay =uPh=1+[uPh= -], (3b)

where ul“’v’ (x), 1 =1,2,3,4, consists of creation operators

only, prescribed to helicity 4. Thus

F,,(x)=8§,,(x)+A4,,(x)
and

UV £y Dy

Consider a local current

(DII (.x) = i{F’"’(aA F’j;) —_ (a,{ F#V)F‘:‘-,}: (x)

=i{F(d, F*)— (d; )YF*}: (x).
Notice that

FF* = (SA+ +45): 4)
as

SSt=A4A* =0.

The latter is the consequence of the product of self-dual and
anti-self-dual antisymmetric tensor fields vanishing.’

Now it becomes clear why we need F,,, , which is neither
self-dual nor anti-self-dual; otherwise F(d; F)* and
(3; F)F* would vanish separately.

Let us denote the vacuum state by Q: then ¥?Q and
1¥Q represent the one-particle state of helicity s = + 1 and
# V) and 4¥Q of A= — 1. The only contribution to the
matrix elements of the current between one-particle states
comes from the terms

u(l)u(3)+’

u(4)u(2)+, (1)+,

u(Z)u(4)+ (5)

in (4); the action of these terms upon the one-particle states
of fixed helicity causes the change of sign of the helicity of the
particle.

u(3)u

1254 J. Math. Phys., Vol. 29, No. 5, May 1988

This example seems to indicate how a nontrivial local
Lorentz covariant vector current ¢, can be constructed for

lh|=1|h"|=1
—-at least for the case of a free field—for which the Wein-
berg—Witten condition

h+h'=0
in (2) is satisfied. This could be then extended to more com-
plicated cases, in particular to construct the energy momen-
tum tensor for a |4 | = 2 field.

Unfortunately, a closer look into the structure of the

massless tensor field brings disillusion. To see this let us con-
sider

F(Fy F)*: (x)=1:8,5(9,45)*: + ) 14,5 (3,8"5) *:
+1

= 3 (=D"*'(S, 8,47,

m= —1
+4,8,57%,.): (x), (6)
where
F,,=1(0,)4c(0,) 55 (s*%€P + 4 PPy,

The indices A4 and B take the values 1 and 2:

2=l W) =0 o)

- ) 2=l 2)

S—IE(I/\/E)SH = (1/\2)§%,
So=8,=5,,=—8§%,
5= (1/2)8 = (1V2)S ",
and a similar relation for 4,,, as well as
S,=ulh=—-1)+uP* (h=1)
1 372 d3
-(5-) frlf’lb“m([p])m,_l
x{a"* ([ p]; — De? + a?([ pl;1De~ 7},
A, =uPh=1)+uPh=—1)
1 372 d3
- e,
X{a®* ([ pl;De™ +a“([ pl; — e~ 7}
Herea‘” ([ pl;h), ! = 1,2,3,4, stands for an annihilation op-
erator for momentum p and helicity A. Also,

DO~ p©»H

is a (2 + 1)-dimensional representation of the Lorentz
group and [ p]eSL(2,c) is the two-dimensional boost ma-
trix, viz.,

(a(p) b(p)) _ 1
c(p) d(p) V2r(po + p3)
><(Po +Pi3: P —ip; )’ r>0.
Pi+ipy po—pi+2r
N
Jan Lopuszanski 1254



The expressions (5) appearing in (6) all have a similar
structure, e.g., for uPu‘® * we obtain
d3 d3 1 , , ,
[[ 2222 wprer) - atrrew)Vp;
2|p| 2[p|
X(@([p); = D) a([ p'Js1)e e =2
(for details of the calculation see Sec. III). Upon integration

over X of the matrix elements of this expression sandwiched
between one-particle states, the term

fd"‘x e p—px
approaches
5(p—p")
and consequently the contribution to the charge due to this

matrix element vanishes as

lim (a(p)ec(p') —a(p')e(p)) =0.
[t

lll. GENERAL RESULT

Let us investigate the general case of a local free massless
field. It is well known that the field

L."‘A,B."'.Bs’ Al=1’2’

B,=12, I=1,..,r m=1,.s,
for r = s + 2j> s, has the form
H aAJ;lSC‘...Cz](,,), (8)
I=1
where
Sc,n-cszSg

is a local field symmetric in the spinor indices; (8) results as
a consequence of the requirement of positive definiteness of
the metric in the Hilbert space, which entails

34,y up.5 =0, (9a)

3PSy np..n, =0 (9b)
Fors =r+2j,

j;,._.u,...j,,=11_']1 Fa5y Ay ey (10)
where

Ap,...n, =45

is again symmetric in the indices. Notice that S ( as well as
A¢) is asum of two terms of helicity of opposite sign |4 | =
each of these terms comprises either creation or annihilation
operators only. There can, but does not need to be any rela-
tion between S and (4) * whatsoever [see, e.g., Eq. (3)].
The only nonvanishing contribution of the matrix element of
a current taken between one-particle states can result from
the sesquilinear form in the fields (8) and (10).
Let us start with the simplest case of a vector current

/2,1/2)
¢AB .

The most general expressions for the terms of which vector
currents are constructed are

1255 J. Math. Phys., Vol. 29, No. 5, May 1988

lim {7, %%, RS o (0)dp..p, M}, (11)

y—x
lim T, 9’-’,-,Sg(x)S,_,(y)}: s (12a)
y=x
lim {7,524 ()4, M}, (12b)
Y

where T is a covariant expression composed out of entries
€ EF and € EF Of

€= ( 0 1)
S \—1 0/
3% =(0")gr a,’: and J%;.

Because of the symmetry properties of S and A, the quanti-
ty Tin (11) can have only the following structure:

. 2j .

€™ ] 3 (13a)

=2

b 2 cb
4,2 3%, H a i, (13b)
1=2

2j :

3 J[ 9™ (14)

I=1

For j> 4 (13) applied to S¢ (x)A4 () yields a vanishing re-
sult as either
or

3Py (y) =0,
by virtue of (9). The same is true for (14) and j> 0.

Notice that (11) does not flip the helicity when con-
strained to the one-particle Hilbert space, while (12) does.
Since the helicity preserving sesquilinear form (11) of the
current vanishes for j>1, which coincides with (1), we
proved in passing the Weinberg—Witten theorem for the case
of a vector current.

The more interesting case, however, is that of expres-
sions (12), which flip the helicity. We shall examine only the
case (12a) as a similar reasoning can be applied in case

(12b) mutatis mutandis. In this case the only nonvanishing
contributions can arise from

€4, 3P 38¢,cSp, € =03"5(S5,c8p,), (15)
with

Sac ESACZ-“Czj
and

3,5ScSE. (16)

In (15) the sum runs over the (2j — 1) and in (16) over the
2j indices. These expressions do not need to vanish.

Before we look closer at the problem of whether expres-
sions (15) or (16) can yield a nonvanishing contribution to
the charge let us still examine the case of a tensor current

b,

¢A 4.8,B, *
The most general expression for a sesquilinear form reads in
this case as

lim {7, , 35 ng (x)4p 0k,

y—-x

(17)
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tim {7, 25,5,5c (x)Sp )}, (18)
P
and a similar expression for 4¢.
In case (17) the structure of T is as follows:
) Y :
€4, €y, €3 €5 7 ] b (19a)
=3
C... b, D, 3G, 2 (eff o
€4,€5,70 04,295, [[ 07 (19b)
=3
. N 2j ,
aA.DI aAzbzaC.Bl (9(721_;2 H aCIDI’ (190)
1=3
) ¥ ch
€A,A,€B,D|3C|32 H a7, (20a)
1=2
b 2 C,D
€4, €pp, 3,0 [ 07 (20b)
1=2
j Y CD,
eA‘C'GBID' Ou.n, H a (20c)
1=2
2j .
€4.4,€8,8, H aClDl, (21a)
I=1
Y cb
345, Oui, H a " (21b)
I=1

Expressions (19)-(21) yield a vanishing contribution for
Jj> 1if applied to ScA4, for similar reasons as in the case of
the vector current. As the helicity is preserved here and (1)
is satisfied this is the proof of the Weinberg—Witten theorem
for the second rank tensor current.

Going over to the case when the helicity gets inverted,
i.e., to case (18), we have the following possibilities:

¢, G AaD D c
€€, 2073 0 ZBI(SC,C,CSDD,")

_aD' 8 *s, (S4,4,c5D,D, ), (22a)

B, a’ B, [SA,CQSA,D‘ B (22b)
€4,4, 95, 9P5,SccSnS, (23a)
€3,5,54,c54, 5 (23b)
348, 075, (S,,cSp6), (23¢)
€4,4,€5,8,5¢cS A (24a)
94,5, 3A2325'§S < (24b)

In (22) the sum runs over the (2j — 2), in (23) over the
(2j — 1), and in (24) over the — 2; indices. These expres-
sions do not need to vanish.

Let us now take the next step and evaluate the contribu-
tion to the charge originating from the helicity flipping ex-
pressions.

Let us begin with

ScSE€=58c..c, S

j .
=@ Y (=D/*"S,S_ ., (25)
m=—j
where
Sz 2= —mM(j+m)'3s,,

- g
j—mj+m

m= —j..+}j

ji—mj+m
g

Stoi2e2-_1yi+mg_ [(j—m)(j+ m)]"2
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The free local field for |4 | = reads as

1 3/2J'dp GO
S, (x) =(— DU .
m (X) (217_) 200) (LD —;

x{a* ([ pl; —j)e*™ +a([ p}; e ¥},

m= —j.. 4j. (26)

We have

D (j.O)([p] )m,_j

=[NV (G —m+mN " 2a(p) ~"c(p)/*m,
(27

where a(p) and c(p) are the entries of the SL(2,C) boost
matrix (7).
If we insert (26) into (25) the subintegral expression
involves
+Jj
2 (—1/F"D YO pD),. _
m= —j

=(a(p)c(p") —aP)e(p)),
where we used (27). Hence

3
ScS€= 211( L )

d’p d P 2j
a(ple(p’) —a(p)c(p))?
HZIDI 2 (@(p)e(p p’)e(p))

x:{a* ([ pl, —j)e""" +a([ pl, hye= 7}

x{at ([ p'), —NeP +a(l pl', e 7"}
(28)
Notice, however, that expression (28), when confined to the
one-particle Hilbert space, yields a vanishing contribution to
the charge when integrated over x for j > 0 for the same rea-
son as in the example of Sec. II.
To make clear how this procedure can be generalized to
cases when the summation runs over less than 2jindices ¢, as,
e.g., in (22) or (23), let us still consider the special case

c_ Gy Gy
S]gsl— _Sucz"'czjsl d

jD(j'O)([P,])_m,._j

(2j— 1)
(j—m—DVWj+ m)!
X[(J=—m(j+m(j+m+ 1)
X(j=m—1N"S,S_ iy
If we take into account (26) and (27) under the integral
over p and p’ we obtain the following expression:
. J (Jj+m(j+m+ 1)
@-r 2 -l (j—m)!(j—m—l)!]
XDU'O)([P])m,—jD(j’o)([P’])—(m+l),—j
=2 a(p)e(p’) — a(p)e(p))? ~'a(p))a(p).
In a similar way we find that S, S,

tor (a(p)e(p’) —a(p)e(p))? .
The results obtained so far for the vector and tensor
current can be generalized easily to an arbitrary current

— i (-—-l)j+'"

m= —j

)i+

€ contains the fac-

(k1) . .
q)Al"’AszF"le’

k + [ = integer number, k,/=0,4,1, -
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For such a tensor current, expressions similar to those in
(15), (16), (22), (23), or (24) will arise where the summa-
tion over C will run over the

2i—(k+D
indices and more. Then the sum

C
SA'...AngSAn+1A2"‘,

C=C,Cy_,, 0<n<k+], (29)
contains the factor
[@p)e(p’) —ape(p))¥—*-". (30)

If we integrate (29) over x to estimate the charge contribu-
tion we shall find that this contribution vanishes as soon as

J>ik+ D),
by virtue of (30).

Moreover, all helicity preserving sesquilinear expres-
sions will vanish for | | =j>4(k + /), as required by the
Weinberg-Witten theorem.

It is clear that the sesquilinear forms summed over
2j — (I + k) indices C are crucial for the evaluation of the
current and charge contributions. Thus we succeeded not
only in proving the Weinberg-Witten theorem in a different
manner than was done previously," but we were also able to
extend it to currents that flip the helicity by showing that,
although such a current does not need, in general, to vanish,
its contribution to the charge vanishes as soon as (1) is satis-
fied.

Notice that to get the results presented above it was not
necessary to invoke the local conservation law of the cur-
rents under consideration,; it is only involved implicitly as a
necessary condition for a current to induce a charge.

IV. SPINORIAL CHARGES

The method presented in Secs. I-III can be extended to
cover also the case of spinorial charges (k + / = half-integer
number) under the proviso that the original sesquilinear
forms used, e.g., in (11), (12), (17), or (18), have to be
replaced by quadratic expressions in at least two fields of
which one is bosonic and the other fermionic; one of the
relevant terms would be, e.g.,

GGy D

. . ) I”'DZi:tl ,
lim:7, ., BBy, Sc,-c;3 b,

y—x
For this particular case one of the expressions of crucial im-
portance for our calculation would be

S,

'Dlj;tl .

’
oAk 12C k14 l:;:l/Z)"'CZJSA(k+I+ 15172 A2k
XCh 1415712y

Charges which change, e.g., scalar fields into vector
fields, etc., can also be tackled with this method, but this
kind of charge will probably appear only in a free field theory
and therefore is of practically no interest.
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V. AN EXAMPLE OF THE ENERGY MOMENTUM
TENSOR IN THE ELECTROMAGNETIC FIELD THEORY

As an illustration of our previous considerations, which
will perhaps help to make them clearer, let us inspect the
case of the free electromagnetic field (j= |4 | = 1), viz.,

Fycop = (0*) 45(0") cpF = Suc€sp + (Spp) T€4cs
where S, creates a particle of helicity ( — 1) and annihi-
lates a particle of helicity 1.

The energy momentum tensor [i.e., k = /=1, hence
Ik+ 1) =]j]

T,, = :(—F,F} +1n,F;F*):
written in the van der Waerden notation reads as
Tynpis =3[ —SucSe, “€ns —S 5655 €un,

+ 4€4,4,€8,8, (Sc,c,S ¢ + S ¥ 6,8 TG

+2SA|A2S+B|bz]:' 1)

The terms occurring in (31) are (23b), (24a), the Hermi-
tian conjugate to them, and (19a). The first four terms in
(31), which flip the helicity, do not contribute to the energy
momentum operator

P, =fd3x To,

when restricted to one-particle Hilbert space. The only con-
tribution comes from the last term, which does not flip the
helicity.
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It is proved that the nonlinear integral equation (quasineutrality condition) for the
electrostatic potential ¢ of an isothermal quasineutral current-carrying equilibrium plasma
with translational invariance has a solution ¢(A4) determined uniquely up to an arbitrary
additive constant, where 4 is the magnetic flux function. This implies the existence and
uniqueness of the pressure profile p(A4). The existence proof is constructive, which implies its
potential usefulness for the practical computation of current-carrying plasma equilibria.

I. INTRODUCTION

Let us consider a fully ionized overall neutral [Eq. (31)
below ] multispecies plasma with translational invariance (z
direction). The plasma shall be in static but current-carrying
equilibrium, the current flowing only along the invariant di-
rection. Such systems are frequently discussed as zeroth-or-
der approximations to more realistic geometries both in
thermonuclear fusion and in space plasma research. For ex-
ample, toroidal plasmas, encountered typically in tokamaks,
are often replaced by cylindrical plasmas in the large aspect
ratio limit.'~* In space plasma physics, solar preflare struc-
tures* and planetary magnetospheres’ are often studied
theoretically in terms of translationally invariant (two-di-
mensional) models. It is well-known that then the magnetic
induction B can be represented via

B=V4 Xe, + B,e,, n

where B, is constant and 4 is the flux function. In the Cou-
lomb gauge, d4 /dz = 0. The flux function is related to the z
component of the current density j through

— A = p,j. (2)

Now, the interesting point is that unlike in standard magne-
tostatic theory'® the current density j cannot be prescribed as
an arbitrary function of the space variables. Rather, j has to
fulfill

j=9p4)
d4 ’

together with (2), as a necessary and sufficient condition for
magnetostatic equilibrium of a quasineutral plasma.'"'? In
(3), p is the kinetic pressure which, in the simplest case, is
written as a function of 4. In more general cases, p is a nonlo-
cal operator acting on A (see below). This means that in
general (2) is a nonlinear partial integrodifferential equa-
tion. As a typical feature multiple solutions of (2) might
exist for the same boundary conditions for 4, or even no
solution at all. This property finds an interesting application
in the theory of eruptive processes in plasmas, in that sponta-
neous activity of the plasma may be interpreted as a transi-
tion from one equilibrium state to another, or as a loss of
equilibrium at a point where equilibrium solutions cease to
exist.6'9"3_'5

(3)

The equilibrium condition p = p(A4) is a rather broad
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mathematical statement. From a physicist’s standpoint it is
of interest to know what special form of p(4) applies to a
certain situation. An answer to that problem, however, can-
not come from magnetostatic theory alone. Indeed, within
the rather coarse macroscopic picture of static ideal magne-
tohydrodynamics (MHD) any form of p(A4) is acceptable.
Typical choices are>® p~exp(4 /4,) or’ p~A?, which are
made for mathematical convenience. In order to understand
the physical meaning of a specific p(4) one needs a more
refined description than MHD. A better choice is the micro-
scopic picture of Vlasov theory.

When working within collisionless kinetic theory (Via-
sov theory), in principle p(A4) is obtained as follows (e.g.,
Refs. 3 and 8, and references therein). First the equilibrium
distribution function is chosen. For a current-carrying plas-
ma with translational invariance any function F(H,P,) of
the one-particle Hamiltonian H and the z component of the
one-particle canonical momentum P, is a solution of the sta-
tionary collisionless Boltzmann equation, i.e., a one-particle
equilibrium distribution function. From such an equilibrium
distribution function one obtains the pressure p in a form
p(A,p), where ¢ is the electrostatic potential. The electro-
static potential @, on the other hand, depends on A via the
quasineutrality condition (see below), which generally is a
nonlinear integral equation. Clearly, multiple solutions
¢;(A4) might exist, which can lead to different expressions
p;(A) for the same F. In principle one cannot exclude the
possibility that in certain cases no solution ¢ (A4) of the quasi-
neutrality equation might exist. {(This would mean that the
chosen F would not correspond to a quasineutral plasma).
This leads to the following interesting questions: Given an
equilibrium distribution function F(H,P,), does the quasi-
neutrality equation have a solution ¢(4) such that p(A4)
exists? If so, is the pressure p uniquely determined in the
form p(A4), or does the same F lead to several distinct forms
pi(A)?

In this paper the special but important case of isother-
mal systems is discussed. First the basic equations for cur-
rent-carrying isothermal multispecies plasmas'®'? are pre-
sented. It is then shown that the quasineutrality condition
for an isothermal plasma consisting of electrons and an arbi-
trary number of positively charged ion species determines
#(A) uniquely up to an arbitrary and irrelevant additive
constant. As a consequence, p(A4) is uniquely defined for
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these systems. The proof is constrictive and utilizes some
ideas about supersolutions and monotone iterations in Ban-
ach spaces.!® Some concluding remarks are given at the end
of this paper.

Il. THE BASIC EQUATIONS

In isothermal equilibrium a current-carrying plasma is
described by means of a generalized canonical distribution
function, which can formally be evaluated by introducing
the ideal-gas approximation (for details, see Refs. 16 and
17). The local pressure p then reads

p=3 Ak, T exp ( — q.8(¢ — u,A)) | @)

s fD exp(_qsﬂ(¢_us‘4))d r

In (4), s = 1,2,...,0 denotes the particle species. Here I/V: is
the number of particles per unit length along the z direction
in the domain D C R?, pertaining to species s. The charge of a
particle is denoted by ¢,, u, denotes the average velocity in
the z direction, and B = (kg T) ~! is the inverse tempera-
ture, essentially. For the sake of concreteness the domain
DCR? is assumed to be finite.

From (4) one obtains the local charge density p and the
current density in the z direction j via partial differentiation,

dp
—pP=="> (5a)
P Y
. dp
=t (5b)
1= 94
such that in quasineutral equilibrium
dp
=7 (6a)
¢
— Uy A4 = a_p (6b)
04
Note that (6a) implies
P _dp @
4 dA

Explicitly, the quasineutral equilibria are then described
by means of the following two equations:

~ exp( — qu(¢ - usA))
0= Ns s ’
Z TR exp( — q,8(¢ — u,A))d’r

_”O—IAA =zﬁsqsus exp( q.\-ﬁ(¢ usA)) —,
s ID exp(—qsﬁ(¢—us‘4))d r

€))
supplemented by appropriate boundary conditions for 4. A
convenient choice are Dirichlet boundary conditions which,
however, are physically determined only up to an arbitrary
additive constant. Furthermore, if 4 anc/l\ ¢ are a system of
§91utiops of (8) and (9) thensoare4 + Aand ¢ + r}\i, where
A and ¢ are arbitrary constants [ gauge invariance of (8) and

N1

. EXISTENCE AND UNIQUENESS OF p(A)

In this section it is shown that, for any given well-be-
haved function 4, and provided the arbitrary and irrelevant
additive constant ¢ is fixed by any convenient gauge [e.g.,
Eq. (15) below], (8) has a unique solution ¢(4). Since (4)

(8)
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is not altered if a constant is added to ¢ (i.e., choosing an-
other gauge), this results in a unique form p(4) for the pres-
sure p. The proof is divided into two parts: fixing ¢ by means
of a convenient gauge, (1) it is shown that there exists at
least one solution ¢(A) of (8); and (2) it is shown that that
solution is unique.

The idea is as follows: Since the normalizing integrals in
(8) are independent of position in space we can treat them as
o unknown parameters U ,eR* that have to be determined
self-consistently @ posteriori. This means that we can split
(8) into a system of equations: (1) a transcendental equa-
tion for ¢, parametrized by the normalizing integrals, and
(2) a system of o equations for the normalizing integrals.
First it is shown that there exists a unique solution ¢ (4;{ U})
of the transcendental equation for ¢, where {U}YeR* * de-
notes the normalizing integrals, arranged as an element of
the positive cone R>* of the Banach space R?. This solu-
tion ¢ (A4;{ U}) has tobe inserted into the system of equations
for the normalizing integrals, which is treated as a nonlinear
fixed-point equation in R”. It is then shown that this equa-
tion has a solution. The uniqueness (except for ¢) of the
solution of (8) is shown, finally, by proving that (8) defines
the stationary points of a convex functional.

In this paper the investigations are restricted to nonsin-
gular flux functions A, such that all normalizing integrals
have finite values. Although from elliptic regularity theory'®
we know that the nonsingular physical solutions of (2) are at
least C (D), for our purposes it suffices to postulate that 4 is
bounded only. The case of singular 4, which is of physical
interest, too, will be treated elsewhere.

Proof.(a) Existence of a solution: Let A be bounded. Un-
der the assumption that ¢ is bounded, which is verified be-
low, the normalizing integrals exist. Let us introduce the
abbreviations

f exp( — g.8(d — u,A))d*r=U..
D

Note that the ¢, are integer multiples of the elementary
charge e. Furthermore, in fully ionized plasmas the tempera-
tures are generally that high that the negatively charged par-
ticles are electrons, exclusively. We therefore consider a
plasma consisting of electrons (¢, = — e) and o — 1 posi-
tively charged ion species #, with ¢, = z,e and z,eN. We then
introduce the further abbreviations

(10)

§s=exp(ed/kpT) (11)
and
X’,- U, u, + z,u;
fi A ET—CX — A . 12
sD=3"T, p(kare) (12
Now we write (8) in the form
£ — X577 Y 8i(4) =0, (13)
z=1 i
where
z*= max{z}. (14)

The left-hand side of (13) is a polynomial in &, of degree
z* + 1, which we call P( £,). We need to look for a positive
solution £, of (13) only.
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There exists a unique positive solution &, of (13). This
follows from the fact that the coefficient in front of the high-
est power is 1, i.e., positive, whereas all other coefficients are
negative [since g;(4) > 0], and from the following Lemma.

Lemma: “Let £ be a real variable and P(£) = =F_ p,£’
a real valued polynomial of degree k> 1, with the property

(P): pe >0, py <0, and p;<0, for 0 <i< k.

Then P(&) has a unique positive zero.”

The proof of that Lemma is given in Appendix A. Since
P(£,) has the property (P) of the above Lemma, and since
furthermore (11) is uniquely invertible it follows immedi-
ately that there exists a unique solution ¢(4;{U}) of (13),
provided { U} is finite. Obviously ¢(4;{U}) is bounded. In
many relevant cases the positive zero of (13) can be calculat-
ed analytically.

It remains to show that upon inserting this parame-
trized solution ¢(4;{U}) into the left-hand side of (10)
there exists at least one solution { U}, with U, #0 for all i, of
the resulting system of equations. Since the normalizing inte-
grals are non-negative, the F, are bounded below by 0. As a
consequence the system of equations for {U} constitutes a
nonlinear fixed-point problem in the positive cone R™* of
the Banach space R (e.g., Ref. 18).

We make use of the gauge freedom for ¢ and fix é by
choosing

U.=1, (15)

which is always possible if 4 is well-behaved (lengths are
measured in dimensionless units). We are then left with the
nonlinear system of o — 1 equations

U =F.{UH (16)

supplemented by (15). The F; are defined by the left-hand
side of (10), where we have inserted ¢(4;{U}) for ¢. We
have thus reduced our fixed-point problem in R”* to a
fixed-point problem in the affine space 1 @ R°~'. We now
show that there exists a monotonously decreasing iterational
sequence {{U}"}el @ R“~" T, where R°~ "+ is the posi-
tive cone of R” . Since the F, are bounded below, that se-
quence must converge. The limit is in 1@ R°~"* (Appen-
dix B). This then proves the existence of a bounded ¢(A).
It is readily shown that

apP
— >0,
au,
for all i. This together with property (P) of P(£,) implies
that the zero of P(£,) is shifted toward smaller values with

increasing U,. This again by means of (11) implies

17

ALY o (18)
au,
for all i, and consequently
F# .o, (19)
3y,

for all 7 and j, which follows from the definition of the F;.
Property (19) and the boundedness from below of the F;
imply'® that, in the case where there exist U {* such that

U©>F,({U}”), (20)

for all i simultaneously, the sequences
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= F,du™) 21)

converge monotonously, when starting with a { U}® fulfill-
ing (20). [A {U}® with the property (20) is called a strict
supersolution. ] The existence of such U (%’ can be shown as
follows. We observe that ¢(4;{U}), solving

(n+1)
U;

5+ P(0) = (22)
with
PO)= —2z* ¥ g(4)<0 (23)

J
Zj=z*
is pointwise smaller than ¢ (4;{U}). (Note further that ¢ is
independent of all U, for which z; #2z*.) Inserting d(4;{UDH
instead of ¢(A {U}) into the left-hand side of (10) yields
upper bounds F, for the F,. It is then easy to construct U (¥
with the property

U® s F,({U}), (24)
which then also fulfill (20). Indeed, it suffices to consider

the special case where all U {® have the same value, W. We
then have to find a W that obeys

w>F,({wh, (25)
for all /. When written explicitly, (25) reads
Wsw¥= o, (26)

for all i. The I'; are fixed numerical factors (independent of
W) and read

Fi=jexp(zieﬂuiA) z* z AJ
b J

Z

xexp (eBu, +zupd)| " ¥ " Vd» @27
Because of (14) the right-hand side of (26) increases slower
than linearly with W. This means that a supersolution is
given by choosing
W> max {I-\SZ‘ + 1)/(z*+1 ~z,»)}
This completes the existence part of the proof.
Proof. (b) Uniqueness of the solution: 1t suffices to show
that the solutions of (8) define the stationary points of a
strictly convex functional (over a suitable function space).
The quasineutrality condition (8) can be derived from a
variational principle
with

J181 =3 Rko Tin | expl— .08 — w0l

This means that J is stationary for ¢ being a solution of (8).
Because of the overall neutrality of the plasma, i.e.,

> N.g, =0,

which follows from (8), the functional J[#] has the invari-
ance property

J(é+ 8]

(28)

(29)

(30)

3
=J[¢] (32)

Michael Kiessling 1260



for & = const, which is easily shown. Moreover, J is convex:
Consider the straight line in function space

d,=(1—)p"" + 162, (33)
where ¢!’ and ¢® are bounded and AcR. Inserting (33) for
¢ into (30) yields a function of 4,

J[¢:]=GA). (34)

Since ¢, and 4 are bounded, G(A) is an arbitrarily differen-
tiable function. The second derivative of G reads

4G _ 5 NgB (=)D (35)
d/lz - Z s9s s 59
where
Y=¢ — 1. (36)
The angular brackets denote the averages
_ 2
(f)s _ IDfexp(_qu(¢ usA))dzr (37)
Sp exp( — q.B(¢ — u,4))d°r
with ¢ = ¢,. Obviously
d*G
0. 38
PTE > (38)

The equality sign in (38) holds iff ¢E<;5 = const, consistent
with (32). Result (38) means that Jis convex over the func-
tion space of real-valued bounded functions on D, and st1:ict-
ly convex over any subspace for which 1 const. Fixing ¢ by
means of a convenient gauge, e.g., (15), this implies'®*° that
there can exist at most one solution of (8).

That completes the proof.

IV. CONCLUDING REMARKS

It has been shown that in the special but important case
of isothermal plasmas consisting of electrons and several po-
sitively charged ion species there exists a unique form p(4)
for the pressure p. The restriction to one negatively charged
species was made for convenience, and that seems to be the
most relevant case. The inclusion of more than one negative-
ly charged particle species is no problem and requires only
" moderate changes. (Note that the uniqueness proof makes
no use of the assumption that only electrons are present.)
Future investigations have to show what conditions more
general distribution functions must fulfill in order to share
that property with the isothermal systems. In that sense this
paper is a first step in that direction.

Concerning the directly related problem of finding solu-
tions of the system (8) and (9) in practice, the proof given in
Sec. 11 is of value, too, since the proof is constructive. For
example, consider a hydrogen plasma, i.e., a plasma consist-
ing of electrons (index e¢) and protons (index p) only. The
solution of (8), or (13), then reads

$(A) = [(u, +u,)/2] A+ . (39)
This leads to
A) = 2Nk, T—XPA/A) 40
P = 2N s T (A /Ay dr (40)
where
Ay =2(Be(u, —u,))" . 410
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This results!” in

— A = poe(u, — u,_,).x',_, exp(4 /d,) -

Spexp(4/4y)d°r
Thus the relation p(A4) ~exp(A4 /A4,), which is a common
choice in MHD (see Sec. I), comes out as a special case of
Eqs. (8) and (9). For alternative approaches concerned
with a derivation of that relation between p and 4, see Refs.
21 and 22.

As a second, more complicated example, consider a
three species plasma consisting of electrons (index e), pro-
tons (index p), and a further singly charged ion species (in-
dex 7). Because of the gauge invariance of (8) and (9) (cf.
the remark at the end of Sec. II) we can choose a special
gauge such that the three normalizing integrals U, ,, have
the same value U. The solution of (8) is then

#(A) = (kg T /2e)In(v explef(u, + u,)A4)
+ (1 —v)expleB(u; +u,)4)), (43)
where v = I/Vp/ﬁe and1 —v= R’,./X’e. This results in?
p(A) = 2N, ks TU ~ (v exp(24 /A,)
+ (1 - v)exp(2ad /4,))'"?,

(42)

(44)
where
(45)

In the limit v— 1 this expression reduces to (40), as should
be the case.

It can be expected that because of the complexity of (8)
and (9) explicit analytical solutions will be possible only in
exceptional cases.'”?* In general a numerical treatment will
be required. In cases where (8) can be solved in closed form
for ¢(A4), e.g., Egs. (39) and (43), the numerical effort is at
least reduced as compared to the cases where ¢ (A4 ) cannot be
obtained explicitly analytically. In the latter cases, the
uniqueness-existence proof for ¢(A4) given here provides an
algorithm that might play a useful role as part of a general
numerical solution procedure of (8) and (9).

a=(u;—u)/(u, —u,).
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APPENDIX A: PROOF OF THE LEMMA

Proof: The existence of a positive zero follows immedi-
ately from

gli_m P(£)= 4+ (A1)
and
P(0) =p,<0 (A2)

and the continuity of polynomials. The uniqueness of that
zero can be shown, for instance, by reductio ad absurdum:
Assume there exist at least two positive zeros of P(£). Then
the mean-value theorem of elementary calculus in connec-
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tion with property (P) guarantees that the derivative P’(£)
has at least three positive zeros. Again due to (P) the second
derivative P " (£) must have three positive zeros and so on
until we arrive at the statement that a polynomial of degree
two must have three positive zeros, which is impossible.
That proves the Lemma.

APPENDIX B: PROOF OF U/~'>0

A positive limit of (21) for all i is a necessary and suffi-
cient criterion for abounded ¢ (A) to exist. The boundedness
from below of the F; by O suffices to prove convergence of
(21), starting with U{® = W [Eq. (28)] for all i, but is
insufficient to prove a positive limit of (21). If there would
exist positive lower bounds of the F; it would immediately
follow that a positive limit of (21) exists; however, 0 is the
infimum of the F;. Hence we need another idea.

The existence of a positive limit of (21) can be estab-
lished'® by showing that there exist subsolutions in addition
to the supersolutions. In the following, we denote a subsolu-
tion of (16) by U, and a supersolution by U,. A U, is called a
subsolution iff —

y_;<ﬂ({g}), (B1)
whereas a supersolution T, fulfills
U,>F,({Th (B2)

[cf. Eq. (20) and text below (21)]. If subsolutions and su-
persolutions of (21) exist simultaneously for all i, with
U,<U,, the following relations hold'®:

U,<U=<T, (B3)
for all ;. The existence of positive U, is shown below. [ Note
that O is a subsolution of (16); however, it corresponds to an
everywhere unbounded “solution” ¢(A4), which is unphysi-
cal.]

Proof: 1t suffices to prove the existence of any special
subsolution, i.e., a subsolution having any convenient form
we like. Therefore, in the following we introduce a param-

eter VeR™* and consider a one-parameter sequence
{U}(")el @ R°~ " * with the special form
UV)=0,V), forz =z, (B4)
with @, (V)eR™*. We assume further that
0,(N-0*, for -0+ (B5)

for all z. The ©, (¥) will be specified below. We now show
that one can find subsolutions { U}(¥) for ¥-0*, provided
the ©, (¥) are chosen suitably.

The F, are now obtained by means of the solution & §” of

P (g,) =0, (B6)

where P ¥ (£,) is the polynomial P(£,) as given by the left-
hand side of (13) for {U} = {U}(¥), as given by (B4). We
have

z*

PN =E31"— 3 25770,(N)" ! Y hi(A),
z=1 i
;=2 (B7)
where the 4; are defined by
h;(4) = Ug,(4). (B8)

1262 J. Math. Phys., Vol. 29, No. 5, May 1988

Because of (12), the A; are independent of the U, i.e., inde-
pendent of V. Equation (B5) guarantees that the solution
£ 5P tends to infinity as F’'~0". We now fix the ®, (¥) by
setting

EPUA) =V ~p4) (B9)
with a > 0 (see below), and obtain
0,(V)=6,y=+D, (B10)

where the g, are arbitrary positive constants (independent
of V). Obviously, (BS) is fulfilled. For simplicity we choose

6, =1, (B11)

for all z. The function 7(4) is the unique solution (cf. Ap-
pendix A) of

z*
7t - > m© Y hi(4) =0. (B12)
z=1 i

The F,({U}(V)) are then given by

FUY(V) =,V (B13)
where the «; are fixed numerical factors, given by

K; =f exp(z,efu,A)(n(4))” “d?r. (B14)

D

In order to obtain subsolutions we now have to find ¥ such
that

O, (M<F,{UXV)) (B15)
for all i with z, = z and for all z simultaneously. By means of
(B10), (B11), and (B13) the V have to fulfill

Va(z+1)<K._Vaz, (B16)

for all / with z; = z and for all z simultaneously. Clearly,
(B16) is fulfilled for

V< (min «;)"*, (B17)
where a is indeed arbitrary, provided a > 0. For simplicity,
one can choose a = 1.

That proves the existence of a positive limit of (21) for
each /.

A final remark seems necessary, concerning the overall
neutrality of the plasma [Eq. (31)]. Note that (31) did not
enter the existence proof of a fixed point in 1@ R°~ "+ of
(16). On the other hand, a plasma with a net total charge,
i.e., for which (31) does not hold, cannot be quasineutral
since an everywhere vanishing charge density cannot gener-
ate a net charge, which is trivial. It is indeed easily verified
that, upon integrating (8), Eq. (31) is a necessary condition
for (8) to have a solution. This seemingly paradoxical situa-
tion is resolved by noting Eq. (15). Let the U, be solutions of
(16), obtained with U, replaced by 1 everywhere in the g,
[Eq. (12)]. Upon inserting the corresponding ¢(4;{U})
into the left-hand side of (10), Eq. (15) then yields an equa-
tion for the N,. It can be readily shown that (15) can be
fulfilled if and only if (31) holds.

'W. H. Bennett, Phys. Rev. 45, 890 (1934).

2V. D. Shrafranov, J. Nucl. Energy II, 86 (1957).

30. Agren and H. Persson, Plasma Phys. Control. Nucl. Fusion 26, 1177
(1984).

*B. C. Low, Astrophys. J. 197, 251 (1975).

Michael Kiessling 1262



5B. C. Low, Astrophys. J. 212, 243 (1977).

6. Birn, H. Goldstein, and K. Schindler, Sol. Phys. 57, 81 (1978).

’G.-H. Voigt and R. A. Wolf, J. Geophys. Res. 80, 4046 (1985).

8K. Schindler and J. Birn, Phys. Rep. 47, 109 (1978).

°W. Zwingmann, J. Geophys. Res. 88, 9101 (1983).

193. D. Jackson, Classical Electrodynamics (Wiley, New York, 1975), 2nd
ed.

""H. Grad and H. Rubin, in Proceedings of the Second Internatinal Confer-
ence on the Peaceful Uses of Atomic Energy (United Nations, Geneva,
1958), Vol. 31, p. 190.

12D, Shafranov, in Reviews of Plasma Physics, edited by M. A. Leontovich
(Consultants Bureau, New York, 1966), Vol. 2, p. 103.

3J. Heyvaerts, J. M. Lasry, M. Schatzmann, and G. Witomsky, Lecture
Notes Math. 782, 160 (1980).

“E. R. Priest, Solar Magnetohydrodynamics (Reidel, Dordrecht, 1982).

1263 J. Math. Phys., Vol. 29, No. 5, May 1988

'SM. Hesse and M. Kiessling, Phys. Fluids 30, 2720 (1987).

'*M. Kiessling, R. P. Brinkmann, and K. Schindler, Phys. Rev. Lett. 56,
143 (1986).

M. Kiessling and K. Schindler, J. Geophys. Res. 92, 5795 (1987).

*SH. Amann, J. Diff. Eq. 21, 363 (1976).

%Y. Choquet-Bruhat, C. DeWitt-Morette, and M. Dillard-Bleick, Analysis,
Manifolds, and Physics (North-Holland, New York, 1982), 2nd ed.

2°M. Reed and B. Simon, Functional Analpsis (Academic, New York,
1980), 2nd ed.

21A. Bhattacharjee, J. Geophys. Res. 92, 4735 (1987).

2D, Montgomery, L. Turner, and G. Vahala, J. Plasma Phys. 21, 239
(1979).

M. Kiessling and H. J. Ziegler, “A theory of self-consistent two-dimen-
sional tail equilibria for quasi-neutral e"H*O" mixtures,” submitted to
J. Geophys. Res.

Michael Kiessling 1263



Addendum: On Geroch’s limit of space-times and its relation to a new
topology in the space of Lie groups [J. Math. Phys. 28, 1928 (1987)]

Hans-Jirgen Schmidt

Central Institute for Astrophysics, Academy of Sciences of the GDR, DDR-1591 Potsdam,

R.-Luxemburg-Str. 17a, German Democratic Republic

{Received 1 December 1987; accepted for publication 16 December 1987)

My attention has been directed to Refs. 1-3, which
should now be honored.

In Ref. 1 §6 (“Examples of kinematic systems™) the
topology in the space of Lie groups is already defined. Segal
gets as a result that a compact semisimple Lie group is not a
limiting case of any nonisomorphic Lie algebra.

In Refs. 2 and 3 and many subsequent papers, not the
full topology but its restriction to two-point subsets of the
space of Lie groups has been considered frequently: A Lie
group G can be contracted (or deformed) to another Lie
group H, if the constant sequence G converges to H in the
Segal topology.'

The most often used application of this concept is from
Segal': One physical theory is a limiting case of another one
if the underlying Lie groups are? (e.g., Lorentz group— Ga-
lilean group); each Lie group can be contracted to the Abe-
lian Lie group, thus each quantum theory possesses a classi-
cal limit."

Further, there exist nontrivial relations between the Se-
gal topology and the set of representations of the respective
groups.®

In the context of the present topic one should also note
Refs. 4 and 5 for similar questions within more general alge-
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bras and Refs. 6 and 7, where the limits de Sitter — Min-
kowski space-time and mass-»0 have been considered.
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ERRATUM

Erratum: The Lorentz group and the Thomas precession. ll. Exact results for
the product of two boosts [J. Math. Phys. 27, 157 (1986)]

N. A. Salingaros

Division of Mathematics, The University of Texas, San Antonio, Texas 78285

(Received 2 February 1988; accepted for publication 17 Feburary 1988)

In a recent article,' Baylis and Jones uncovered two er-
rors in the work? of the author. The first error was corrected
in an Erratum.? The second error, however, has implications
of a fundamental nature that need to be cleared up.

Two successive Lorentz boosts by boost vectors a and b
are equivalent to a single boost by a net vector s, along with a
spatial rotation by the Wigner angle 8 [from Egs. (12) and
(13) of Ref. 2]. The order of operations is from right to left:

L(b) VL(a) =R(8) VL(s), (1a)
L(a) VL(b) =L(s) VR( — 0). (1b)

An additional correction angle appeared to result from
calculating the combination (1) in the four-dimensional
Clifford algebra® compared to the equivalent calculation in a
three-dimensional Clifford algebra."*'° It turns out that
there is no additional correction angle, andso ¢ =0,d =,
and V,; =V, in Refs. 2 and 3. It is important to point out
that this error was not due to the failure of the Clifford alge-
bra method, but to an oversight by this author.

The situation is now clear, following the checking of the
calculations of Ref. 2 by Baylis and Jones.' The very disturb-
ing consequences of an additional correction angle men-
tioned in Ref. 3 are no longer an issue. Combinations of Lor-
entz transformations do not depend upon the dimensionality
of the Clifford algebra. Also, there is exact symmetry in the
order of two noncollinear boosts in the sense outlined in
Ref. 1.

I would now like to discuss something that did not ap-
pear in Ref. 2. A very elegant result, that three boosts can, in
a special case, result in no rotation correction, is noted in
Ref. 1. The following expression follows immediately from
multiplying (1a) and (1b):

L(a) VL(2b) VL(a) = L(2s). (2)

This result is not generally known, despite its simplicity.
The Wigner angle cancels when boosting by the same vector

before and after. Nevertheless, the fact that the net boost 2s
in (2) is given by the standard combination of two boosts a
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and b (1) was overlooked; Baylis and Jones' calculate in-
stead the analogous expression

L(ib) VIL(a) VL(4b) = L(¢), (€))]
where ¢ is not directly related to s. The rather complicated
expression for ¢ [see Egs. (36) and (37) in Ref. 1] obscures
the simple elegance of the result given by Eq. (2).

In concluding, the boost and Wigner rotation param-
eters are presented again for clarification. Unfortunately,
the unit vectors in V, were not printed in Eq. (33) of Ref. 2.
Also, V| is not given explicitly in Ref. 1, and a reader might
easily mistake Eq. (27b) of Ref. 1 for V.. From Eqgs. (41),
(42b), and (42c) of Ref. 2,

=—&&2arctan P,
[V, XV,|

Va6V XV,
e AT 2
V4 (V1) + (L= 1/7,)(V, V),
- 14V,V,

V4V, + (1= 1)V, XV, )XV,
- 1+V,V, '

Vs =VaVs (1 +V,°V,),
(4)
\

5
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